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 ON SEMICONTINUITY POINTS.

 Let f be a real function of one variable. Z.Grande gave in

 some properties of the set of all points in which f is upper

 semicontinuous • In this paper we shall study the relatioship

 between the sets S(f) and S^(f) where S(f}/ resp. S1(f) / is the set
 of all points at which f is upper / resp. lower / semicontinuous.

 We use the notation introduced in [lj :

 C (f )» -I x: fix)* lim sup f(t) = lim inf ï(t)},
 tr> X t-* X

 S(f)= I 1 x: fix) ^ lim sup f (t)j , 1 t«* x

 s'f ) » { x: f (x) lim ini f(t)} ,
 t->x

 T(f)= ļ x: f(x) > lim sup f(t)} ,

 T^f)« [ x: f (x) < lim inf f(t)' »
 t->x

 A® denotes the set of the points of condensation of A.
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 Let us recall some useful facts /see for example [lļ/ '•

 i/ the set T (f ) is countable,

 ii/ C (f)is ' a G „ set, ' Ç/

 iii/ c(f) is dense in the set Int S(f). Similarly,

 iV the set T1ļf) is countable,

 iii1/ C (f) is dense in the set Int S1ļf ) •

 We are going to prove the following theorems

 THEOREM. If A, A1, B, C, C1 are subsets of R such that:

 i/ AO A1» B,

 ii/ B is čense in the set Int(Aj 'J Int (A1) ,

 iii/ B is a set,

 i v/ C S a - B and C1 S A1- B,

 v/ C U C1 is countable,

 then there exists a function f;R-> R such that

 A = S(f), A1= s'f), B = c{f), .C = T (f ) and C1= T1(f) .
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 Proof: Let E « Cl^ö) . Then E - ß is a F set and, moreover,

 it is of the first category. So, E - B where Fn is closed

 for n 6 N and F^ F..» 0 for i 4 Ò / cf(3ļ/*

 By the Cantor - Bendixon theorem, there is a partition of the set Fn>

 say J F» H u G_, n* such that G » F® and H„ n is countable for n£ N. J n n n* n n. n

 I. In the first step we shall construct a function g:R-> R

 such that C(g)» R - ^NHn, S g =»(r - ^¿NHn)^{An rtNHn) »

 S1(g)= A1 n UwHn and T(g) = T*(g)= 0 .

 Let (am)meN be an enumeration of ^NHn and be a sequence

 of positive real numbers such that ^ •

 The function g is defined as follows:

 xļbi for *e(R *
 g(x)J , 2Z for ï£»1'1

 Hi: , at< xj

 ¿
 ¿U a±<

 Iz is easy to show that g satisfies the above conditions.
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 II. In the second step we shall construct a function h:R-> R

 such that S(h) = (R -(.E - 3]ļuA, S1(h) = (R -(.E - B)) ^ A1 ,

 C(h). R -(3 - B) and T(h) » T'h)= 0.

 It is clear that Gn= (g^ A1)^[Gn-(A ^ A1)) .

 By the Cantor - Bendixon theorem we have Gn^ A = Kn*J Ln, where

 KnA Ln= 0, KR~iGnnA)° and Ln *s coun-tatle*

 Similarly, Gn^A% Nn and Gn"^A ° = SnuTn » where

 Mn^ Nn= 0, Snn Tn= 0 Tn and Nn are countable,

 V <V a1'®' and V (Gn- (A u a1>) •

 For each n the sets Kn, M , Sn are eiter uncountable or empty.

 For each nonempty set Sn let us define the function

 VSn*(- SH » 25 )

 Let the family of sets be a countable basis of Sn- and *C

 be a countable basis of (- gl , ¿l). Then the family Sx 'C.

 is the countable basis of %x(- .yl t 2ñ)'

 Now let (Bnx cn)nejj he an enumeration of ábx'C , (x^ be

 218



 a transfinite enumeration of Sn and(y^ be a transfinite
 ». A -1 V

 enumeration of I" 2n ' 2n)*

 We shall construct inductively the function iļ,: ¿>x~ -> Sn:

 iníBmx Cm)~ m^Lní £ Sn: x#e 3m""

 Define* . f/ii' ' "i 1
 "I" lyïL f/ii' ' - 2ñ • 2f¡) ! Vļe cm] "i íor x " ln 1 V cm'

 1 Jxj " S
 ļ O otherwise.

 The function in has the property that for each xe C1(sn)

 t * I 1
 lim Inf iJt)= n t - I and lim sup ijjt)= t->x n ¿n t->x n ¿n

 We define the function h:R-> R.

