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An Analytic Study of Functions defined on
Self-Similar Fractals

1. Introduction

Let E be an s-set, that is, a subset of the Euclidean n-space IR™ which is measurable with
respect to the s-dimensional Hausdorff measure H* and for which 0 < H*(E) < oc. In the Mandel-
brot’s terminology [6], a fractal is a s-set for which s is fractional, or s is integer and its geometric
properties are completely opposites to the properties of the nice s-dimensional surfaces. The aim
of this paper is the construction of a Fourier Analysis on the self-similar s-sets, that is s-sets which
are a finite union of disjoint subsets, each of them similar to the whole set.

In the second section of this paper we present some definitions and results about Hausdorff
measures and self-similar sets, and notations.

Given E C IR™, a self-similar s-set, in section 3 we define on E a system of functions
® C L*(E, H*) which will be orthonormal in the Hilbert space L?(E, H*). Later we evaluate the
Dirichlet kernel associated to ® and we get the pointwise convergence of the Fourier series, with
respect to ®, for functions f € L(E, H®), which give us immediately tlie LP-completeness of @,
for p > 1. Finally we study in this section the convergence to zero of the Fourier coefficients of the
functions f € LY(E, H*) and the convergence in LP-norm of the Fourier series, with respect to &,
of the functions f € LP(E, H®).

Finally, in section 4, we give some examples where we obtain the Fourier series of some
functions and the functions associated to some Fourier coefficients.

The possibility of this theory was suggested by Miguel de Guzman in [3]. I wish to ac-
knowledge here his kind and generous advice.

2. Preliminaries

Given a subset £ C IR™, for s, 0 < s < n, we define:

(o o] o0
H*(E)= l'}sm(i)&f{z d(4;)* : EC U A;, 0 <d(A;) <6}
- i=1 i=1
where d(A) denotes the diameter of the set A. For each s, 0 < s < n, the application H’ is an outer
measure on JR™ which we call Hausdorff s-dimensional outer measure. The restriction of H*
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to the o-field of H*-measurable sets is called Hausdorff s-dimensional measure. This measure
H? is Borel regular. We shall say that E is an s-set if E is H*-measurable and 0 < H*(E) < oco.
Given E C IR™ there is a unique number s, 0 < s < n, such that:

HY(E)=o00 , if t<s
HYE)=0 , if t>s

which is called the Hausdorff dimension of E, and we shall write s = dimFE.

More details about Hausdorff measures may be consulted in [2] or [8].

A wide and important class of s-sets is the one formed by the self-similar sets, which are
defined as follows:

2.1. Definition

We shall say that a compact set £ C IR™ is self-similar if there is a finite family
S = {51,...,S¢} of similitudes (S; : R® — IR™ such that |S;(z) — Si(y)| = ri - |z — y|, Vz,y € R™,
0 < r; <1, where 7; is called similitude ratio) and a number s, 0 < s < n, verifying:

a) E = Ui Si(E)

b)0 < H*(E) < o

c) H*(Si(E)n S;(E))=0,for1<i<j<{¢

The number s which gives us the Hausdorff dimension of the self-similar set E is the unique
positive number which verifies 3°¢_, 78 = 1 (see [2]). From the definition it follows immediately
that if £ = 1 the set E contains only one point, and the dimE = 0 and H°(E) = 1. Therefore, we

shall assume, in this paper, that £ > 2.

2.2. Notation
Let £ be a fixed positive integer. For every positive integer k, we denote by Sf the set of
all k-tuples formed using the first £ positive integers, that is:

S ={(ir,rik) : 1<4; <€, 1< 5 <k}

and analogously S(fo will denote the set of all the infinite sequences formed using the £ first positive
integers:
SL = {(#1, 0 ihy.n) 1 1<0; <€, 521}
If & = (i1,...,5k) € Sf and B = (f1,..-,Jq) € Sq‘, we define the concatenation of a and 8
by: :
af = (i1, -y ik J15 -y Jg) € Skaq

and for every p, 1 < p < k, we denote by a[p] the p-tuple formed by the p first coordinates of «,
that is:

