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 Constructions of Some Kon- ¿ -porous Sets on the Real

 Line

 The class of <ś -porous sets introduced by

 E.P.Dolzenko fll often appears as a description of

 exceptional sets in case these are of measure zero and

 of the first category. The fact that the class of

 ¿-porous sets is strictly contained in the class (X>

 of sets which are of measure zero and of the first

 category was demonstrated "by L. Zajíček w. Since the

 class CU has the properties

 (i) if a Borei set A does not belong to CL , then A+A

 contains an interval, and

 (ii) each disjoint family of Borei sets not belonging

 to CJL is countable,

 it is natural to ask if these properties also hold with

 CL replaced by the class of ó -porous sets. These problems

 were posed by P.D.Humke r?3 and W. Wilczyński at the

 symposium "Real Analysis" held in August 1982 in Esztergom,

 Hungary. J.Foran and P.D.Humke Í21 showed some "enveloping"

 properties of ¿ -porous sets and posed a problem whether

 there exists a porous set contained in no 6 -porous

 G £ set.

 Here we give positive answer to the last question
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 and prove that the class of ¿ -porous sets has neither

 of the properties (i) or (ii) even for perfect sets. To

 construct the corresponding examples we give a general

 method of the construction of perfect non- 6 -porous

 sets, a special case of which has already been used by

 I. Zajíček [4] in his construction of perfect non- 6 -

 porous set of measure zero.

 For a subset S of the real line we define the set

 P(S) a -íxčS; 1 limaup 1 (S ,x, «5" )/<T >0} , 1 <T^O +
 where l(S,x,<T) is the length of the longest subinterval

 of (x~<r,x+<T) disjoint from S. The set S is said to be

 porous if P(S)=S and is said to be ď -porous if it can

 be written as a countable union of porous sets. The

 Lebesgue measure of the set S will be denoted by ļsļ.

 By an open (closed) interval we mean any nonempty open

 (closed) connected subset of the real line. If x is a

 positive real number and I an open (closed) .interval,

 then x*I is the open (closed ) interval with the same

 centre as I and with length lx*lj-x'fl|. Through the

 paper we will distinguish the set of positive integers

 and the set of natural numbers (containing the number

 zero).

 A general method of construction of perfect non-

 <5 -porous sets.
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 Assume that

 (a) (kj??- is an arbitrary nondecreasing sequence of xi H"- »

 natural numbers such that lim k = oo and
 n+<0 n

 (b) for every closed interval R and every positive

 integer n, a finite system ®&n(R) of closed sub-
 intervals of R is given.

 For every closed interval R and every positive

 integer n we define the system (R) of closed, non-

 overlapping sub intervals of R as follows: The set E of
 v

 all those endpoint3 of the intervals 2 k-0,..,,kn,

 D € 5)q(R), which belong to Int R decompose R into
 1+card E closed, non-overlapping (necessarily non-

 degenerated) subintervals of R. The system (&n(R) is
 the system of all such subintervals of R which are not

 subsets of any element of

 Let a<b be real numbers. By induction we define

 systems <&n of closed, non-overlapping intervals such

 that ¿V{[a>b]} and ^n= ^"C®,n(R)f ^or
 every positive integer n.

 Proposition. Suppose for every positive integer n

 and every closed interval R the following conditions

 hold:
 k +1

 (C 1 ) Whenever D € 2) r(R) , then 2 *DcR,

 (C2) Whenever k6{0,...,kn} and 6 ób n(R) are such
 that 2k*I>1n2k*D2 * 0, then there is D€£>n(R)

 such that (2k*D1 )u (21SíD2)c: (2k^D).
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 Then the set S= n u{r; R ú (k, ' is perfect and non-
 n=0

 6 -porous.

