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 Two examples concerning derivatives and Iú-._sets.

 In his paper [4ļ Zahorski defined a hierarchy of classes

 of sets , 1*0 , . . . , 5 and a hierarchy of classes of fure-

 tions , i=0, . . . , 5. "Te then demonstrated that the M . ere

 closely related to the class of derivatives Ù . In this

 note we give the following exanples concerning the classes

 M 2 and M ^ t

 Example 1 : There are sets 0 4 , Cgć [P,l] which can be
 separated by a derivative, but cannot he separated by any

 function of the form F(x,f(x)), where f is a bounded deriv-

 ative and F:R is a continuos function.

 Sxample 2: There' is an lU-set which cannot be written as

 f~^(G) , where f is a derivative and G is an open set.

 The first example is connected with the probi sm of charac-

 terizing the smallest "topo logically characterizable" system

 of functions containing bounded derivatives. To be more

 precise, let us define F as the smallest system of functions

 defined on CO,l} possesing the following properties:
 (i) F contains bounded derivatives

 (ii) If f € 3- and if :R-»R is a continuos function,

 then if *f € 3^

 (iii) If f p € F and uniformly on [p,l] , then fé F
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 It is not difficult to show that admits a characteri-

 zation in ternis of ps eudouni fornii ti es • (Use, for example,

 Theorem 3«1* from [3] and the Darboux property of deriva-

 tives.) Clearly F C where b denotes the system

 of bounded M ^ -functions defined on £p,l] • example 1

 shows that ? * b , because the sets , Cg can be sepa-
 rated by a function from and cannot be separated by

 any function from F . This- follows from the fact that the

 closure of the set Q = | g: £0,1]-"' , g(x) = F(x,f(x)) ,
 F:R2-»R continuos, f is a bounded deri va ti veļ in the topology
 of uniform convergence on [p,l] contains 7~ . '.'i e remark that

 we are able to prove F ~~ Q î 0 .

 The second example shows that not every Llyset can be

 written as {x, ( f (x) ) > oj , where f is a derivative and
 f is a continuos function. It is not known whether every

 Mysubset of [0,l] can be v/ritten as {x, g(x) > o} with g ê F,
 »7e will use the following notation. If xiR and ACR

 is a measurable set, we denote by d(x,A) the lower density

 of the set A at x . If f:[0,l]-»R is a function «oíd aćR ,

 we denote bj»- {f > a} the set ļx6[Q,lJ ; f(x)> a} • The dis-
 tance between two sets A and BC R is denoted by dist(A,B).

 To begin with our examples, let us prove the following

 Lemma 1: Let 95 = P_1 f ♦••c'P2n+l be closed>
 nowhere dense sets. (Here AC'S means, as usual, tn&t ACS

 and every point of A is a point of density of the set B.)
 308



 Put Hx - K=U u (?2k " F2k-1^ » H2 = ,yo iv= U *?2k+l ~ 7 2k' ' K=U iv= U

 If f is a bounded derivative such that dist(f(H^),f(H2))^¿>0,
 then there are points suc^ ^or any k=0,...,

 2n+l, a,, is an isolated point of the set f f > f (a, J F. A. i V J i

 from the right and f ( ) £f(aQ) + ,
 Proof : V/e shall define the sequence aQ, ... ,&2r+i ^37 in~
 duction. Por a take an arbitrary " - ooint of IV isolated fron o " - o

 the right. o Suppose A r the joints + a. 6 P. -P. , , j Oíl^k£ 2n o A r + x x , , j

 have already been defined. Find ? * 0 such that

 (1) (ak,alc+^ fl {f >f(a,ic) = 0
 and put M = ( a^, a^+^) 0 {f > f ( a^) - S }0 Pk+ļ . As f is

 a bounded derivative and ¿(ak>Fk+ļ) = 1 » the set M is

 nonempty. As (1) holds, we have - P^ which implies
 that (f(x) - f C a^ )ļ ^ ^ for any x€M. Hence

 M = (ak.,ak+'7)n{f >f(ak) + *}n'+1* '.Ve conclude that LI is

 a nonempty F^. and G^. subset of ^4.1-^ • Thus there is

 a point y of M isolated from the right. Put a^ 7 •

 Clearly (f > ^Ca^^) ~ ^^k+l^ ^ak,ak+^ ' from which
 it follows that aļ,+ļ is an isolated point of the set
 ( f > -S) 0 from the right. Prom the definition
 of ak+1 v/e see that fCa^ļ) ^ + ¿ è- f(aQ) + (k+l)S ,
 which shows that a^+ļ satisfies our conditions.

