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UNIQUENESS OF DERIVATIVES OF FUNCTIONS DEFINED ON CLOSED SETS.
0. Introduction.

In [6], Whitney introduced the space Ck(F) of k times differenti-
able functions on an arbitrary closed subset F of an, and showed that

Ck(F) is the trace on F of the space CkGRn). The elements in Ck(F) are

families {F(J)}|j|$k’ where one can think of the functions F(J) as deri-

vatives of F(O)

(0)

mined by f'~’, and so it is natural to ask for which sets F one has uni-

. In general, the functions F(J) are not uniquely deter-

queness. This problem was solved by Glaeser in [1], Chapter III, §5 (see also
[2], Chapter II, §3). Here we consider the corresponding problem for the Lip-
schitz spaces Lip(a,F) and Aa(F). The condition for uniqueness of deriva-
tives in these spaces depends on a; in this respect the situation is not the
same as in the Ck(F)-case, where the condition is independent of k. The
main result is given in Theorem 2 in §3. As a tool, we first prove in §2 a
theorem on a general kind of multiplication of functions in the Lipschitz
classes; this theorem also has a counterpart in Glaeser [1].

The following notation will be used throughout the paper. F denotes
a closed subset of the Euclidian space R"  with points x:(x1,x2,...,xn), a
a positive real number, and k the integer such that k<a<k+1. The letter
c denotes a constant, not necessarily the same each time it appears. B(x,r)
is a closed ball with center x and radius r. We use the usual multiindex
notation: If j:(j1,j2,...,jn) is a multiinteger of length |j|:j1+j2+...+jn,
then DIF is the corresponding partial derivative of f of order |j],
szxj?..xin and  jlzjitipte..dt.
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1. The spaces Lip(a,F) and Aa(F)‘

The classical definition of these spaces in the case when F:Rn is
as follows: A function f defined on IRn belongs to the Lipschitz space
Aa(Rn) if and only if f 1is k times continuously differentiable and there
exists a constant M such that [DIF|<M, |j|<k, and the derivatives DIf
of order |j|=k satisfy |DIF(x+h)-209F(x)+DIF(x=n)| < M|n|*K. Taking in-
stead the first difference, we obtain the space Lip(aJRn). If o is nonin-
teger, the two spaces coincide.

Lipschitz spaces have also been defined on a;bitrary closed sgts F.
The spaces Lip(a,F) are studied e.g. in [5], while the spaces Aa(F) were
introduced in [2]. An extensive treatment of these spaces is given in [3]. We
shall now list a number of their properties which we need, referring to [3]
for details. The main result for the spaces Aa(F) is a trace theorem,
stating that the pointwise restriction to F of the derivatives {DJF},
|jl<k, of a function in AaﬂRn) is an element in A (F), and conversely
every element in Aa(F) may be extended to a function defined on R" be-
longing to AaﬂRn). The corresponding result for Lip(a,F) 1is a version of
the classical Whitney extension theorem. There are many equivalent defini-
tions of the space Aa(F)’ and we choose here one suitable for our purpose,
see [3], Chapter III, §3, Proposition 4. The functions F(J) in the defini-
tion may be thought of as derivatives of f(o).
DEFINITION 1. Let N be an integer, N>[a], and {F(J)}Ijl<k a family of

functions defined on F. Then {f'(‘])}li EAa(F) if and only if the follow-

<k
ing conditions hold:

For every cube Q with sides of length 6<1 and intersecting F there

exists a polynomial PQ of degree at most N so that
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a) ]F(J)(x)-DJPQ(x)I <me® 13l 1<k, xeanr

b) IPQ(x)l_g M, x€Q, if 6=1, and
c) if Q'cQ is a cube intersecting F and having side &' such that
§<28', then

|Pg(x)=Pg (x)] < M&%, x€Q'.

The norm of {f(J)}|j|<k € Aa(F) is the infimum of the possible constants M.

