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On Typical Bounded Functions in the Zahorski Classes

Each of Zahorski's Mi classes [5]) is closed under uniform
convergence, Thus each class of bounded ”i functions on the
interval [0,1] is a complete metric space under the sup norm.,

We can then investigate the behavior of a typical function, that
is, belonging to a residual subset. We let I=[0,1].

Ceder and Pearson [3] show that the typical bounded Darboux
Baire 1 function (that is, bounded Ml function):

1 has an infinite derived number on both sides at every point

2 has both +» and -« as derived numbers at each point,

We will show that:

3 the typical bounded Darboux Baire 1 function has every

real number as a derived number at every point

4 the three results above have direct analogues in each of

the other Zahorski classes.

All functions will be real valued with domain contained in
[0,1]. We use juxtaposition to indicate the intersection of two
or more sets of functions. Thus, the bounded (b) Baire 1 functions
are denoted by bB1 and the bounded Darboux Baire 1 functions by
bDBl. C (f,x) and C+(f,x) are the left and right cluster sets of
f at x. For f in DBl’ the left and right cluster sets are

intervals with £(x) in C-(f,x)nC+(f,x) for all x. The associated
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sets of f are sets of the form Ea(f)={x:f(x)>a} and Ea(f)=
{x:f(x)<a} for a real. A function f is Baire 1 if each associated
set is an F0 set (or f is a pointwise limit of continuous functions
The Lebesgue measure of A is denoted by A(A). Zahorski's Mi
classes (i=0,1,..,5) are defined as follows. A set E is in class
M, if E is an F_set and:
i o

i=0 every x in E is a bilateral accumulatlon point of E

i=1 every x in E is a bilateral condensation point of E

i

2 for x in E and 6>0, A((x-8,x)nE)>0 and A ((x,x+5)nE)>0
i=3 for x in E and any sequence {In} of intervals converging
to x with A(InnE)=0 for all n, lim A(In)/dist(x,ln)=0
i=4 1if there exist sets Kn and posiz;:e numbers rn such that
E=UKn and for every x in Kn and ¢>0 there is an e(x,c)>0
such that A(En(x+h,x+h+k))/[k[>rn for all h and k satis-
fying hk>0, h/k<c, and lh+k‘<ekx,c)
i=5 every x in E is a point of density of E (d(E,x)=1).
A function f is in Mi (i=0,1,...,5) if each associated set is in

class M . It has been shown that MO=M1=DB and M5=A the approxi-

1

mately continuous functions, ( Zahorski [5] or see Bruckner [2])
In the rest of this paper, the five classes will thus mean Ml

through MS' We will make use of the fact that MlDMZD...DM . For

5

x in E, (x}ciE (i#4) will mean E satisfies the ith Zahorski con-

dition at x. That is, when considering Ml’ {x}ciE means X is a

bilateral condensation point of E. The context will make clear

which classes are under consideration. For sets A and E, As.E

i
will mean {x}CiE for all x in A. Thas if f is in class MS’ Eo(f)

cSEO(f) simply states that d(Eo(f),x)=l for all x in Eo(f).
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Lemma 1 For each i, bMi is a complete metric space under

the sup norm.

Proof: Consider i fixed. Suppose fn*f where fn is in bMi

for all n. Then f is in bDBl and it suffices to show that each

associated set is in Mi' Let E=Ea(f) and Lk=E(a+1/k)(f)' For

each k, pick n, so that ﬂfnkff[[<1/2k. Then EkcE(a+l/2k)(fnk)cE'

Thus E=UEk=UE ) is in Mi' Ea(f) is similar.

(a+1/2k)(fnk

The next lemma will be used in the proofs of later theorem.

Lemma 2 For each i, the set A, of all f in bMi such that f

i

is continuous on some subinterval is a first category FU set in bMi'
Proof: Consider i fixed. Let {ql,qz,.....} be an enumeration

of the rationals in I. For q,<q, define Fn m t° be the

get of all f in bMi such that f restricted to'[qn,qm] is continuous.