 The construction of the sets C-. , C .

 ¿■or n = 1,2, ... let denote the interval ( l/2+l/(n+2 ) ,
 1/2+1/Cn+D). Pind nowhere dense closed set?
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 ¿ * ^c^c- ... cin .

 Let Hï ■ ¿0 "a * > 4 - ¿0 <»»+i - p2!c)
 <*S oO

 and put C, = U H? , C« = (J h2 ,
 x n=l 1 ¿ n=l

 If f is a bounded derivative, it follows from Lemma 1 that,

 for any J > 0 , we have

 dist(f(Cin (1/2,1/2+7)) , f(C2 0(1/2, 1/2+7)) ) = 0 •
 Hence the sets C^, C£ cannot be separated by any function
 of the form F(x,f(x)) with F:R- continuos.

 On the other hand, from (.1] (Theorem 4.5.) it follows

 that Cļ, C2 can be separated by a derivative, hence also
 by a bounded ^^-function.

 To begin example 2, we prove the following

 L emma 2 : Let ft^Ojlj-^R be a derivative and J = (a,b)CR
 an open interval such that 3 = f~^(J) ¿ 0. Then there is

 a portion of 3 which belongs to the class T.T^ .
 Proof : Let E O (0,1) be a point of continuity of the func-

 tion f/ 3 . Suppose, for example, f(xQ)<b<b. There is an
 open interval IC (0,1) such that xQč I and f(x)< b' for
 any x6 Eni . As f is a Darboux function, we have f(x)< b'

 for any x€I. We conclude also that IOS= { f > aj ^ I

 so that 10 3 is a nonempty M^-set. If f(xQ) = b, consider
 the function g(x) = a+b-f(x) .

 (Remark: We are able to show that in fact S é .(Por the
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 definition of M* see ^2") .) But here we shall not need
 this fact.)

 Corollary : Let G= U (a ,b )C.R "be an open set and f:[0,l]-»R
 ** -1 j

 a derivative. If E = f (G) ± 0 j , then E contains a non-

 empty M^-set 3ļ such that 3-E^ is an ^ -set.

 Proof : Choose k such that Eq = f~^( a^jb^) ¿ ^ . Let 3^=3^ .
 be a portion of EQ belonging to the class LI ^ . V/e can write
 E-E, = U f-1(a ,b )U (f'^a, ,b, ) -I) and v/e see that

 1 n#k n n K K
 E-E^ is an -set.
 Example 2 : Let E be an Ei?-set such that 0 ¿ E = 'J P , with

 n

 PCP .n closed nowhere dense sets , and n n+1 .n

 d(x, (R-?n) P» E) = 0 for any x€Pn , n=l,2, ... . It is easy
 to see that the set E possesses the following property:

 If ACS is an M.-set, then, for each n, 7 is also 4 7 n

 an M^-set (which can, of course, be empty) . How let us sup-
 pose that E=f~^(G) for some derivative x »incl open set G.

 Pind the set 3^ from the corollary of Lemma 2. As $ ¿ 3^C 3,

 SļO PQ ¿ for some n . But the set 3^^' ?n cannot belong
 to the class . Indeed, it is clearly P¿ and, because we

 can write E^r'Pn = F fi (R -(E-E^)) , we see that it is also &£ .
 Purthemore, E, AP CP and P is nov/here dense. V/e conclude

 Inn n

 that E, fi P contains a üoint isolated from the rir:ht and
 In w

 this is the required contradiction.
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