alp] = (41, -, ip) € Sf
Moreover, if k < g, we shall say that a C 3 if a = B[k], that is, if the k-tuple o are the k
first coordinates of 8.
For every k > 1, we shall define in S,f the following natural order relation: Given o, € S,f ,
a = (i1,...,1¢) and B = (j1,...,Jk ), we shall say that a < 3 if there is h, 1 < h < k, such that:
iy = jp ,if 1<p<h
ih < Jn
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If o € Sf and 8 € S} with k < g, we shall say that a < 3.
With this relation we have ordered, in an only chain, all the elements of Uk>1 S,f. We
denote, for every a € S,f and k > 1, by a™ the preceding element to a in that chain, that is:

o = max{8 : BE€ S}, B <} ,ifa#(1,..,1)
T .8 € SE_, Jif a = (1,...,1)

2.3. Basic results about self-similar fractals

Let E C IR™ be the self-similar set associated to the family of similitudes § = {Si, ..., S¢},
with ratios {ry,...,¢}, and with Hausdorff dimension s (3¢_;r! = 1). For every k > 1 and
o = (i1, ...,ix) € Sf we denote:

.Ea = Sa(E) = S“l 0...0 1k(E)

Ta = Ti e " Thy
where 7, will be the similitude ratio of S,. It is easy to show that:
(a) Zaes,f"'g: =1,foral k> 1.
(b) E = Uaes,fEa ,forall k > 1.
(c) Ex = Uﬁesg E,g, for every o € Sf, k > 1 and p > 1. In particular E, = UL, Eai-
(d) H*(E, N Eg) =0, for every k > 1, &, 8 € Sf and a # B.
(e)Ifae S,f, B € S: and p < ¢, we have that:
(el) E3 C Eq, if a C B.
(e2) H*(E4.NEg) =0, if a ¢ B.
(f) For every k > 1 and a € S} we have, applying the homogeneity of the measure H*, that:
(fl) H*(Ey) = 13 - H*(E).
(f2) H*(Eap) =3 - H*(Es) , for all p > 1 and 8 € S}.

For more details about self-similar sets one can see [2] or [5].

Let E C IR™ be the self-similar set, of dimension s, associated to the family of similitudes
S = {$1,...,5¢} with ratios {ry,...,7}. We shall call subsets of the generation k, k > 1, to the
elements of the following family:
& ={E, : a €S}

and we shall also consider the following families of sets:

o
Ail=6U{E=JE :1<j<¢}
i=1

) Jj
A =& U{E, = |J Eai : a€St_,1<j<t}, foral k>1
i=1
It is easy to check that B = |J{2, Ay is a differentiation basis for (E, H?), being:
B(z)={VeB :z€V} , foral z€E

This basis differentiates to L}(E, H®) as show the next Theorem.
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2.4. Theorem:
For every function f € LY(E,H ’) we have that:

d(lv)..o Ha(U) /f(y) dH’(y) = f(z)

UeB(z)

for H%-a.e. z € E.

The proof of this Theorem can be found in [7]. This Theorem will be important to get the
pointwise convergence results that we shall obtain later.

3. Fourier Analysis on Self-Similar Fractals

In this section £ C IR™ will be the self-similar fractal associated to the fa.mlly of simili-
tudes S = {Si, ..., S¢}, with ratios {rq,...,7¢}, and with Hausdorff dimension s (¥¢_, r{ = 1). To
simplify the computations we may suppose, without loosing generality, that H*(E) = 1 and that
EiNE;j=0,for1<i<j<Ut.

We are going to define on E a system of functions & C L>(E, H*) which will be orthonor-
mal in L?(E, H*). The appropriate computation of the Dirichlet kernel of this system, together
with the differentiation Theorem 2.4, will allow us to show that the Fourier series (with respect to
®) of every function of L!(E, H*) converges at almost every point to the given function.