Different values of the integer N above give rise to equivalent
spaces. The space Lip(a;F) is obtained if we take polynomials of degree <k
instead of degree <N in the definition above; in this case condition c) may
be omitted. The spaces Lip(a,F) and Aa(F) coincide if a 1is non-integer.
If Q@ bhas sidelength 6<1 and PQ is associated to a family {f‘(*j)}ljlSk
belonging to Aa(F) or Lip(a,F) as in the definition, then IDJPQ(x)IicM,
x€Q, for IJISk, where the constant ¢ only depends on k and n, and if
| j|=k+1=a we have in the A -case |DJPQ(x)| < cM(1+]1n8]), x€Q. This fol-
lows from Lemma 1, Lemma 2 and Remark &4 in Chapter III of [3]. Taking Q
with §=1, we get If(j)l <M, |lgk.

The definition of Aa(F) may be simplified if we consider more spe-
cial sets F. Suppose that F preserves Markov's inequality in the sense
that for all positive integers K, for all polynomials P of degree at most
K and all balls B=B(xg,r) with x€F and 0<r<1 we have max|grad P| <
c(F,n,K)max r'1|P|, where the maximum is taken over FnB. Then the func-
tions F9) are uniquely determined by 00 if the family {f(J)}IJ.|<l<
belongs to Aa(F) or Lip(a,F), and we may identify the family with the
single function f:F(U). Furthe;more, FEAa(F) if and only if |f|<M and
for every cube Q with sides of length &<1 (the number 1 may of course be

replaced by any number 60>O) and with center in F there is a polynomial
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Py of degree at most [a] such that lf-PQ|5M6a on QnF. Replacing [a]
by k we get a characterization of Lip(a,F). Examples of sets preserving
Markov ‘s inequality are closed balls and the whole space. If FﬂRn, then the
spaces Aa(F) and Lip{a,F) are equivalent to the classical spaces AaORn)
and Lip(a,R") as defined in the beginning of this section. Also for certain
nice subsets of an, the Lipschitz spaces may be defined by means of diffe-
rences. Consider for example the case when F is a closed ball B with in-
terior BO' Then fGAa(F) if and only if f 1is continuous on B and
fEAa(BO) in the sense that f is k times continuously differentiable in
By with bounded derivatives and, for |jl=k and x,x=h,x+h€B, |DJf(x+h)-
ZDJF(x)+DJf(x—h)| < clhla_k. The equivalence of this definition and the one
given above for sets preserving Markov’s inequality, follows e.g. from the
fact that the trace theorem has been proved in both cases, see [4], pp. 380-
383, cf. also [2], §4.1. |

It is well-known that AaORn) and Lip(aJRn) are algebras, and using
the trace theorem we see that Aa(F) and Lip(a,F) are algebras if F pre-
serves Markov’'s inequality. We will also need the following result.
The corresponding lemma for Lip(aJRn) is also valid; to see this replace

[a] by k in the proof.

LEMMA 1. Suppose that FEAaﬂRn) and that F(x0)£0. Then there exists a closed

ball B:B(xo,r) such that l/FEAa(B).

Proof. Let B and s be so that |[f[>s>0 on B, and let Q be a cube

0

is the Aa(F)-norm of f.

centered in F with sidelength § satisfying O<6§60, where &, 1is a fixed

number chosen so small that Moég < s/4, where MO

Choose a polynomial PQ as in Definition 1 with N=[a] and the constant M
less than 2Mj. Then we have IF-PQI < M8 < ZMOGg <s/2 on BnNQ, so

Pyl > 8/2 on BnG, and thus |1/r-1/PQ|:|(PQ_r)/(fPQ)|§p6a/szzc6a on BnQ.
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We shall proye that the inequality |1/f-1/PQ|5p6a remains true on BnQ if
we replace 1/PQ by some polynomial RQ of degree <[a]. By the characte-
rization of Aa(F) when F preserves Markov’s inequality it then follows
that 1/f€A (B), since [1/f|<1/s=c on B.

Let RQ be the Taylor polynomial of order [a] of 1/PQ expanded
about the center of Q. Then |1/PQ-RQ[§p6[a]+1 sup|DJ(1/PQ)(§)| on Q,
where the supremum is taken over all j with |j|=[a]+1 and all £€Q. Since

DJPQ:O if  |jl=lal+, DJ(1/PQ) is a sum, where each term is a product of
factors DQPQ, |Q|5Ia] and factors 1/PQ, the numbér of factors being less
than a constant, say m, depending on a. By the estimates on DQ'P0 given
after Definition 1, such a term is <c if no multi-index 2 1is of order
[a]=k+1, and-if some are, then at least the term is less than c(1+|ln6|)m.

