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A NOTE ON THE o¢-IDEAL OF ¢-POROUS SETS

In this note we shall show that <v-sets of reals are o¢-porous and there
exists a family of cardinality of the continuum of disjoint non-o-porous perfect
sets.

A family & of open subsets of X is an w-cover of X iff every finite
subset of X is contained in an element of & A space X has the
y-property (X is a 7-set) iff for every w-cover § of X there exists
a family {Dp : me @} s & such that Xs U N Dy.

k mak

For a subset of the reals we define the set

P(X) = {x € X : limsup 1(X,x,&)/¢ > 0}
>0t

where 1(X,x,&) 1is the length of the 1longest subinterval of (x—&,x+€)
disjoint from X. A set X s R is called porous if P(X) = X and is called

g—porous if it can be represented as countable union of porous sets.

Theorem 1. If X s R has the y-property, then X is ¢-porous.

Proof. Let X s R be a 7y-set. For every 0 <n<w and A=
{%1,%2,...,%p} s X let dp = min({|xj—xj] : i # j} v {%}). Define Uy =
n

U Ij where 1Ij is an open interval such that =xj € I |Ij| < ;1‘- dp and
i=1
dist(Ii,IJ') > % dy for i # j.

Let {yn} be a sequence of distinct elements of X. Define §p =
{Up - {yn} : As X has n elements} and § = °U° $n. & 1is an w—cover
of X. Thus there exists a family {Dp : m € w}nzla such that X s
U0 Dy
k=1 m=k

Since yp must be in all but finitely many Dy, we have that finitely
many of {Dp : m € @} belong to $p.
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We shall show that Xy = N Dy is porous. Let x e X(, and £ > 0
m=k

and n > % . Then there exist me > k and no, > n such that Dy, € &n,-

There exists a set A = {x,,x,,...,xno} & X such that Dmo = Up - {yno}

Do
and x € Dmo. So Dm° = 'Ul I; - {yno} where Ij is an open interval
i=

such that dist(Ii,Ij) > % dy and 1151 < i da. Assume that x ¢ I,.

Then (x - % da, x + % dp) nIj=¢ for i > 1. Thus

((x - % dp, x + % dp) - I,) n Xk = ¢. Hence (x - % da, x + % da) - I,

da. So 1(Xk,x,dp)/dp > % .

N =

contains an interval longer than

Since dj < &, limsup 1(Xk,x,&)/¢ » 1 .
0% 2

It is not hard to see that the continuous image of a 7y-set is a 7y-set.
F. Galvin and A.W. Miller [2] showed that assuming Martin’s axiom there exists
a y—set of reals of cardinality of the continuum. They also stated that every
set of reals of cardinality less than that of the continuum is a y-set. This
implies:

Corollary 1. Assume Martin’s axiom. Every set of reals of cardinality less

than that of the continuum is o¢-porous.

Corollary 2. Assume Martin’s axiom. There exists a set of reals X of
cardinality of the continuum such that every continuous image of X is

o—-porous.

Remark. A.W. Miller proved in [3] that it is consistent that for every
X s R of cardinality of the continuum there exists a continuous function
from X onto [0,1].

Assume that it is consistent that there exists a measurable cardinal.
D.H. Fremlin and J. Jasifnski [1l] proved that it is consistent that there
exists a set of reals X of cardinality of the continuum such that every

Borel image of X has the y—property.
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Corollary 3. Assume that it is consistent that there exists a measurable
cardinal. Then it is consistent that there exists a set of reals X of

cardinality of the continuum such that every Borel image of X is o-porous.

J. Tkadlec [5] showed that there exists an uncountable family of
disjoint, non—-o-porous, perfect subsets of the reals. We shall prove a
stronger theorem.

Theorem 2. There exists a family of cardinality of the continuum of disjoint,

non-o-porous, perfect subsets of reals.

Proof. By Theorem 1 of J. Tkadlec [5] there exists a non—e¢—porous perfect
subset of the reals S such that S - S is of the first category.
(S-S={s~-s;, : s, s, ¢ S}.) Let G be adense Gs set such that
Gn (S-8S)=¢. Then Gu {0} is a dense G; set. By the result of
J. Mycielski [4] there exists a perfect set D such that D - D ¢ G v {0}.
So (D-D)n (S-8) = {0}. This implies that for every t,w € D such
that t # w, (t+8)n(w+8) =9, Since D is the cardinality of the
continuum, we have the result.
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