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THE FAMILY OF COMPACT POROUS SETS

Let K(R) be the Polish space of all non-empty compact subsets of R,
and PS Dbe the family of all porous sets in K(R). Then it is easy to show

that

Proposition 1: PS is a coanalytic subset of K(R).

A natural question is whether PS 1is a Borel subset of K(R). (A negative
answer would rule out any Borel characterisation of the set PS.) To answer
this question we introduce a natural rank function on PS. (All the concepts

that we use are standard and can be found in [1], [2], or [3].)

For each M>0 and AeK(R), 1let T(M,A) be the tree defined by:
<, . . . ,I> € T(M,A) 1if and only if

(i) I, €14, |I;] =1/i, endpoints(I;) €Q, and

(i1) for all J with I, cJcCI,, A[A}T] < M. |J|/1.
Here the 1I;'s and J denote closed intervals and A[A;J] 1is the length

of the longest subinterval of J which contains no points of A. We then
have

Proposition 2: AePS <« for all M >0, T(M,A) is well-founded.

Proposition 3: For A€PS, sup{|T(M,A)|+l : M>0) is always a limit ordinal.
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This allows us to define the rank |A|] of A as the unique ordinal

a such that

sup{ |T(M,A)|+1 : M>0} = w.ca.

The rank function provides a natural measure of the complexity of the sets in

PS and we actually have

Proposition 4: |A|=1 1if and only if A is uniformly porous.

Proposition 5: |.] : PS = w is a coanalytic norm.

Proposition 6: For each a< w;,, there is a set A€ePS with |A|=a.

By the Boundedness Principle we then get

Corollary 7: PS 1is mnot a Borel subset of K(R).
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