[a]+1

This gives |1/Pq'RQ|SFG (1+]1n8)™ < c6% on Q@ since o<fal+1, and

thus |1/f—RQ|§p6a on BNQ.

2. The product of functions in Lipschitz spaces.

If FEAa(mn) and gEAe(Rn), then FgEAY(Rn), where y=min(a,R),
but in general fg does not belong to AY,QRn) for some Y'>Yy. On subsets
of Rn, the situation is more varied, if one defines the "product" of fami-
lies of functions in a suitable way. For the spaces Ck(F) this was shown
by Glaeser in [1], p.33-34. In this section ka will denote the nonnegative
integer such that ka<qﬁka+1, and analogously for 8 and Y. In the state-
ment of the theorem below the following definition is needed.
DEFINITION 2. Let & be a nonnegative integer, %<a. A family
f={f(3)}”|<|< defined on F is of type (%,a) if FEAa(F)' and 320
on F for |j|<o.
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Thus, any function in AQ(F) is of type (0,a). When we below say

that we "formally compute the jth derivative of F(O)g(O)", we consider the
functions F(J) as derivatives of F(O) and differentiate as if f(O) and
g(O) were both j times differentiable. Thus h(J) in the theorem is given
J (v)_(j-v) . o <
by 5 R GEDH f*7'qg , where the sum is taken over all multiindices V{j
such that F(v) and g(J-v) are both defined. In the theorem, all functions

are defined on a closed set F.

THEOREM 1. Suppose that f is of type (%,a) and g of type (m,B), where

0<&<a and 0<m<B and let y=min(a+m,8+8). Then h:{h(J)
R(J)

}IJISkY is of type

(2+m,y), where is the function obtained by formally computing the jth

(0)9(0)

derivative of f (see above) by means of Leibnitz  rule, interpreting

F(v)g(u)

a product , J=v+u, as zero if one of the factors is not defined.

/
NOte that if |~j|.§.kY’ J:V-I-IJ, andy say, |\)|ZkR+1 so that F\\)) is

not defined, then |u|=z|j|-|v| < y-B < B+&-B = &, so g(u):O. Thus in the

interpretation of the product F(v)g(U)

in the theorem, we adopt the conven-
tion that a product of a derivative which is not defined and one which is
zero, 1is zero.

Proof of Theorem 1. It is clear that h'J’=0 if | j|<%+m, and we shall pro-

ve that hEAY(F). For every cube Q with sidelength 6<1, intersecting F,
choose, as in Definition 1, polynomials PF{QZPf and Pg,Q:Pg of degrees
<[a] and <[B] respectively, so that IF(J)-DJPFISQGQ'IJl on FnQ, |j|§ka,
IPF,Q'Pf,Q'IspGQ on Q'cq if 6<z8', |Pf|§p on Q if &=1, and similarily
for Pg. Define PQ by PQ:Png; then PQ 1s a polynomial of degree at
most N=[a]+[B]. According to Definition 1 ta prove that hEAY(F) we shall

show that
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a) Ih(J)_DJP I < céY-IJ, on QﬂF, IJIEkY’

b) | <c8' on Q'c@ if 6<28', and

1Pgg.
c) IPQ|§F on Q if &=1.
Because of the definition of h(J) and PQ, a) follows if we prove that on
FAQ, for |j|§ky, J=V+l,

IF(V)g(u)-DvPFDngl el gy [v[<k, and |uj<k, (1)

and

| IDVPFD“PglicéY'IJI if ok, or ulokg. (2)
The left side of the inequality (1) is less than
If(v)-DvPFI|g(u)|+|DvPF||g(u)-D“Pg| = 5,45,. If |u|<m, then o"-0 since
g 1is of type (m,R), and if |u;>m, then, as we saw after Definition 1,
]g(u)lip, S0 S <06a-lv|-c6a+lu|-ljl < et |3l S_CGY-IJI. Similarily, if
[v[>¢, then s, <co8 ul < csP+i- 10 <es'” |J| and if |v|<2, then
SZ_SCGOL-I\)IcSR Iu':cda+R-IJ|§pﬁY-lJ,. Thus we always have S1+52§p6Y-IJ| which
proves (1).