3.1. The system ® of functions defined on E

We shall define a function of the generation —1 with support on the set E, which will
ber

y-1(z)=1 , for all z€ E

Associated to the set E we define £ — 1 functions 4%, 1 < h < £ — 1, which we call functions of
the generation 0. They are defined as follows:

-1
C;? Jifze P E
h _ -1 .
Y(z) = -C,? (ELI rf) Thi1 »if T € Eppa
0 , otherwise

and associated to every set E,, a € Sf, of the generation k, k > 1, we define £ — 1 functions vk,
1 < h < £—-1, which we call functions of the generation k (we shall have £¥(¢ — 1) functions of
the generation k) and they are:

Ch % a ) if z € U,";-l Ea]
Ya(z) = -C, %ra (2,_1 r’) Thi1 112 € Egppa
0 , otherwise

where for every h, 1 < h < £ — 1, the constant Cj is defined by:

h+1
Ch—(1+rh+er)Zr —thZr Zr (1)
=1 i=1 =1
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It is easy to see that:

support -3 = FE
h+1
support 78 = UEjCE , 1<h<{-1
i=1
h+1
support 72 = UEajCEo, ,aES,f,kZl,lShgl—l
Jj=1

and also that the system:
®={y1}U{18 : 1<h<t-1}U{yh : @€S{, k>1,1<h<L-1}
verifies that ® C L*(FE,H*) C LP(E, H?®), for every p > 1.

3.2. Remarks .

(a) If H*(E) # 1, we would have to divide the functions of & by (H*(E))?, and if the
intersections of those sets were not empty (they are of H°-measure zero) it would be enough to
define the functions as zero on such intersections.

(b) If £ = 2 then, associated to every set E, of the generation k, k > 1, we shall have
a unique function v, of the generation k (we shall also have a unique function of the generation
zero).

(c) The interval [0, 1] C IR may be considered as a self-similar set of dimension 1 associated
to the similitudes {S;, S;} centered, respectively, in the points 0 and 1 and with ratios ry = ro = 1.
In this case the sets E,, a € S and k > 1, are the dyadic partitions of [0,1] and the system of
functions defined on E = [0, 1] coincides (except in the values of the extremes of the intervals) with
a system of functions defined by Haar in such interval and based in their dyadic partitions (see
(1,pp.46]).

(d) If E is the classic Cantor set defined on the unit interval, then dimE = log2/log3 = s
and H*(E) = 1. The classic Cantor set is the self-similar set associated to the homothecies {51, 52}
centered, respectively, in the points 0 and 1 and both of ratio ry = 7, = % In this case Cy = 1 and
the system ® associated to such Cantor set is:

y-1(z)=1 , for all z€ F

(z) = 1 ,ifze Ey=EN[0,3}]
W)=Y -1 ,ifz € B, = En(3,1]

and for every k > 1 and a € SZ:
2%/2 |ifz € Ex

Ya(2) = —2F/2 if 2 € Equ
0 ,ifz & Eq

3.3. Theorem
The system ® is orthonormal in the Hilbert space L?(E, H?).
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Proof: The normallity of the system ® is easy to check. To see the orthogonallity it is enough
to notice that, given two functions of the same or different generation, their supports are either
disjoint or one of the functions is constant in the support of the other, so it would be enough to
show that:

/73(z)dH’(z)=/ +h(z)dH*(z) = 0
E E

forevery k > 1, a € S,f and 1 < h <€ -1, which is trivial. a

Given a function f € L}(E, H*), we define its Fourier series with respect to the system &

as:
f(z) ~a_1y-1(2) + Zaw (z) + Z Z Zaa'ya(z) (2)
k= aES‘h 1
where:
a = Af(y)v-l(y)dﬂ’(y) ; aé‘=ﬁf(y)73(y)dH’(y) ,1<h<e—1
ah = Af(y)vﬁ(y)dﬂ’(y) , k21, a€8f,1<h<e-1 (3)

are the Fourier coefficients of f with respect to &, which we denote simply by:

f~ {a—l’ag?az}

We are now going to study the pointwise convergence of this series by considering the
partial sums, which for every m > 1, 8 € S,f,_,_l, 1 < p<{-—1,are defined by:

SoR f(2) = aciy-1(z) + }:am(m Z 3 Za 1h(z) +

aeslh 1
-1 P
+ Y Y ahh@)+ Y aprb(e) (4)
aes"n“ h=1 h=1
a<p

Replacing (3) in the expression (4) and using the orthonormallity of the system ® one finds that:

SEp f(z) = / FWEE (2, y)dH () (5)

where:

K22 (2,y) = v-1(2)1-1(v) + 270(1)‘70(!/)'*' 2 3 Zva(zm(m

k=1qaesth=1
+ 2 Z 1o () + Z 15(=)75() (6)
aES‘ h—
0<ﬂ

is the Dirichlet kernel associated to the system &.
We shall give now some notations and definitions, as well as a technical Lemma, which will
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be useful to simplify later computations.