 'g(x) + g for X G Kn,

 sW- H for x£ Kn.

 g(x) + ijjjc) for xfe Sn,
 h(x). /

 I 2K for x£ LLn" C1 'Snfl u Í Tn^ (R " C1 (Mn>) * C1 M-

 g(x)- jl for xc ¡>nn cifsj] u [twï Cl^J,

 Six) i«
 W
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 Let us first prove that R is the domain of h. It is enough to show

 that h(x) is defined for each x fc Gn.

 If X 6 CL then x £ G,.'"* ä or x € G^ a' or x t G -(A A^) but n i* n n

 a/ Gnn A1 = Mn^ [NnA ciisj] u [n^ Ciltij - Cl (Sj],

 b/ GnA A = Kn- [l* Cl(Sna« [ ^ Cl(?y - Cl(St|,

 C/ Gn-iAuA1)- Sn^fln"Cllfin)ļu[TnA Cl(Knì - Ci(kJ.

 In fact, if x C Gnn A and x £ Kn> then x© L^. Since Kn is closed

 in G ^Á, there exists an open set U such that x £ U and U^Kn« 0.

 Assume that CI . Then there exists an open set V such that

 x £ V, V ç U and V Sn= 0, but for each open ç V, V1 A Gn is

 uncountable, so A MnyÉ 0 and x €• L^ Ci(Mn)- Cl(Sn) .

 The same arguments work in the cases a/ and c/ .

 Since for n £ N the sets K^, Ln, Mn, Nn, Sn, Tn are pairv/ise

 disjoint, the function h is well defined.

 Let us now show that h satisfies the required conditions.

 a/ Since H - £ is open, h|R-E=gļR-E, and R - £^C(g),
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 it follows that R -EÇ c(h),

 b/ If X £ B and (x^ is a sequence of elements of (R - E) ^ B

 and lim x » x, then lim h(x ) « h(x) .
 n->-s n-*«»

 If (x^ is a sequence of elements of E - 3, then there are sets F

 such that xn ê and lim j(n)»°<> / because for every k x^ F^ /.

 Then, r(xJ - -7"%^ h (xn) ^ g (x ) + -1-- , so lim h (xj = h (x) .
 0'n) jļnj n-><*>

 Therefore for every sequence fx^ , if lim x = x, then lim h(xj)= h (x)
 n->^ n-i'*'

 Thus BS C ( hļ .

 c/ If x € H <"» A and is a sequence of elements of (R - E)v^ B

 such that lim x. = x, then lim sup h(x^^h(x).
 k«^«o k->cx>

 Assume that (x. K ) is a sequence of elements of E - B and lim x. = x. K k-*e®

 The following two cases may happen:

 1/ there exists a sequence d(k) vr-H. KUl* such that lim 3 W 350,5 KUl* k-$c>0

 and X)(e F;W or

 2/ there exist a subsequence (xk ļ of (x.) such that x^S Hn
 m' m

 for each m S N.
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 It is easy to show that in case 1/ iim sup h(xk)^h(x) and in case 2/

 'im sup híx,. W h(x) • Therefore lim sup h^t^hlx).
 k-»co m t-> x

 Let (xi,'t>e a sequence such that lim x,« k x and lim g (xj= K lim sup g(t) k-»«*» k k->~ K t-»x

 and lim sup g(t) = g(x). Then lim h(xk)= lim g(xk) = h(x) and
 t-%> x k-><*> k-»o»

 lim sup h^t)= h(x).
 t-> x

 LettaJ be a sequence such that lim x,= x and lim gfx^« K' lim inf g(t) K/ k-»«> K k-*»» K' t- > x

 / and lim inf g(t)< g(x) /. Then lim h(x ) = lim g(x.)<h(x) and
 t-ï- x k-ř®o k k->o*>

 lim inf h(t) < h(x) .
 t-ftX

 Thus Jļgļj Hn^ AC s(h)-(c(h) o T(h)) . A similar reasoning shows

 that Hn^ A1S s'h) -(c 'h) ^ T1(hi) .

 d/ Let x £ Hn-(AwA^) and (x^^e a sequence such that

 lim g(x,-)= * lim sup g(t)> g(x) « h(x). Then lim sup Mt)> lim h(x.) k+o» * t->x t->x k-»«»o

 and lim h(xj* K lim g(xk)> g(x)= h(x) . k->oo K k-»<*>

 Similarly, if (yd s is a sequence such that lim g(yd= K' lim S i"*') s Ai k-»oo K' t«*x