 Moreover, if the set S iß nowhere dense and G^P(S) is

 a Gy set, then G is non- <> -porous.
 Proof« It is easy to see that S is nonempty and

 perfect* Hence we need only to prove the second part of

 the proposition. Denote
 CO

 = U {int D; .(R) and R ć <H ì '(ßr} „
 n=0 n+1 n

 oo

 G = H Gm ,
 Dl3!

 where Gm (m=1,2,...) are open sets.
 Assume that G is ó -porous. Then there exists a

 oo

 sequence porous sets such that

 G=UPm (1)
 m=1

 and such that for every positive integer m, for every

 xi Pm and every S > 0 , there exists an open interval

 I C (x- ,x+ <5* ) ' Pra with X € 2*1 (this immediately
 follows from £4-3, Theorem 4.5). We will construct a

 sequence of nonempty, perfect sets such that

 for every positive integer m, FfflAř = 0 and
 i^Gm, which obviously * contradicts (1 ) . The sets m m-i m *

 Pm will be given by

 Pm = Rrnv U{2m*D-, DcRm 311(1 D€<3 ' ' <2>
 where R CCrm belongs to some with mm r

 ra
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 k ^ ra+1 . (3)
 m

 Prom (2), (3) and the conditions (C1) and (C2 ) it is

 clear that the sets Fm will be nonempty and perfect.

 Let rQ be a positive integer such that kr ~ 1 and
 o

 let R € ¿2* . We put
 o

 P0 = Rq^ U{d; DcRq and D€<2>} = RonS .

 Suppose now that m is a positive integer and that F^-j
 has "been already defined. The set S is nowhere dense,

 hence P(S )f' Int ^ fra_i ^ we can find a positive
 integer 0 r ' ^ r m-1 . and an R' r' such that R'CR m-1 ,nGM 0 m m-1 . m r' ra m-1 m

 rn-

 and such that the set

 ff« 35 R'^U{2m"1*D; ^ * D CR' and C. p m m ^ * m ra-1

 is nonempty and perfect. We distinguish two cases:

 1) P^^F*. T Then there exist a positive integer r and m T m m

 an Rm 6 <£ such that (3) holds, * RmCR' m m ' P m and RmO F' m rm * m m m rain m

 is infinite. We define Fm by (2).
 2) Because

 m m

 P^nlnt R' cl/{2*I; k * lcR»'P is an open r interval} J m m k * m ra r J

 and the components r of R'NP' are 2m""^#D, where DcR' r in ni m

 and , it follows that

 Pm C' Int R¿ C t/ f 2m*D ' D c and D € ¿0 } .
 The set

 2JL' = K v W2 4 m^Di DCR' and D€«Z>} ra ni 4 m

 is disjoint from PmOInt R^, nonempty and perfect. There
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 exist a positive integer rffl and an Rm 6 (H r such that
 m

 (3) holds, R CInt R' and RAF'' is infinite. We define
 m m ra iq

 Ï. by (2).
 Corollary 1 » There exists a porous set contained in

 no ¿ -porous set.

 Theorem 1 . There exists a perfect non- <ś -porous

 set S such that for every finite sequence (c1,...,ci)
 the set c .S is of measure zero; hence for every

 3=1 3

 countable set C the set

 { 21 cjsj» i is a natural number, c-j€rC and s^ês}

 does not contain any interval.

 Proof. First we associate with every positive

 integer n, every closed interval R=fc,d3 and every

 positive integer N a system «Z)n(R,N) of closed subintervals

 of R and polynomial (not depending on R,N) Pn of one

 variable such that |R v U«Z>n(R,N)| * n.3~NlRl as follows.

 Define the points dm, m-0,±1 , ,±M,N+1 , by

 £d0,á¿ - £*[c,d3

 d-m ~ c 3 5^d-mf1 » ni=1,...,K

 d " dra = " dm-1 ^ » m=2,...,N+1
 It follows that

 l(c,d.N)| » l(dN+1,d)l « Ì. 3~N(Rl .
 Hence it is possible to find in each interval (dm»t*m+-ļ
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 ai^O ,±1 , . . . ,¿N , a closed subinterval such that the

 system <2).j(R,N) of all these intervals fulfils

 I R v UÄ^R.N)! ^ 3"K!RI .
 The number of intervals in $)..(R,N) is Pļ (N)=2N+1 .

 If n>1 is a positive integer and for every closed

 interval R* and every positive integer N the system

 & », -(R',N) has "been defined, then we define *0 (R.N) * », n- l' n *

 as follows: For every D from Ä^(R,K) the endpoints of
 -k

 the intervals 2 *D, k~0,...,n-1 , decompose D into

 2n-i- non-overlapping closed sub intervals. For each such

 subinterval I we constructed the system <^^^(1,10.