3.4. Notations and Definitions
For 1 < ¢< p<{-1, we define:

H(Qap) = _C I(Er’)rq-{-l'l' Z Ch

i=1 h=q+1
(M
G(g,p) = “(Zr’ rei Z cyt
h=q+1
In particular,ifg=0and 1<p<{-1:
P
H(0,p) = G(0,p) = Y_ C;* (8)
andifg=p,1<p<{-1:
2
Hp.p) = -C; Qs
9)
G(p,p) = Zr ot

It is obvious that in the case £ = 2 the definition (7) makes no sense.

3.5. Lemma
(a) H(g,p) = —(T0) r5)? 1<q<p<f—1
(b) G(g,p) =773, — (TP r) 1< g<p<t-1
(©) B(0,9) = G(0,p) = 17* — (TP rty 1, 1< p< £ 1.

Proof:
(a) If ¢ < p (it can only occur when £ > 2), using (1) we have:

-1

g g+l \"ly/g g+l g+2 P .
H(g,p) = (q+12 Z") (er) q+1+(q+22r327‘f) + Z Cp =
=1 =1 i=1 i=1 i=1 h=q+2
- +2 P
-1 ) 1 P -1 -rq+2 Eg_l 1 C-l —_
S p My 77,5t Y Cil'= + ) Ci'=
2?—1 T3 q-:2 i=1 323_1 i h=q+2 Cq+1 h=q+2

0+1
e (Z") Tet2 T Z Ci'=H(g+1,p)

i=1 h=q+2

and iterating the preceding process one gets:

H(q,p) = H(p,p)
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and then:

P p+1 -1
H(P,P)=—C;1(Z’)p+x (2")

i=1

(b)Ifl1<g<p<e—1:

G(q,p)

q 2 q
;! (Z Tf) re + G (Z rf) roa1+ H(g,p) =
i=1

1=1

p+1 7!
= Cq“l t1Ce + H(q,p) = 7301 — (Z rf)
=1

(c)If1<p<e-1:

H(O’p) = G(O’p)

p
Y Cit=Crt+Crlniry® + H(1,p) =

$.—8 p+1 -1
: AT 4 H(1,p) =i - (Z "5>
1 1=
]

We are going to compute, in the following Lemma, the Dirichlet kernel associated to the
system ®.

3.6. Lemma

(a)
o hvhn = ) Tat =1 LTy €E,1<q<
;;70(1)70(1/) { -1 ,ifz€E,y€Ej,q#7,1<¢,5<¢

(b) For every k > 1 and @ € Sf:

-1 r;’(rq"—l) ,ifzayEanJSQSf
Yo rh(@va@) =4 -ra® ,if £ € Fag, Y € Eajy q# 3§, 1< ¢,5 < £
0 , otherwise

(c)Forevery k> 1l,a€Sfand 1<p<{-1:

-1
Ta [ (Efjll 1) ] ,ifx,yGanJSQSP-I-l
h h _
;%(ﬂ%(ﬂ— -a( p+1 )1 ,iszan,yGEaj,qaéj,15q,j$p+1

i=1 t
0 , otherwise

(d) For every m > 1:

) ifz,y e Ea, a G S.rln+1
, otherwise

o r-*
K,‘,;"""t l(z’y) ={ Oa
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(e) For every m > 1 and B € 8441
r;’r;" ,1fzyean,aeSm+l,a<ﬂ,l<q<l
Kf,’,’i'll(z,y)z r? ,if 2,y € Eq, 0 € Sk, 0>