By symmetry, it is enough to consider the case |v|>ka in the proof
of (2). If a is noninteger, then D“szo if |v|>ka=[a] since P, has
degree <[a], so we assume that |v|=ka+1=a. Then (see the remark following
Definition 1) |DvPF| <c(1+]1n8|), and we have |u|=]j|-|v|<y-a<a+m-a, so
iDVPFD“Pg|:|DVPf||D“Pg-g(u)|.5 c(1+|ln6|)6R_lu| = c(1+|ln6i)68+a-]j|§p6Y—Ijl
since y<o+B8, and (Z) is proved.

Next we prove b), putting Pf Qs P Then

- -P']= .
[Pq-Pg: 1=1P¢ Pa=PPe |<|P ||P |+|P ||Pg g[ T,+T,

To estimate ngI, let x, be the center of Q', and write

P(x)= & A her _p" RLT . '
g InI28) n(X)’ where A (x) D Pg(xo)(x xo) /n'. Let now x€Q'. If

|ﬁ|<m, then IA |<068 Ian'nl-co <cs", if mg | n] <k
272
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and if |n|:kB+1 and B=kg+1 then IAn|§p(1+|ln6l)GB§p6m; here we used the
estimates on derivatives given after Definition 1. Thus we have T1§p6adwgpdy.
Since the term T2 is handled in the same way, b) is proved. Since c) is
immediate, the proof of the theorem is finished.

The result above holds if we replace Aa(F) by Lip(a,F) in Defini-
tion 2 and Theorem 1. According to the definition of Lip(y,F) we must prove
that the statements we called a) and c) in the proof above hold with a poly-
nomial PQ of degree SkY instead of <N, N>[y]. Taking PQ=Png as above
(with the degree of Pﬁika), one sees that a) and c) hold with an analogous,
but simpler, argument as in the Aa-case. We nust replace P0 with a polyno-

i . ] =P_-
mial LQ of degree SkY Let Xg be the center of Q, and put LQ Q RU’

_ n o AN . Ny
where RQ(x)_k ) I D PQ(xG;(x xG) /nt, N'ka+k8' Since © PQ is a sum of
LY

terms of the form DvPFD“Pg, n=v+d, and since all derivatives of PF and

k_+1
Pg are bounded on Q, we see that |RQ|396 Y SpGY on G and, by Markov's
inequality, |DJRQ|596Y_|J| on Q. This shows that a) and c¢) hold with Pq Te-

placed by LQ, a polynomial of degree SkY.

3. Uniqueness of derivatives.

We shall now give a general theorem, which in particular characterizes
the sets F, for which the functions F(j) are uniquely determined by f(O)
if {F(J)}Ijl<k€Aa(F). Analuyous results are valid for Lip(a,F): Replace
AsﬂRn_1) by Lip(sJRn-1) in Definition 3 and Aa(F) by Lip(u,F) in The-

orem 2. The proof is the same. To simplify the formulation of the theorem, we

make the following definition.
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DEFINITION 3. F has the property G(s), s>1, if and only if the following

does not hold: There is a point xUEF, an open neighbourhood U of x, and

0

an (n-1)-dimensional As-surface M such that FnUcMnU.

Here, by an (n-1)-dimensional As-surface we mean a surface which for

some i is of the form {xERn:xi:¢(x1,... .,xn), ¢€Astn'1)}.

X317 %4407
Informally, the condition G(s) means that no portion of F is contained in
a As-surface.

Taking m=k in the theorem below, we get the criteria for uniqueness
of derivatives in Aa(F)' An exampie of another consequence of the theorem is

(0)

is as in the theorem, a>2, and F has property
£(0)

the following. If f

G(a), then the functions f(J), |j|:1, are uniquely determined by , but

not all functions F(J), |jl=2, unless F has property G(a-1). As usual,

k<a<k+1, and tke functions F(J) are all defined on F.

THEOREM 2. Let a>1, let f(o) be such that there exist functions F(J)

€ A,(F), and let O<mck. Then the functions rld),

so that {f(J)}|J
¢(0)

|<k

|jl<m, are uniquely determined by if and only if F has property

Gla-m+1). .

Before proving the theorem, we illustrate it by giving a corollary.
The corollary follows using the trace theorem mentioned in the beginning of
Section 1. Conversely, Theorem 2 in the case when m=k follows from the
corollary and the trace theorem.