 / lim inf g(t)< g(x)= h (x)/, then lim inf h(t)^lim g(yk)<h(x)
 t-> x t- > x k-»~>

 and ntNHn"íA u ~ R ~(s(h)^ S1(h)) .
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 e/ If X 5- Kathen there exists a sequence (x^such that for m G N

 xm Ê- Kn and lim x» Then lira sup h(t) = g(x)+ p- » ^(x)*
 m->oo t-> x

 Since the set Fn is nowhere dense, there exists a sequence ( x^ such

 that lim xm= x and Xjjjfc R -(e - b) for e S N, Therefore
 GW>oo

 lira inf h(t) ^ lim g(xm)^ g(x)< h(x) and Kn c s(h)-(c(h) T(h)) .
 t**- x m- >«

 Similarly» if x € Mn, then lim inf h(t) = g(x)~ ^ = h(x)and

 lim sup h (t)^ g(x) > h(x) , Thus Ç S*(h) -ļc (h) ^ T1(h)j .

 f/ If x i Ln^Cl{Sn), then there exists a sequence {x^ in Sn such

 that for each m h(xm) = g{*m) + i^) > g(xœ) + - 1 .

 Kence, lim sup h(t) > g (x) + *1 = Mx}.
 t- > x

 Since x (Ł Ci(k ) , lim sup h(t)< * g(x) + 1, Therefore, lim sup h|û) » h ix)
 t-> x * t~> x

 and lim inf h(t) ^ g(x)<h(x). Thus Ln'"> Cl(s' Ç s(h) ~(c (h) T (h)) .
 t-$> x

 Similarly, if x £ NnOC"L^Sn)ł "^en lim inf h(t)= h(x) and
 t-> x

 lim sup h (t) > g(x)>h (x) , so Nnn Cl(Sn)c ñ1(h) .ļc(h)oT1ļh)ļ,

 g/ If x G T ocitli ), then lim inf h(t)= g (x) - ]■ < h (x) ' and t-> x '

 lim sup h(t)> g(x) > h(x), so T^ Cl (tfnJ Ç R -(s(h)^ S1fei)) .
 t**/ x
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 Similarly, if x s Tn^Cl(Kn)- Cl(l^) , then
 A

 lim sup h(t)= g(x)+ g> h(x) and lim inf h(t)^; g(x}<h(x), so
 t-fr X t->x

 TnOC1(Kn)- G1(Mn) £ R "(sÍh) ° s^)) •

 h/ If x g LnACl(Mj - Cl(Sn), then

 lim inf h(t)= g(x) - ^ < h(x) and lim sup h(t) ^ g(x) - h (x).
 t-> x t-> x

 Since x 1. Cl (Kn) v» Cl (sn) , lim sup h(t)< g(x) + ņ-ģ Hence,
 "t ^ X

 V C1(Mn) * cl(Sni Ł 3(h) "Ie M u T W) •

 Similarly, if x e Cl^KJ - Cl(Sn) , then

 lim sup h (t) » g (x) + - > h (x) » lira inf h(ť), so
 t-> X t-> x

 N n° clíKn1- C1^= S1W -(c (h) O T1(hļ).

 We have ¿ust proved that the function h has the following

 properties:

 S(h)=(R -(E - B))o(aa ^NHn)u(A/> (r - (E - rij) O A,

 sļh) ■ ( R -(E - Bì)o ļ , C(h) = R -(S - B) and

 T(h)= T%) = 0.
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 III. Let ^cn , d n) be a sequence of pairwise disjoint, open

 intervals such that R - E = ^eN^ri ' ^n) * ^or eac^ n ^ N,

 (°n • dnH(°n • "n)'1 AM(cn • ¿n) " AH w IK ' dnHA ja1>1'

 Let (°n • dnì°A = AnuBn ' where An"l(°n ' dn)oA)9 and Bn is

 countable. Similarly,

 (°n • dn)nAl" CnUDn* Cn" «°n ' dn) n a1) *• Dn ls countable,

 icn • dn)-(AJři1)=- InUJn> In=fcn • dnMAoAT • Jn is countable-

 In the third step we shall construct the function m:R -> R such

 that C(m)« B, T(m)= T1(m)» 0, S(m) = A ^ j^/s CI (Cj - CI (A^

 ans sKm)- A1o C1 (jg . 0l (Oj ,

 For each n e N we shall define the function lnîln "*("2 »

 such that for every xL Cl(l ) , lim sup 1 (t) = ļ = - lim inf l_lt) •
 t->x t->x

 The definition of ln is very much similar to the definition of

 the functions in from section II .