Then Ai is the countable union of all such sets Fn . It remains
9

to show that each Fn n is closed and nowhere dense in bMi.
3

Clearly each F is closed. Fix n and m. Suppose f€F and
n,m n,m
€>0. We can pick an h in bM5=bA so that

1) Ochse

2) h=0 on I-(q_,q )

3) h is not continuous on (qn,qm).
(See Zahorski [5], Bruckner [2], or Agronsky [1].)
Then it is easy to see that g=f+h is in bMi’ llf—g[|=s, and g is
not in F . Thus the complement of F is dense and we are done.

n,m n,m

We state two theorems of Ceder and Pearson mentioned in the

introduction.

Theorem A The class of all functions in bDB1 (le) having an

infinite derived number on each side at every point is a residual G
485
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Theorem B The class of all functions in bDB1 (le) having
both += and -» as derived numbers at each point is a residual G6
set,

The proof of Theorem 1 below is a simplification of the proof
of Theorem A, making it applicable to all five classes at once.

We use much of the same notatiomn as in [3].

Theorem 1 For each i, the.class of all functions in bMi having
an infinite derived number on each side at every point is a residual
Gg set in bMi'

Proof: Throughout the proof, we consider i fixed, Let AR
(respectively AL) be all f in bMi for which there is an x in

[0,1) (resp. (0,1]) such that f has no infinite derived number on
the right (resp. left) at x. It suffices to show that AR is a
first category Fo set., For n a natural number, 6 and § rational
with 8>0 and 0<é<n/2, let A(8,8,n) consist of all f in bMi for
which there is an x in [0,1-1/n] such that tanéz|(f(z)-f(x))/(z-x)]|
for all x<z<x+8. Then AR is the countable union of all such
A(6,8,n). It remains to show that each A(8,8,n) is a closed
nowhere dense set.

Fix 0, 8§, and n. It is easy to see that A(6,8,n) is closed.
We say that f has '"property A at x" if there is a z in (x,x+§)
such that tane<|&(z)~f(x))/(z-x){. If f has property A at every
x in a set E, then we say f has "property A on E". Note, if f
has property A on [0,1), then f is in the complement of A(8,85,n).
Thus, it suffices to show that the functions with property A on

[0,1) form a dense set. For any point (x,y), let

K(x,y)={(u,v) :x<u<x+$§ and tan6<|(v-y)/(u-X)l}o
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(The definitions and notation are from [3].)

Let feA(6,8,n) and €>0. By Lemma 2 we can pick h in bMi so
that h has a dense set of discontinuities and Ilf—hli<e.

Let Z={z:K(z,h(z))nh=¢}u{(1,h(1))}. It is easy to see that
Z is closed and that h|Z is continuous. By our choice of h,
int(Z)=¢. We then cover Z with finitely many intervals on which
the oscillation of h is small and insert a steep saw-tooth
function over each interval to obtain a g in bMi such that
|| h-g]| <€ and g has property A on [0,1). See the proof of Lemma 4
in [3] for the insertion. Then || f-g|| <2¢ and we are done.

The simplification of the proof is in our choice of the function
h, making int(Z)=é¢.

Theorem A is then a special case of our Theorem 1. This is
not the case for our rext result. Our proof of the analogue of
Theorem B for bMi where i22 does not give Theorem B as a special
case, Although we again borrow notation and follow the outline
of the proof of Theorem B in [3], our proof will not work for le.

Theorem 2 For each iz2, the class of all functions in bMi
having both +» and -» as derived numbers at each point is a
residual G, set in bMi'

Proof: We again consider i fixed. The proof is similar to
that of Theorem 1. It suffices to show that, for §>0, and 0<0=w/2,
the set of all f in bMi for which there is an x in I such that
tanf2(f(z)-£f(x))/(z-x) for all 0<|z~x[<6 is a closed nowhere dense
set. Let this set be A'(8,8). We say f has property A' on I if
K'(x,f(x))ﬁf#@ for all x where