0 , otherwise

(f) Foreverym>1,8€S8{,,and1<p<t-1:
m+1

[ r0r7® ,if:c,yean,aeS,‘,t+1,a<ﬁ,1§q$£
-1
5’ 1+r"—(2ffllrf) ] yifz,y€ Egy, 1< q<p+1
ﬁil(zvy)=‘ rﬁs 1—(ijll 1) ] yifz € Egg, y€ Egj,q#J,1<¢,5<p+1
r5° yifz € Egq,y€ Egj,q>p+1lorj>p+1
Ta’ ,ifz,yEEaaaesra+1,a>,B
(0 , otherwise

Proof: First we notice that when £ = 2 then (c) coincides with (b) and (f) with (e), and so in the
proof of (c) and (f) we can assume that £ > 2.
(a) Let z € E;, y € E; and j < q. Then, by Definition 3.1 of the system ®, we have:

(i)Ifg=¢

-1 1 -1 1
S % (@) () 76 2)6 7 (y) = -C, 3 (Z" ) r7°C, 3 =
1=1

h=1

) -1
H{-1,-1)=- <2r:) =-1

i=1

using the definition of H and its evaluation in Lemma 3.5.
(i) If ¢ < £ (It can only happen if £ > 2):

-1 -1 q—-1
T e = S B = - (zr:) o4
h=1

h=g¢-1 i=1
-1,

+ Y. CLiC,*=H(g-1,£-1)=-1
h=q

By the symmetry of the kernel one gets the result for ¢ # j.
Now let z,y € E,. We are going to distinguish three cases:
i Kqg=2¢:

a -1
Y 1@ ®) L1 ()b (y) = [—Cl— (E') ]
h=1

{4
= GE-1,L-1)=r;"- (Eri’

i=1

~—
L
i
<
|
—
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(i)ffl<g<€(if£>2):

-1 -1 e
Y NE@w) = X WEnbw) =Ch (Z :’) re¥ +
h=1 h=g-1 1=1

-1

+ Y Ci'=Gg-1,-1)=r7"-1

=q

(iii) If ¢ = 1:

-1 e-1

> %@ =Y Ci' =G0t~ 1) =r{" -1
h=1 h=1

With this (a) is proved. _

(b) It can be obtained in the same way and following the same steps of (a).

(c) As we said at the begining of the proof, we shall assume £ > 2. From the definition of & is clear

that:
P p+1 p+1
U support(y: x %) = (U Eai) X (U Em’)
h=1 i=1 =1
Suppose first that £ € Euq, ¥y € E,j and 1 < j < ¢ < p+ 1. We are going to distinguish two cases:

iHg=p+1: ,
Y vA()rE(w) = 1E(z)vE(v) = 3 ° H(p,p)
h=1

(ii)ffg<p+1:
S h ok h
Y 1a@a®@) = D r1a(z)ra(y) =r3’H(g - 1,p)
h=1 h=g-1
Now let z,y € Eoq, 1 < ¢ < p+ 1, and we shall distinguish three cases:
(i)fg=p+1:
P
Y- h(@)a(y) = 12(e)E(y) = r3°G(p,p)
h=1

(i) fl<g<p+1:

) 4 14
YAkt = Y YE@)h(v) =r3°Gla - 1,p)
h=1

h=g-1
(i) Ifg=1:
P
Y Yh(z)vh(y) = r3°G(0,p)
h=1

Finally, using the symmetry of the kernel and Lemma 3.5 one immediately obtains the desired
result.
(d) We shall prove it by induction on m. Using (a) it is clear that:

{r;" ,ifz,ye E;,1<i< ¢ (10)

-1
-1z (¥) + Y 15 (z)6(y) = 0 ,otherwise

=1

206



For every i,1<i < ¢, Y574 v2(z)y!(y) has support in E; x E;. Then, using (b) and (10), we get:

g -
“Uz,y) = ‘r-l(vc)'r-l(y)+Z'ro(ﬂﬂ)‘ro(y)+ZZ'rf‘(7c)‘rz (v) =
1=1h=1
i"+r‘~"(rj“’—1) yifz,y€e E;;,1<14,5<¢
= - ,ifz€Eiyq,y€ Eij,1<4,5,d<¢,5#¢q
0 , otherwise