 Let

 225



 h(x)+ dist(x,E) for xt )^An »

 h(x)- dist(x,E) for x5 )¿íCn »

 h(x)+ dist(x,E).ln(x) for x Ê. In ,
 m(x)»

 h(x)+ £ dist^x,E) for xe Cl(ln),

 h(x)- 2 dist(x,E) for x ^ ncN DnoC1Wł

 ^ h(x) otherwise.

 Notice that

 (cn • dn)A {* & R ! nW= hW] - f.Jn^Cl(An)n CHCj] u

 u * clMuh"clM- C1K)] »

 V [Bn^ CllCn) - ClUnl] u [j^ Cl(Cn) - ClļAn)ļ.

 This is a direct consequence of the following:

 i/ ' (c * • d ' * A uC u I o B o D u J . ' vn • * ni * n n u n n o n u n' .

 ii / the sets An, Cn> In, Bn, Dn, are pairwise disjoint,

 iii/ BnE Cl(Cn)u cHlni, DnC Cl(An)vCl(ln), J„c Cl(An)^Cl(Cn) .

 The case iii/ follows from the fact that if e»g, x£ Bethen there

 exists an open set U S (cn , dn) such that x €. U and U a An= 0
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 /since A„ is closed in (c v ' , ¿Li ^ A /. Since U is uncountable and n v n , ' n'

 Bn^ Dnu Jn is countable, ln) n V ¿ 0, where V is any open

 subset of U such that x €• V.

 a/ If x e £ and fxj' is a sequence such that lim x = x, then for
 n-><*»

 every ntN, hfxj ~ distl*n»E)^ m(xnl^ hC*n)+ Then

 lira sup * m (t) = lim sup h(t) , lim inf m it)» lim inf h(t) and
 --> x * t-*x t->x t->x

 ni (x) » h(x) • Hence,

 1 1 1
 E ^ S (m) = E ri 3 (h) = E n A, E r' 3 1 (m) ■ E a S 1 (h) = E r> A 1 ,

 S^C(m)= E (h) = EnB « B and E^T(m)= E ^T1(n) = 0.

 b/ If x£ A , then lim sup m(t) = lim sup h(.t)+ dist^t,E) = m^x) .
 n , t-> x t-> x

 Since Anc A, (cn , » 0 and 3 is dense in Int^A) , there exists

 a sequence (*k) such that lim x}= x and xR¿ An / for k tli /. Then

 ™ (xki^ h(xii)+ 2 distlxk»s) and

 lim inf m(t)^; lim ini n^xj h(x)+ ' dist(x,E)< m(x) . Hence,
 t-> x k->¡»

 U„A Q x v v -£{pS) . Similarly, neN n x v

 ¿¿Ncnc sVHcW" T1W) .
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 c/ If X e I_, then lim sup m^t}^. h(x) + X dist(x,E)> m(x) and
 t-* X

 m (x)>h(x)- 1 dist(x,E) ^ lim inf m(t). Therefore
 t"> x

 ¿eSIn& R u *'Í

 d/ If X e B o Cl(l ) , then lim inf n ti) 4 h (x) - ļ dist^x,E)< m(x)
 t->x

 and lim sup m(t)= h(x) +1 dist(x,E) = m(x). Hence,
 t-»x

 n&NBn° C1 - S(m) -(c (m) u T(m)). Similarly,

 ^D^ClU,) C sļ,) - (C lni y T'ĪB)}.

 e/ If x e «^AClU^ Cl(C ) , then there exist sequences (xk) , (yk)

 such that x.6 An, n» y 'le e C n / for k e M / and lim x¿* lim yk» x. ' n» 'le n k-»oo k-»»©

 Then lim sup m (t) > lim m (xk^ ■ h ^x) + dist (x, > m (x^ and
 t-> x

 m(x)> h(x) - dist(pc,E)= lim m (y^ > li-^inf mfc). Hence,

 O^n Cl(An) <"* Cl (Cni Ç R w sV¡).