K'(x,y)={(u,v):0<lx—u|<6 and tanf<(v-y)/(u-x)}.
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If f has property A' on I, then f is in the complement of A'(6,85).
It is easy to see that each A'(8,8) is closed. We must show that
the complement is dense. As before, fix 8 and §, let feA'(8,8),
and let €>0. Pick h in bMi so that || h~f|| <€ and h has a dense set
of discontinuities. Let Z={z:K'(z,h(z))nh=¢}. It is easy to see
that Z is closed and that h[Z is continuous so int(Z)=¢. Thus Z is
novhere dense. To avoid an easy added step, assume 1 is not isolated in
Z. Let I—Z=U(aj,bj) where each (aj’bj) is a component of I-Z.
Since hlZ is continuous, we may cover Z with finitely many intervals
[xk,yk], l<ks<n, so that:

(1) x1<y1<x2<y2<...<xn<yn |

(2) yk—xk<51=min(6/2,e/Btane) for each k

(3) if x and y are in [xk,yk]nz,then h(x)—h(y)[<c/4

(4) xksZ for each k, ykez if (x InZ#$, and yk(zﬁotherwise.

k> Yk
Observe that if x is a right limit (left limit) of Z, then h is

right (left) continuous at x. In fact, if x and y are in [x }nz

k> Yk

for some k, then |h(r)-h(s)|se/4+26 tanb<ec/4+c/4=e/2 for all r and s

1
between x and y. This results from the fact that the graph of
h|[x,y] is contained in the parallelogram P(x,y) formed by the
vertical lines through (x,0) and (y,0) and the lines with slope tan®
through (x,h(x)) and (y,h(y)).
For each k, at least one of the following occurs:

cl [xk,yk]nz={xk}

C2 there is an isolated point, Zy s of Z in (xk,yk)

C3 there is a component, (a. ,b. ), of I-Z in (x,,vy,).

3 k>7k

Note that C2 and C3 are not mutually exclusive. If C2 occurs,

then there is a yk>0 such that (zk-yk,zk+yk)nz={zk}.
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For 1<k<n, we define Ak in one of three possible ways. Let Ak be

Eh(xk)—elz(h)n(xk’yk) if Cl occurs, (zk,zk+yk) if C2 occurs, and

(ajk’mk) where mk=(ajk+bjk)/2 if C3 occurs but C2 does not. Let

A0=uAk. Then AOeMi. Since h is approximately continuous almost

everywhere (Thm 5.2[2]), we can pick AcA_ so that A(A)=A(A0), h is

0

approximately continuous at every x in A, and ACSA.

Let T be a countable dense subset of h. By repeated application
the Luzin-Menchoff Theorem (Thm 6.4[2]), we can construct an F0 set

W =UWmCA~dom(T) so that W,c W, and Wln(x )#¢ for each k. Then,

A AT5"A kYK
by Zahorski [5] (or see Bruckner [2] or a special case of a
construction of Agronsky [1]), we can construct an hl in sz such
that h1=0 on I-W,, hlzo, h1 is usc (hl is continuous at every x
in I-W,), I h1||=e, and hl|w1=e.

For 1<k<n, let Bk be the empty set if Cl occurs, (ZR-Yk’zk) if
C2 occurs, and (mk’bjk) if C3 occurs and C2 does not. Let B0=UBk’

As above, we can pick a set BcB_ with the same properties as AcA

0 0’
= ' - " ' 7
and an F_ set W, umeB dom(T) so that wBCSWB and Wln(xk,}k)#¢ if
Bk¥¢. We then construct h2 1n‘bM5 such that h2=0 on I—NB, hZSO,

h, is 1sc (h, is continuous at every x in I-W), |lh2||=e, and

L =
h2|w1- €. Observe that W,nW.=¢.

Let g=h+h +h,. Then || £-g]| <2¢, and gebB, . Our next lemma
will show that gebMi. Let C. (resp. Af) be the set of continuity
(resp. approximate continuity) points of a function f.

Lemma 3 Let FebMi. If GebA, G is usc (resp. 1lsc), G20

(resp. G<0), CG={x|G(x)=0}, and I—AFCCG, then F+GebMi.

Proof: Fix i. We prove the result for G usc. Let E=Ea(F+G).