That is: ,
-1 _ ) ra® Jifz,y€ Es,a €S;
K (ey) = { 0 , otherwise

and then (d) is true for m = 1. Suppose it is true for m — 1, that is:

¢, b1 _J r3® Jifz,y€ Ey,a € SE
KEn™(2,9) = { 0 , otherwise

Then:

K&tz ) = K5z, + 3 272(17)%(3/)
a€St h=1

and since [ J§2} support(y? x 4%) = E, x E,, by the induction hypothesis and (b) we have:

r;’+r;’(r{"-—1) ,if 2,y € Esi,a €85, 1<i< ¢
K,t,;'"'l;l—l(z,y)= T;’—T;’ ,ifIE an,ye Eaj,aesrfnl SQa] Sl’q7£]
0 , otherwise

from which one immediately obtains the result.
(e) We have that:

-1
KBS (@) = K e+ T L AEm)

aesl 1 h=1
a<ﬁ+

and one can notice easily that:

-1 K3 (=,9) ,lfzyGEa,a€3m+1’°<ﬁ
K84 a,y) = { Kat1(o,y) |if 2,y € Ea, a €Sy a>
0 , otherwise

Then, using (d), one obtains the desired result.
(f) We may suppose, as we said before, that £ > 2. The proof of this result is an immediate
consequence of (c), (e) and the fact that:

8 fr’z’i-l (z’y) ’ifzayEEaaaeSrfz+l’a#.B
Knfa(2:9) =4 K57 (2,9) + Thoy 1B(2)7A() L if o,y € Ep
0 , otherwise
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We are going to compute, in the following Lemma, the partial sums of the Founer series of
a function f € L1(E, H*).

3.7. Lemma
Forevery m > 1,8 € S,f,.,,l and 1 < p<{-1, we have:

( 7y Je., f(¥) dH*(3) ,if 2 € Eagya €84, a<8,1<q<t
B (Ep) fEﬁ f(y)dH*(y)+
S8 sy =) T e AW
WU,?——.)]UPﬂE f(y)dH*(y) ,ifz€ Eg,1<q<p+1
H—(E-nypf(y)dH’(y) ,ifz € Egq,p+1<q</?
| m (e Jea f(¥) dH () ,ifz € By, €8t 10> P

Proof: Since:

SEE f(z) = / F)KE% (2, y) dH*(y)

and considering the result (f) of Lemma 3.6, we have:
Iszan,aes,f,+1,a<ﬁand1$q§£:

SRS@) = [ SOy X )4 W) = g [ S )

’(an) Eagq

because if H*(E) = 1, then H*(E,) = r3.
fze By, 1<q<p+1:

p+1 p+1 -1
SE% f(2) L, ORI [h(er) ]XE,,,(S’)"‘
i=1

j=l
i#q

p+1 \ 7! ¢
+ 3’ [1+rq" - (Z r.’) ]x:s,,,(y)+ ( > rp") XE,,»(y)} dH*(y) =

=1 ) =p+2
1 p+1
= [ f() Z XEp; (¥) + XE5, (¥) + Z XEs,(v) | dH*(y) +
ﬂ i= Ji=p+2
J#q
’ —
t oo A F(Y)xEs(y) dH*(y)
p+1
" s fof® | Exea ) + xEn () | W)
r Zg—l T Jj=1
i#q
and we obtain the announced expression. The other two cases are similar to the first one. u

We can state now the following theorem which can be obtained immediately by applying
the Differentiation Theorem 2.4 to the expression of the partial sums obtained in Lemma 3.7.
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3.8. Theorem

For every function f € L'(E, H®), the partial sums of its Fourier series, with respect to &,
converges to f at H*-almost every point of E.

3.9. Corollary
The system & is Ll-complete.

Proof: Suppose that f € L!(E, H*) is orthogonal to every function of the system &. Then, it is
clear that:

SEP f()=0 , for all z € E

forevery m> 1,8 € S,f,_,,l and 1 < p< £-1. Then, using Theorem 3.8, we have that f(z) =0 in
H*-almost every z € F. o

3.10. Remark: Since H*(E) < oo, we have that LP(E,H®) C L}(E,H?®) for every p, 1 < p < .
Then, Corollary 3.9 assures us that the system & is LP-complete, 1 < p < oo, and in particular
that & is L2-complete or that it is an orthonormal maximal system in L?(E, H*).