COROLLARY 1. Let a>1, k<a<k+1, and consider the statements (A):FEAaﬂRn), _

fF(x)=0, x€F, and (B):fEAa(Rn), DIF(x)=0, xEF, |j|<k. Then (A)=(B) if and

only if F has property G(o-k+1).

Proof of Corollary 1. Assume first that F has property G(a-k+1) and that

(A) holds. By the trace theorem, {f(J)}|J|<k€Aa(F), where F(J):DJF|F.
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Here DJf]F denotes the pointwise restriction of DIf to F. By Theorem 2,

r(J)zo, |jl<k, and hence (B) holds. Assume next that (A)=(B), let

()

{f‘(J)}ljl<k be any collection in Aa(F) and assume first that =0. By

the extension part of the trace theorem, there is a function fEAQGRn) such

that DIF|F=F9). By our assumption it follows that ¢(3) 2, |jl<k. Thus the

functions F(J) are uniquely determined by f(O) if f(O)zo, and hence in

the general case also. Thus, by Theorem 2, F has property G(a-k+1).
(0)

(0)

, |jl<m, are not uniquely determined by f ~', then F

Proof of Theorem 2. It is enough to consider the case when =0. We first

(Jj)

prove that if f
has not property G(a-m+1). Let u be a multiindex of least order such that
F(u) is not identically zero, and take xOEF such that F(u)(xo)fo. By the

extension theorem for Aa(F) (cf. the beginning of §1), there is a function

Eren (R™) such that pI@r=r) on F, |jl<k. Take 2 of order |u|-1

‘ . u_ 9 AR
so that, for some variable X D™= e D”.
i

Put E:{x:DQ(EF)(x):O}; then FcE. The version of the implicit function the-

orem given in Proposition 1 below, used with g:DQ(EF)EAa_Iu|+10Rn), gives

us a certain neighbourhood U of x, of the form U:{x:(z,xi):

0

z:(x1,...,xi_1,x. ...,xn)Ew,xiEI} and a function ¢€EA

ie1? ) such that

a-|u|+1(w

EnU:{x:xi:¢(z),z€w}. The function ¢ may be extended to a function

€1¢€A 1GRn)CA (R™), and thus FnUCENU=MnU, where M:{x:xi:€1¢(z),

a-|u|+ a-m+1

zERn-1} is an (n-1)-dimensional Aa- -surface. This proves one half of

m+1

the theorem.
The proof of the other part of the theorem is obtained by means of

Theorem 1. Assume that F has not property G(a-m+1), and take u, u

XO,

bounded, and M, as in Definition 3; we may assume that M is given by

y:xn:¢(z), z:(x1,x2,...,xn_1), where ¢€Aa- ﬂRn—1). Take VECTIR™) so

m+1
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that  1is identically 1 in a neighbourhood of x0 and zero outside U,
and consider L(z,y)=0(z,y)(y-9{z)). Then LEAa_m+1GRn) (both factors are,
if we replace, as we can without changing L, the term y in the second fac-
tor by a C®-function of y with compact support which equals y on an
interval big enough). Defining Q(J) by R(j)(x)zDJL(x), x€F, the family

belongs to A (F), and since L=0 on F, we have

2={4 a-m+1

(j)}

| ] <k-m+1
that 2 is of type (1,a-m+1) (see Definition 2 in §2). If m=1 we are done, .
otherwise take f and g in Theorem 1 equal to &, and construct a function
h:h1 of type (2,0-m+2) as in Theorem 1; then h(J)(xO):21£0 if
j=(0,0,...,0,2). Next we take f=h, and g=% in Theorem 1, and obtain a

1
function h, of type (3,a-m+3) such that héj):Bl if j=(0,0,...,3). (By
construction, héj) is a formal sum of terms of the form hgv)l(U) with
J=v+u, where both factors are well defined and nonzero only if Iv|:2; the
coefficient of this term is 3.) Proceeding in this way, we obtain in the
(m-1)th step a function hn_q ©f type (m,a) such that h;f% =m!#0 if
j=(0,0,...,m). This concludes the proof of the theorem.