Then E=Ea(F)u(EnEO(G)). It is easy to see that EnEO(G) is an M

5
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set since EO(G)CAF' Thus E is the union of two Mi

Now let E=Ea(F+G). For xcE, we can pick a rational r sc that

sets and EeMi.

F(x)<r<a and r-F(x)<a-(F+G) (x). We use the upper semi-continuity
of G to pick an interval J with rational endpoints so that xe&J
and Er(F)nJCE. Since E 1s the countable union of such sets, EeMi.
The case of G lsc is similar. This completes the proof of the lemma.
We now show that g has property A' on I by four cases.
1 If'xel—u[xk,yk], then g(x)=h(x). Since K'(x,h(x))nh#@ and
T is dense in h, K'(x,g(x))ng#® (g=h on dom(T)).
2 Suppose xe[xk,yk] for some k and C1l occurs. If X=X, then
by our construction g(x)=h(x) and K'(x,g(x))ng#d. If xe(xk,yk]nWA,
then g(x)>h(x). Since T is dense in h, h(x) is a left cluster value

cf T. Thus K'(x,g(x))ng#®. If xe(x ]-WA, then g(x)=h(x) and the

KTk
argument of 1 above applies.

3 Suppose xe[xk,yk] and C2 occurs. If xsZn[xk,zk], then g is
above P(xk,yk) on a subset of (zk,zk+yk), so K‘(x:g(x))ng#ﬁ. If
ern[zk,yk],then g is below P(xk,yk) on a subset of (zk~yk,zk), s0
K'(x,g(x))ng#d. If erAn(xk,yR), then, as in 2 above, K'(x,g(x))ng#®.

A similar argument applies to erBn(xk,yk). If xe[x ]—(WAUWBUZ),

k>Yk
then the argument in 1 above applies.

4 If xe[xk,yk] and C3 occurs but C2 does not, then an argument
similar to that in 3 above applies.

Thus g has property A' on I and this finishes the proof of the
theorem.

Note that the case of le does not follow from the proof of

Theorem 2 since it is possible that febM Ea(f)#¢, but A(Ea(f))=0.

1,
We prove Theorem 3 for the case le and then indicate how
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simple modifications in the proof yield the analogues for bMi

where 122,

Theorem 3 The class of all functions in bDBl having every real
number as a derived number at every point is a residual set.

Proof: Let X be the class of all functions in bDBl having both
+o and ~= as derived numbers at every point, a residual G6 set
by Theorem B. Let N be the class of all functions in X having every
real number as a derived number at every point. The proof will
show that X-N is first category in X.

We need some terminology to use later in the proof, For any
point (x,y) let o(i,y) ﬁe the open half-ray {(x,v):v<y} and let
0(x,y) be the open half-ray {(x,v):v>y}. For 06, B, and § positive
rationals with & and B angle measures less than m such that 8+8>w,
let r(9,8,6,%,y) be the open set of all (u,v) such that:

1) (u,v) is in o(x,y) or

2) x<u<x+8 and the angle between the line segment joining (x,y)

to (u,v) and o(x,y) is less than 6 or

3) x-6<u<x and the angle between the line segment joining (x,y)

to (u,v) and o(x,y) is less than B.
R(8,8,8,x,y) is similarly defined using 0(x,y) instead of o(x,y).

Let y(8,8,8) be the set of all f in X with r(6,8,8,x,£(X))nf=¢ "
for some x in I, and Y(8,8,8) the set of all f in X with
R(8,8B,8,x,f(x))nf=¢ for some x in I, Then X-N is the countable
union of all such y(8,8,8) and Y(6,8,8).

We define bf(x)=1nf(c“(f,x)uc+(f,x)). Let z(8,8,5) be the. set
of all f in X with r(S,B,S,x,bf(x))nf=¢ for some x in I. We call

such an x a z-value of f. Z(8,B,8) is similarly defined using
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tf(x)=sup(C~(f,X)UC+(f,x)) and R(B,B,é,x,tf(x)). In the rest of the
proof 8, B, and § are fixed. It is easy to see that y(8,8,6) is a
subset of z(6,8,8). It remains to show that z(6,B8,8) is a closed
nowhere dense subset of X, A similar argument will apply to
Y(8,B,8)cZ(B,B,8).