We shall see now that the Fourier coefficients of every function of L!(E, H®) converge, in
some sense, to zero. Since the intersection of two different subsets of F of the same generation is
empty, then the set F may be identified with Sgo as follows. Given z € E there is a unique infinite
sequence a(z) € S&, such that:

[o o]
z € (] Ea)m]

m=1
We construct the sequence a(z) with the subindices of the sets of each generation which contain
z. Conversely, given a € S%, we assign to a the unique point z € E such that:

o o)
2 € [ Eafm)
m=1
Without the additional hypothesis that different sets of the same generation have empty
intersection the identification may be done in the same way, but now there will be a set of points of
null H*-measure and each one of them will be assigned with more than one sequence (such points
may be excluded).

3.11. Theorem

Let f € L'(E, H?) and {a_1,ak,a"} their Fourier coefficients with respect to ®. Then, for
H*-ae. z€ E:

Jim_afym =0

forevery h, 1< h<£-1.
Proof: For every k> 1,0 € Sf and 1 < h < £ — 1, we have:

al = A f)rh(y)dA(y) =

1 K] h h
Cpira’ (,\‘:’1 ﬁ; . fy)dH (y) = rh1 D78 LGM f(y) dH’(y)) =

=1
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a,h+1

1 _s h
= Cy’ra’ (]{J,. . _f(y)dH’(y)—TEilgrf/

y=1 ")

f(y) dH’(y))
If K = mé.x{l , maxls;.sl-l{r;;l 2?:1 r’}}, then:
ot < At K [ 1@laB ) = 6 K s [ G148 W)

Since f € L!, we have that |f| € L! and applying the Differentiation Theorem 2.4 we get that at
H*-almost every z € E:

A, H(E—(W) Sy @I 4E @) = 1/ (2)
and since:
Jim vy =
we obtain the result of the theorem. =

We shall now study, in the next theorems, the convergence in LP-norm, 1 < p < 00, of the
Fourier series of the functions f € LP(E, H*).

Since ® is a L?-complete system, we can apply the classic results of the ordinary theory of
Hilbert spaces (Bessel inequality, Riesz-Fischer theorem,...) and state, then, the following theorem:

3.12. Theorem
If fe L*(E,H*) and {a 1,a8,ak} are their Fourier coefficients with respect to ®, we have:

(@) IF1§ = (a-1)* + 421 (ak)? + T221 Taest Thth(ah)? < 0.

(b) 115521 f = fll2 — 0.
Moreover, if F € L*(E,H*®) and {A_I,A{)',Aﬁ} are their Fourier coefficients with respect to @,
then:

./ f(W)F(y)dH*(y) = a—1A_1 + Z ahAh + Z Z Z ah AR
E laeslh_

where the last series is a,bsolutely convergent.
And if {c_1,c},ck} is a sequence of real numbers which satisfies:

(c-1)? + Z(co)z + Z 3 E(ca)z <

k=1 aesl h=1

then there is a unique function f € L?(E, H*) such that {c_1,ck,ck} are their Fourier coefficients,
and then f satisfies (a) and (b).

3.13. Theorem
Let p, 1 < p < 0o. If {c_1,ch,ch} is a sequence of real numbers which satisfies:

-1l + E les| - sl + Z > Z leal - [1vallp < 0o (11)

k=1 aES‘ h=1
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then there is a unique function f € LP(E, H®) such that {c_;,ch,ch} are their Fourier coefficients,
and we have:

1S58 F - fll, — 0

Moreover, if we have a function f € L? and their Fourier coefficients {a_;,al,a*} verify (11), then
the Fourier series of f converges to f in LP-norm.

