INROADS Real Analysis Exchange Vol. 12 MNo.2 (1986-87)

Ding Chuan-Song, Department of Mathematics, Northwest Teachers College,
Lanzhou, Gansu; China.

Lee Peng-Yee, Department of Mathematics, National University of Singapore,
Singapore 0511.

ON ABSOLUTELY HENSTOCK INTEGRABLE FUNCTIONS

In this note we shall give an alternative definition of absolutely

Henstock integrable functions.

A function f is said to -be Henstock integrable (see [2]) on [a,b] if
there exists a number A such that for every € > 0 there is a function

§(E) > 0 such that whenever a division D given by
a=x < X, < eee £ X, = b and 51, 52, cee, En
satisfies £~ G(Ei) < X,y < Ei < x4 < g, * G(Ei) for i = 1,2,...,n we have
n
lizlf(zixxi— x_)) - 4] <e,

or alternatively,

lif(i)(v-u) - AI <e

where [u,v] denotes a typical interval in D with § e [u,v]

524



= (g-8(E), £ + 8§(E)). A function f is said to be absolutely Henstock

integrable if both f and |f| are Henstock integrable.

The first author defines the following RL integral. A non-negative
function f is said to be RL integrable on [a,b] if there exists a number A
such that for every € > 0 there exist an open set G and a constant § > 0 such

that |G| < € and that for every division
a=%x <x%x,<eeea<x_=0D
[o) 1 n

with x; - x,_, <6 for 1 = 1,2,...,n, and for any I [xi-l’ x,] - G we

1]

have

n
|i§lf(51)(xi-xi_l) - <e.

It is understood that the term f(Ei)(xi - xi-l) is not included when

[xi-l’xi] - G is empty. Alternatively, we write
' £f(E)(v=u) - A | < €.
£4G

As usual, we define A to be the integral of f on [a,b]. In general, a
function f is RL integrable on [a,b] if both f' = max(£,0) and £~ = max(-f,0)

are RL integrable on [a,b], and we define
b - (b ¢t _ (b .-
[, £Gdx = [2 £ (x)dx = [} £ (x)dx.

We shall prove that the RL integral is equivalent to the absolute Henstock

integral. Since the latter is uniquely defined, so is the former.

First we prove the equivalence for bounded functions.
THEOREM 1. Let f be bounded on [a,b]. Then f is RL integrable on [a,b]
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if and only if f is absolutely Henstock integrable on [a,b].

Proof. We may assume that f is nonnegative. Suppose f is RL integrable
on [a,b]. Then given € > 0 there exist an open set G and a constant § > O
such that IG' < ¢ and the rest of the condition holds. Define §(§) = §
when £ *G and (§ - 6(g), & + 6(£)) < G when £ ¢ G. Then we see that f is

Henstock integrable on [a,b].

Conversely, suppose f 1is nonnegative and Henstock integrable on [a,b].
Then we may choose a continuous function g (see, for example, [1] page 191)

and an open set G such that 'G' < € and
lf(x) - g(x)| <e for x e [a,b] - G,
b
|a - IS g(x)dx| < ¢
where A is the Henstock integral of f on [a,b].

Since g is continuous on [a,b], it is Henstock integrable on [a,b]
with 6(§) =8 > 0, i.e. 8(§) is a constant function. Let |g(x)| < M for all

x ¢ [a,b]l. Then for any division D = {[u,v]} with v=u < & we have

| I £GE)(v=) = A | < | ic{f(g)_g(g)}(v-")l + ] 1 g®)(v-u)|
£4G 3 EeG

+ | 1 @ - [2 goax| +|2 gtxrdx - 4
< e (b-a) + Me + ¢ + €.
Hence £ is RL integrable on [a,b].

THEOREM 2. A function f is RL integrable on [a,b] if and only if it is

absolutely Henstock integrable on [a,b].
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Proof. Again, we may assume that f is nonnegative. Suppose f is RL
integrable on-[a,b]. Let fN denote the truncated function of f, i.e.
£N(x) = £(x) when £(x) < N and £¥(x) = N when £(x) > N. We shall show that £N

is absolutely Henstock integrable on [a,b].

Since f is RL integrable on [a,b], given € > O there exist an open set G
and a constant § > O such that |G| < € and that for every division

D = {[u,v]} with v = u < § we have
| 1 £()(v=u) - A | <.
£4G

Let w(f; [u,v]=-G) denote the oscillation of f over [u,v] = G and w = O when

[u,v] = G is empty. Then it follows that

2 w(fN; [u,v] - G)|[u,v] - G| + w(fN; G)IGI
< 2 w(f;[u,v] = G)(v=u) + ZNIGI

< 2¢ + 2Ne.

That is, fN is dominated above by a simple function and below ‘by another

simple function so that the difference of their integrals is small. Hence £N

is Lebesgue integrable and therefore absolutely Henstock integrable on [a,b].

Since £N(x) converges monotonely increasing to f(x) as N + = and
fg f¥(x)dx < A for all N,
then by the mounotone convergence theorem for the Henstock integral (see [2]) f

is absolutely Henstock integrable on [a,b].

Conversely, suppose f is nonnegative and Henstock integrable on [a,b].

Then the truncated function fN is also Henstock integrable on [a,b]. Given
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€ > 0, there are an integer N and Ey = {x; £(x) > N} such that N|Ey| < €/2 and

| 12 emrax - 2 eNxax| < e

By Theorem 1, £V is RL integrable on [a,b]. Let Ay denote the integral of £N
on [a,b]. Then there are an open set Gy and a constant § > O such that NlGNl

< €/2 and that for every division D = {[u,v]} with v = u < § we have

N
£ (g)(v-u) - < e.
l g%cN v=u AN' €

Write G = Ey U Gy and note that fN(E) = £(§) when § ¢ G.  Then |G| <€ and

| 1 £E)(v=u) - A| < |a-A

A y

N
+ |A= ) £ (E)(v=u)
e 2 |

<eg+e+ N'GI
< 3e.

The above is so because if [u,v] = G is non empty then fN(E)(v-u) is one of
the terms in the sum over £ ¢ Gy, and if [u,v]=G is empty, i.e. [u,v] ©G,

then [U,V]-GN may or may not be empty, the collection of all terms

fN(E)(v-u), when [u,v]-Gy is nonempty, is less than N|G . Consequently, f is

RL integrable on [a,b].

The following example shows that f being non-negative in the definition

of the RL integral is essential. Let

f(x) = 2n2(n+1) when x e (é-(_n%r + ?11.), %),

= - 2n2(n+1) when x ¢ (E%T’ é‘ﬁér +-%)), n=1,2,¢e. ,
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and f(x) = O elsewhere in [0,1]. Then with A = 0 and for € > 0 we can choose

G = [0,1/n) with 1/n<e and §>0 such that for any division D = {[u,v]} with

v-u<8 we have
| z £(E)(v-u) - A ] < €.
EeG

In fact, given any real number A, it is easy to find an open set G
(depending on A) such that the above inequality holds. Obviously, the

function f 1is not even Henstock integrable on [O0,1].

The RL integral may also be regarded as a generalization of the dominated

integral in [3]. For some other recent characterization of the Lebesgue

integral, see [4,5,6].
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