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Hdjek's Theorem Does Not Hold for n > 1

1. 1In [3], O. Hidjek proved that the extreme bilateral
derivatives of an arbitrary real function of a real variable
are in the second class of Baire. An analogous theorem for
extreme strong derivatives of an additive interval function
defined on E, does not hold for n > 1.

2. Let En be n-dimensional Euclidean space, d(A) the
diameter of A, and m(A) the Lebesgue outer measure of the
subset A of En' Let (Zn,p) be the metric space of all
non-degenerate closed intervalsg in En' where the metric
p(1,J), I, J € Zn is defined by the symmetric difference
I AJ of I and J as follows: p(I,J) = n(I & J).

Let ¢ be an additive interval function defined on
(Zh,p) (or on some suitable subset of Zn). Then the upper

strong derivative ®’(X}) of ¢ at X is defined as follows:

77 (x) = inf(sup(&EL: x e 1, 1 € %, a(1) s

m(I) } ¢+ k =

bod 2]

=1, 2, 3, ...},

Proposition. There exists an additive interval function
defined on (Zz,p) whose upper strong derivative is not
Borel measurable.

Proof. Let C = { (x,y) € E2 : x>0, ¥y >0, x2 + y2 = 1}.

Let f Dbe the characteristic function of a subset A of C
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which is not Borel measurable. Let ¢ : Zz + (-=,=) Dbe
defined as follows: ®([a,b] X [¢,d]) = £(b,d) - f(a,d) -

- £(b,c) + f(a,c) for each [a,b] x [c,d] € Zz, where
a<b and c¢ < d. The function ¢ is an additive interval

function defined on 22.

Let I = [a,b] % [c,d] Dbe sufficiently small. Let
X €A If X= (a,¢) or X = (b,d, then 9(I) = 1;

if X = (a,d) or X = (b,c), then o(I) = -1 or

©(I) = -2. Therefore ©°(X) = . Let X £A. If X = (a,c)

or X = (b,d), then o(I) =0; if X = (a,d) or X = (b,c),

then o(I) =0 or ©(I) = -1. Therefore ©’(X) = O. Therefore

®° is not Borel measurable.

3. In the paper [5], it is proved that the upper
strong derivative of each continuous additive interval
function defined on (Zn,p) is of the second class of Baire.

Let T Dbe the set of all (il,...,in), where
i; € (-1, 1} for all j = 1,2, ..., n. Let El =
= {(hl,...,hn) € E hj >0 for j=1,2, ..., n}.

Let i = (il""'in) €T, X, Y € E and A C E_ . Then

we define X + iY = (x1+ily1,...,xn+inyn) and X +

+ iA = (X +iZ : 2 € A}. We can define extreme "unilateral”
strong derivatives. Let ® Dbe an interval function defined
on (Zh.p) and let 1 € T. Then the upper i-strong
derivative 5(i)(x) of ® at X 1is defined as follows:
3D 0 = inel sup(@E: 1= <minx,Y), maxx,W) >,

YEX <+ 1 E;, a(1) §'%} : k=1,2,3, ...}). By min (X,Y)

or max (X,Y) we understand the point
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(min(xl,yl),...,min(xn,yn)) or (max(xl,yl),...,max(xn,yn)),
respectively and min(X,Y¥) and max(X,Y) are the principal
vertices of the interval 1I. ‘

A function f : E - (==, @} will be called lower T-semi-
continuous iff for each X € E, and for each a € (-=,®)
satisfying the condition f(X) > a there exists an 1 € T
and Y € X + iE: such that £(2) > a for all 2 of the
closed interval I = <min(X,Y), max(X,¥) >.

In [5], it is also proved that (i) the upper i-strong
derivative of a continuous interval function defined on
(Zn.p) is the limit of a non-increasing sequence of lower
semicontinuous functions and hence it is in the second class
of Baire:; (ii) the upper strong derivative of a subadditive
interval function is the limit of a non-increasing sequence
of lower T-semicontinuous functions. Each lower T-semicon-
tinuous function is Lebesgue measurable. This is a consequence
of the known assertion that the union of an arbitrary system
of closed intervals is a Lebesgue measurable set (Lemma 4.1
of [2], p. 112, or [6], p. 177.)

From our Proposition and (ii) we have that there are
lower T-semicontinuous functions which are not Borel measurable.

4, In Banach's proof, [l1] (as in my proof, [4]), that
extreme unilateral derivatives of each bounded (arbitraryi
Borel function of a real variable of the class o are Borel
functions of the class a + 2, the following assertion plays
a key role: Let f be a real Borel function of a real vari-

able of the class a, where a > 0, 1let 0<a<b (let
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O0<a<b and k a natural number). Then the function
w(x:a,b) = sup{f(x + h) - £f(x) : a = h Z b} (@k(x:a,b) =
=sup{f(x + h) - £(x) : |f(x + h)| sk, a = h =D]) is a
Borel function of the class o ({11, (40 .

To prove the last mentioned assertion, S. Banach proved
first that the function f(x) + ®(x:a,b) has left and right
limits at every real number. From the asymmetry theorem
of W.H. foung it follows that f(x) + ®(x:;a,b) 1is of the
first class of Baire. 1In E;, the asymmetry‘is related
to countability, but in En. for n > 1 it is related
to sets of the first category and of Lebesgue measure
zero.