Proof: In order to simplify the notation we shall suppose that ® = {7i}x>1- Let {ck}r>1 a
sequence of real numbers verifying (11), that is:

)
3 lekl - lllly < o0 (12)
k=1

Since ® C LP, by (12), it is immediate to check that if we denote:

N
fn(@) =3 en(z)
k=1

the sequence {fx}n>1 is a Cauchy sequence in the Banach space LP(E, H*). Then there will be a
function f € L? such that:

Jim |Ifv = fllp =0 (13)

To see that {ck}k>1 are the Fourier coefficients of f it is enough to consider (13), and the facts
that & c L* (1 + ;, = 1) and that 94 — N—oo 7% in L?'-norm, since in this case (see [4,pp.9]), for
every k > 1, we have that:

Jof @@ @) = Jim [ () dE* @) = o

The uniqueness of the function and the rest of the proof may be deduced from the LP-completeness
of . a

4. Examples

We shall now see some examples in which we compute the Fourier coefficients of certain
functions, and we build functions from their Fourier coefficients.
In the rest of the paper E C [0,1] C IR will be the classic Cantor set and:

®={1-1,70}U{1e : 0 €8}, k>1}

the system associated to it (see 3.2(d)).

Example 1: If f: E — IR, f(z) = z, then we are going to see that:

1(2) = 37-1(2) = 370(2) - 2(3 T & 7@

1 €S}

with convergence at H*-almost every point z € E.
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Proof: The computation of the coefficients is based on the two following facts, which are easy to

check.
(i) Let A € IR be a constant and g : E — IR. Then, for every k > 1 and a € SZ:

ﬁ;a[" +9(9)1a(y) dH* () = /E 97y ()

since [, Ya(y)dH*(y) =
(ii)) If g : E — IR is such that g(z) = A + mz, being A,m € IR constants, then for every k > 1

and a € S? we have:
/ g(y)st ) g(S (0));9(5 (1)) ’(Ea)

by the distribution of the H*-measure on the set E, and because of E, = [S4(0), Sa(1)]N E
We shall compute the coefficients:

s = [ ydH*(y) = - H*(E) = ;

2
@ = /E y70(y) dH*(y) = L ydH(y) - L ydH*(y) =

2+1
2

since E; = [0,3]N E and E; = [2,1]N E. And for every k > 1 and a € S we have:

4y = 01,...,1=/ N,..1(y)dH*(y) =

Ey,..1
= 2%/ de’(y)—‘Z'%/ ydH*(y) =
Ei1,..11 Ey,..1,2
(O 1 (MG L) -1
2 2k+1 2 2k+1 3(3\/§)k

Example 2: If we consider that c_; = ¢y = 1 and ¢, = 27* for every a € SZ, k > 1, then:

(c_1)2+(co)2+z Z(ca)2—2+z2' =3< 4+

k=1aes?

and by Theorem 3.12, there is a unique function f € L2(E,H?), ||fll2 = V3, whose Fourier
coefficients are {c_1,¢o, ¢4}, and moreover:

f(z) =v-1(z) + v0(2) + f: 275 3 va(z)

k=1 aesz

with convergence in H®-almost every point and in L?-norm. Using the definition of the system &
(see 3.2(d)) we have:

fley=1- 30 U
k=1 277

where a(z) = (i1,12,...) € SZ is the unique infinite sequence which determines z and a(z)x = i,
forall £ > 1. a
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Example 3: If we consider ¢_; = ¢o = 1 and for every k > 1 and a € Si:
e =1 ife=(1,.,1)e8
*T10 ,ifeeSE\{(Q,..,1)}

then:

(c- 1)’+(60)2+Z > (ca)? —2+21—+oo

k=1 0652

But if we compute the LP-norm, 1 < p < 00, of the functions of the system ® (see 3.2(d)), we have
that:

[17-1llp = llvolle

1 1
P 1 x 1 \F _ _ei2k
hallp = ( Ji haPdr®)” = (2% o + 2% 5r)” = 0%

and then:

le—1] ||7=1ll1 + leo| ||7oll1 + Z > leal 7l =2+ 22 3 < 00

k=1 0652

Then, by the Theorems 3.12 and 3.13, there is a unique function f € L'\ L? such that {c_,¢o,¢q}
are their Fourier coefficients and:

£(2) = 1-12) + 70(2) + 3 1,.0(2)
k=1

with convergence in L'-norm and at H*-almost every point. It is easy to check that:

- f(2 ~1) ,ifz € Eag,a=(1,...,1)€SH k> 1
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