 f/ If x e Jnnci(An) - CICCJ , then there exists an open set U

 such that x 6.U, U O In. (5 and U n Cn= 0. Because the set A„ is

 boundary. xC Cl{jn w B„ O Dn). But U n Bn- 0. In fact, suppose

 that there exists y e U n £)„. Then there exists an open set Veli
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 such that yeV and v°An= 0» Then V^(Cnu 1^^ An)= 0»

 a contradiction. Then

 u " ('-■n«n)^tlir'JnaC1(AJ- citcn)ļ-j[u" VC1(An)- C1M-

 Therefore lim sup m(t)= h(x)+ dist ^x,e) > m(x) = hřx)= lim inf m(t),
 t-> X t-> X

 and so

 Cl(An)- Cl(Cn) Ç S1(ra)-( C(,ii)v T1(iĄ). Similarly,

 nVNūn^ Cl( Aj) - Cli Inì £ st) - I C (m) o

 net^n001^ " Clíjn> *=■ SW" i ^ (m) O T (.rí)).

 Cl¡An) Ł S(m)- le M u Timi).

 Cotice that for u 0_/>Cl(c1 " 11 - C1(aJ, lio inf rc(t)= h (x) - distas) " 11 t-> X

 and lira sup m(t)= h (x) . Henee,
 ■¿•♦X

 s(m)»(A^ sV'aViiÌ V L3nn C1^J3 U t3nn ciícd ~ C1^J] °

 ^|JnA ci(Cn) - Cl(An)ļ)= Au JnnCl(Cn) - Cl(An) ,

 S1(m) = U1^ ¿W }¿N(cnu [Dna Cl(lniļ u '>nnCi(Anļ - ClķJ] "

 ^ýn"Cl{An)~ Cl Ícníí) = A'w Un JnrkC1^An>' C1^ '

 C (m) = B and T(m)= t'ei)» 0.
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 IV, In the next step we define a function p:R R such that

 S(p)= A, S1(p)=A1, C(p)«B and T (p) « T1(p) = 0 .

 The set Jn-lCl(Čn)r> C1(aJ) is countable. Let

 be an enumeration of this set and (dnineN a seQuence

 positive real numbers such that bn=

 Let us define the function p:R -»R as follows:

 f m(x)+ ^st^E^.SI, xjdn for x€ 0^ ci(Cj- CI (a
 p W - s ^ -

 ^ mix) + dist(x,S^m ^ Z_x^dn otherwise.

 a/ If x £ Jn--(ci(A^| a ci(Cn^ , then the function

 dist(x,E' XZZ d is continuous in x, so
 t n^ J

 lira sup p(t)= lim sup m(t) + dist(x,E), * ^ '< 'x'^n 3 an(* t-* x t-> x I * n- '< 3

 lim inf p(t)= lim inf m(t) + distix,E)>- ^ , vVdn . Hence,
 t-»x t->x V1' n^ , X5

 S(p)- nčN VtC1K^ C1M - A-

 SÌ?)" ¿¿u ¿„"MO" C1M " a1'

 °lP>- & Jn-(C1(Anin C1M - B-

 b/ If x© Jn^ Cl(cni - Cl(An) , then
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 lim inf p(t) ^ liro inf ( N m(t) + ļ dist(t,E)ì» ' h(x)- ļ ¿ dist (x,e) < h(x) , t-*x t->x N ' ¿

 h(x)® m (x) < p (x) and

 lira sup p(t)a lim sup (m(t)+ s dist(t,E)f - +'d_ n . t->x t->x s in* °n<zì n

 Since there exists a sequence (t^) such that for each ķ t^> x,

 BJ" C1 ^)" Cn 'lirn V x» lijn h^k)" hW and
 k-^oo k-*oo

 "š have timxsup pW?Ü1pK)>p(x)

 Therefore ^ J^cilcj- Cl(An) Ç R -(s(p) o sļp)) .

 Similarly, nVN J'n" CI (An) - ci(c„) Ç R -(s(p) ü s'fp)) .

 Thus the function p has the following properties:

 S(p)- A, S1(p)= A1, C(p) = B and T (p) = T1(p)= 0.

 V. The final step consists in the construction of the function

 f : R R, such that

 s(f)= A, S1(f)= A1, C(f)= B, T (f)= C and T1(f)» C1 .

 Because the set CUC1 is countable, there exists a sequence

 i

 of all elements of C^C .
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 Let us define the function f as follows:

 p(x)+ i for X = en and x & C,

 f (x) * p ^x) - ^ for X = en and x C5 ,

 p(x) for x £ R -(C <>C1) .

 It is clear that f satisfies the conditions of the theorem»
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