Finally we prove the version of the implicit function theorem used in
the proof of Theorem 2. In the proposition, y denotes one of the variables
X4 and z the other ones, z:(x1,...,xi_1,xi+1,...,xn), and we write
x=(z,y) 'and xO:(zo,yO).

PROPOSITION 1. Let o>1 and g€A {(R"), and suppose that 3g/dy(x,)#0. Then

there is a neighbourhood U of X0 of the form {x=(z,y):z€w,y€l}, where

w 1is an open ball in Rn—1 with center Z, and I an open interval with

center y,, and a function ¢€Aa(5) such that {x:g(x)=0}nU={x:y=9(z),

z€w}.

Proof: We may assume that 1i=n, so y=x_ and z:(x1,...,xn_1). By the im-
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plicit function theorem we find U as in the proposition and a function &

in c1(m), continuous in w, satisfying %%—(z) = - %%—(z,¢(z))/ %% (z,9(2)),
1 i
z€w, i=1,2,...,n-1.

We shall see that things may be arranged so that ¢ actually belongs to
Aa(G).
Since Bg/ay(x0)£0 and ag/ayEAa_1ﬂRn) there is by Lemma 1 a closed

ball B:B(xo,r) such that 1/(8g/3y)€Aa_ (B). We may assume that B con-

1

tains U. Since ag/axi also belongs to A_ .(B) and A__(B) is an alge-

a-1 a-1

bra, we have 8¢/3xi(z):Hi(z,¢(z)), z€w, for some HiEAa-1(B)' Then

HiECk'1(BO) with bounded derivatives, where B0 denotes the interior of B.

Thus ¢€Ck(w), with a derivative of order <k given by a certain sum, where
each term is a product of factors of the forms DnHi(z,¢(z)) and D“$(z),
where n and v are multiindices of orders <k-1 and lengths n and n-1,
respectively. To prove that ¢€Aa(6), it is {see §1) enough to show that the
derivatives of orders <k are bounded (this is obvious), and that the deri-

vatives of order k belong to Aa—k(w)’ with Aa-k(w) defined as in §1 with

differences. Since DY0€C'(w) with bounded derivatives if |v[<k-1 we have

(w)

(e.g. by means of the mean value theorem), since 0<a-k<1, that DV¢>EAQ_k

if |vi<k-1 and thus, since Ay_ (@) is an algebra, it remains to show that
also DnHi(z,¢(z))€Aa_k(w), Inj<k-1.

Put J:DnHi. Then JEAa (B) since HiEA (B). For u<k+1 we may

-k a-1

use first differences, and obtain immediately for 2z and z+h belonging to
w, since ¢€Lip(1,w), that
a-k a-k
| 3(z+h,8(z+h))-3(z,8(z)) |<c]| (z+h,d(z+h))-(2,9(2)) ] <clh]T.
Suppose next that a=k+1, and take z,'z+h, and z-h in w. We then
have, putting G(z)=J(z,%(z)),

AiG(z):J(z-h,¢(z-h))-23(2,@(2))+J(z+h,¢(z)+¢(z)—©(z-h))+J(z+h,¢(z+h))~
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J(z+h,®(2)+0(z)-¥{z-h)) (we may assume that B contains wx3I, where 3I
is the interval with same center as I but three times longer, so that the
last term is defined). The sum of the first three terms constitute (we now
take differences in R") Ai J(z,9(z)) where h1:(h,®(z)-¢(z-h)), and since
|h1|§p|h| and JEAa_k(B)zA:(B), the absolute value of this second diffe-
rence is less than c|h|. The sum of the last two terms is -A; J(z+h,d(z+h))
where hZ:(O,-A§¢(z)). Since JEA1(B), the modulus of this digference is
less than c|h2|(1+|ln hzl) (this can e.g. be deduced with aid of the esti-
mate on the derivatives of P0 given after Definition 1).

Now, since gEAa(Pn) where a=k+1 we certainly have, if k<a'<k+1,
gEAa,GRn), and so by the non-integer case already considered, we know that
at least ¢€Aa,(5). Since a'>1 we have Aa,(E)CAY(B) for some Yy with
1<y<2, which gives |h2i§_c|h|Y and it follows that |A;23(2+h,¢(z+h))|5p|h|.

Thus J(z,@(z))EAa_ (w) also when a=k+1, and the proposition is proved.

k
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