 The system 3)n(R,N) is the union of all such systems

 «2)^(1,10 and of the set {2~n~1*D; D ^ «3 1 (R,N )} .Then

 card eZ> n (R ,ïs' ) » (21Í+1 )(1+(2n-1 )Pn-1 (N)) = Pn(N)

 I R vUeZ)n(R,K)l ^ (3~K+(n-1 )3~N)IRI - n.3~HlR|
 We select real numbers a<b, put kn=n-1 for every

 positive integer n and construct the set S by our

 construction, T where we put aZ) (R)= 2> (R.EL ' ) for suitable T n u ' n

 N such that
 n

 (card itn)n -|tenl - jj (4)
 for every positive integer n. This is possible, because

 (card 0>n)n -}U&nl £ ((2nPn(Nn)+Dcard #-n_.,)n-

 ■n 3 I .

 According to Proposition the set S is non- 6 -porous.

 From (4) it follows that for every positive integer n
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 |¿ c,s| 3 1 é i 1 ¿ c,( 3 ua) nl ( = 1 i u ... u s c,R, 3 i 1 >1 3 1 1 3-1 3 nl 1 R, e ... R1e«n d=i c,R, J 3 1

 <. Z ... Z ¿IcJ.lRjl J 3 R1 ć «„ Ri e «'n 3=1 J 3

 - i.max^lcjj j«1 (card iī.^)1 | [

 ć ì.maxflcjl; ;¡=1 , . . . ,i} (card Ä-n)1_n ,

 hence ļ 51 c .S 1=0.
 3=1 3

 Theorem 2. Let K be of the first category. Then

 there exists a perfect, non- (S -porous set S of measure

 zero disjoint from £.

 Proof. We need only to prove that for every F^
 set K of the first category and of full measure there

 exists a perfect, non- é -porous set S disjoint fron Ï.
 oo

 Denote K= , where ¿V (ro=1,2,...) are closed and
 m=»1 1 13 m m=»1 ra3 1

 nowhere dense. First we associate with every positive

 integer n, every closed interval R such that KfNbdry R =ÇS

 and with every positive integer m a finite system

 ob (R,m) of closed subintervals of R such that
 n

 (FfflAR)cU{M D; D€¿)n(R»in)] (5)
 as follows.

 Because F„nbdrv * B.-0 and because F„ is closed and o * in

 nowhere dense, there exists a finite disjoint system

 cZ^ÍRíia) of closed non-degenerated subintervals of R such
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 that (5) holds and that 2*DcR whenever D č <2) (R,m).

 Because the set K is of the first category it is

 possible to choose the system (2)^(R,ra) such that

 KA U(bdry 2^#D; k ie an integer and D €¿)^(R,ni)} = j 0'
 If n > 1 is a positive integer and for every closcd

 interval R* with KAbdry R'=>0 and for every positive

 integer m the system (R* »m.) has been defined,

 then we define <2)n(R,m) as follows: Por every D from

 <2>.ļ(R,m) the endpoints of the intervals 2~k*D,
 k=0, ... ,n-1 , decompose D into 2n-1 non-overlapping closed

 subintervals I^(D), j=0, . . . ,2n-2, I0(D)=s2"n+^D. We
 define

 = (I j (D) »m); f . . . ,2n-2 and D € ¿) 1 (R,m)î o

 uf2~n+VD; D € ca 1 (R,m)} .
 We select real numbers a<b not belonging to K

 and put k -n-1 for every positive integer n, ¿3 n(R) 58

 = cZ)n(R,n) for every closed interval R with K^bdry
 and for every positive integer n. We construct the set

 S by our construction. It is easy to see that the

 conditions (C1) and (C2) hold and that for every positive

 integer n, ( ^ Fn 9 Therefore SaK = 0 and,
 according to Proposition, the set S is non- 6 -porous.

 Corollary 2. There exists an uncountable family of

 disjoint non- ¿ -porous perfect subsets of the real line.

 Remark. By combining the constructions of <2>n(R)
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 from proofs of Theorems 1 and 2 it is possible to

 construct the set S from Theorem 1 disjoint from

 a given set K of the first category.
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