Open questions:

1. Does there exist a Borel additive interval
function © defined on (Zn,p) of the first class for
which the upper strong derivative ¢’ 1is not a Borel
function?

2. Let n > 1, 1let ® be a Borel additive interval
function defined on (xn.p) of the class «, o > O,

_ r ot
A - (al’ ¢ o 0 ‘an) and B - (bl' ¢ 0 ’bn) C En SU.Ch that

i

a; < bi for i=1, 2, ..., n. Let mk(x;A,B)
= sup{o (<X, X + H>) : |0(KX,X + H>)}| =k, H=
= (hl""'hn)' ai § hi § bi for i = 1' 2’ LI A ] n]o IS
wk(x;A,B) a Borel function of the class a?

3. Is it true that 5(1)' is a Borel function of the
class o + 2 1if ® 1is a Borel additive interval function

of the class a? We assume n > 1. For n = 1, this
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assertion is true.

[1]

(2]

[3]

(4]

[5]

(6]

References

Banach S., Sur les fonctions dérivées des fonctions

mésurables, Fund. Math. 3 (1922), 128-132.

Banach S., Sur une classe de fonctions 4d'ensembles,

Hijek O., Note sur la mésurabilité B de la dérivée

supérieure, Fund. Math. 44 (1957), 238-240.

Migfk L., Halbborelsche Funktionen und extreme

Ableitungen, Math. Slovaca 27 (1977), 409-421.

Mis{k L, On extreme strong derivatives of a function
of an interval (will appear in the Proc. to

70th birthday of Prof. L. Iliev).

ward A.J., On the differentiation of additive functions

of rectangles, Fund. Math. 26 (1936), 166-182.

Young W.H., La symmétrie de structure des fonctions de
variables reélles, Bull. Soc. Math. 52 (1928),

265-280.

Recedved August 22, 1983

288



	Contents
	p. 284
	p. 285
	p. 286
	p. 287
	p. 288

	Issue Table of Contents
	Real Analysis Exchange, Vol. 9, No. 1 (1983-84) pp. 1-295
	Front Matter
	EDITORIAL MESSAGE [pp. 2-2]
	Richard Fleissner 1942 - 1983 [pp. 5-8]
	7th Real Analysis Exchange Conference Preliminary Announcement [pp. 9-11]
	PROCEEDINGS OF THE SIXTH SUMMER SYMPOSIUM
	[Introduction] [pp. 12-14]
	Baire 1 functions [pp. 15-28]
	A Report on Globs [pp. 29-31]
	THE MULTIPLE INTERSECTION PROPERTY FOR PATH DERIVATIVES [pp. 32-34]
	Fourier Integral Inequalities and Applications [pp. 35-46]
	PARAMETRIC DERIVATIVES ARE IN BAIRE CLASS ONE [pp. 47-49]
	THE SETS OF CONSTANCY OF FUNCTIONS WITH A VANISHING DERIVATIVE [pp. 50-51]
	Differentiability of Peano type functions - multidimensional case [pp. 52-53]
	QUALITATIVE ASPECTS OF DIFFERENTIATION [pp. 54-62]
	Some New Simple Proofs of Old Difficult Theorems [pp. 63-78]
	Topology for the Spaces of Denjoy Integrable Functions [pp. 79-85]
	On the classification of set-valued functions [pp. 86-93]
	THE APPROXIMATE CONTINUITY OF LP SMOOTH FUNCTIONS [pp. 94-95]
	THE LEBESGUE SYNDROME [pp. 96-110]
	On Locally Bounded Maps of Sequence Spaces [pp. 111-115]
	On a Decomposition of Co(IRn) Functions into Simple Component Pieces [pp. 116-122]
	VARIATIONS ON BLUMBERG'S THEOREM [pp. 123-137]
	The chain rule and change of variable for the Denjoy integral [pp. 138-140]
	MULTIPLIERS OF VARIOUS CLASSES OF DERIVATIVES (Lecture presented at Real Analysis Symposium in Waterloo) [pp. 141-145]
	NEW RESULTS ON FUNCTION CLASSES INVARIANT UNDER CHANGE OF VARIABLE [pp. 146-153]

	TOPICAL SURVEYS
	SYMMETRIC REAL ANALYSIS: A SURVEY [pp. 154-178]
	A SURVEY OF DARBOUX BAIRE 1 FUNCTIONS [pp. 179-194]

	RESEARCH ARTICLES
	ASSOCIATED SETS AND CONTINUITY ROADS [pp. 195-205]
	ON PROJECTIONS OF BIG PLANAR SETS [pp. 206-214]
	ON SEMICONTINUITY POINTS [pp. 215-232]
	ON THE FIRST AND THE FIFTH CLASS OF ZAHORSKI [pp. 233-250]
	SOME PROPERTIES OF MULTIPLIERS OF SUMMABLE DERIVATIVES [pp. 251-257]
	MULTIPLIERS OF NONNEGATIVE DERIVATIVES [pp. 258-272]

	INROADS
	On Generalized Cluster Sets [pp. 273-283]
	Hájek's Theorem Does Not Hold for n > 1 [pp. 284-288]
	A point about ℕ×N matrices and ℓ∞ [pp. 289-293]

	QUERIES [pp. 294-295]