Lemma 4 z(6,8,8) is closed in X.

Proof: Suppose fn+f uniformly and fnez(e,B,S) for all n. Let
X be a z-value for fn' Since we can pick a convergent subsequence,
let us assume that X X in I. It is easy to see that bf (xn)+bf(x).
The fact that each X is a z-value of fn forces x to be a z-value
of f. Thus fez(8,8,8) and the set is closed.

Lemma 5 The complement of z(8,8,5) is dense in X.

Before proving the lemma we make an observation. If f is in
z(8,B8,8) and x and y are z-values of f, then ]x-yl;&) Thus the set
of z-values of f is a finite set.

Proof of Lemma 5: Suppose fez(8,8,8), >0, and x is a z-value
of £. We will construct a g in X such that || £f-g]| <e, x is not a
z~value of g, and the set of z-values of g is contained in the set
of z-values of f. Essentially, the construction of g eliminates one
z-value of f.

Since bf(x) is in C-(f,x)uC+(f,x),we may assume that bf(x) is
in C (f,x). Let T be a countable dense subset of f£f. We can then
pick a c-dense in itself-F& subset of f, say E, so that:

1 EnT=¢

2  xecl(dom(E))~-dom(E)

3 cl(dom(E))c(x-6,x]

4 f(xn)+bf(x) if xnedom(E)Azzd X X,



By Theorem 1 of [3] there is an h in bDB, so that h=f on I-dom(E)

1
and f>h2f-e on dom(E). By using the construction in the proof of
that theorem we can easily pick h so that r(e,B,G,x,bf(x))nh#¢ and
if yfdom(E) and X 0y with xnedom(E), then f(xn)-h(xn)+0. Observe
that bh(x)=bf(x). Let £ be the line through (x,bh(x)) such that the
angle between £ and o(x,bh(x)) is (B+1-8)/2. We define

{f(z)(éh(z)) on I-(x-6,x)
p(z)=

max(h(z),£(z)) on (x-6,x).

Observe that g=f on I-dom(E). It is easy to see that g is in bDBl,
bg(X)=bf(X), and r(a,B,G,x,bg(X))ng#¢.

Claim 1 geX.

Proof: If zedom(E), then g(z)<f(z). Since E misses T and T is
dense in f, 4+~ is a derived number on the right at z and -~ on the
left. If z¢dom(E), then g(z)=f(z) and g has the same derived numbers
as f since g=f on dom(T) and T is dense in f. Thus geX.

Claim 2 The z-values of g are also z-values of f and x is not
a z-value of g.

Proof: By our construction, x is not a z-value of g. Suppose
y is not a z-value of f, We consider two cases.

1 If yeI-cl(dom(E)), then bg(y)=bf(y) and r(e,8,§,y,bf(y))nf#¢.

Since g<f, r(e,B,G,y,bg(y))ng#¢. Thus y is not a z-value of g.
2 If yecl(dom(E)), then by our construction ye(x-6§,x) and
bg(y)?l(y) so that (x,bg(x)) is in r(e,B,G,y,bg(y)). Thus
r(e,B,G,y,bg(y))ng#¢ and y is not a z-value of g.
This verifies the claim.

By making this modification near each z-value of f, we can

construct geX-z(0,8,8) so that || f-g|| se. This completes the proof
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of Lemma 5 and the theorem.

Theorem 4 For each i22, the class of all functions in bMi

having every real number as a derived number at every point is a

residual set in bMi'

Proof: The proof is ver& similar to that of Theorem 3. The

analecgue of the set E in the proof of Lemma 5 should be chosen as

we picked WA in Theorem 2, with EcE

EGI+e/2 0y e 6,x). We then

proceed to construct the function h as we did h1 or h2 in Theorem 2.

The rest of the proof remains unaltered.

An open question is whether or not the set of typical functions

of Theorem 3 or 4 is a G6 set. Other properties found to be typical

of bDB

1 functions could be candidates for the bMi case. See Ceder

and Pearson [4] for a survey of such properties and interesting

candidates not decided at this time.

(1]
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(5]
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