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ON  SEMICONTINUITY PCINTS,

Let £ be a real function of one variable. Z.Grande gave in Cﬂ
some properties of the set of all poirts in which f is upper
semicontinuous. In this paper we shall study the relatioship
between the sets S(f) and SYf) where S(f})/ resp. S(f) / is the set

of all points at which f is upper / resp. lower / semicontinuous,

We use the notation introduced in Eq:

c(e)={ x flx)= %imxsup £(t)= %imxinf 'f(t)},

sie)e { x 2(x) 2 Lin sup (1)}

se)= { = £(x) & 1im inf £ty ,
t~» x

T(f}= { X3 f(x):> %i?xsup f(t)} ,

t{g)= { xx £{x)< 1in inf £(8)} .

t->x

A® denotes the set of the points of condensation of A.
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Let us recall some useful facts /see for example [1]/ :

i/  the set T{f) is countable,
i1/ C(f)is a G set,
111/ C(f) is dense in the set Int S(f). Similarly,

1/ tne set ‘1‘1(1‘) ‘is countable,

1117/ c(f) is dense in the set Int S|g).

We are going to prove the following theorem:
THEOREM, 1If A, A', B, C, C' are subsets of R such that:
1/ AN als B,
i1/ B is cense in the set Int(A) v Int ",

iii/ B is a Gy set,
iv/ c&€ A -B and c'¢g al-s,

v/ cuc is countable,
then there exists a function f:R-> R such that

A=sl), =5, B=c(f), c=1(f) ana c'= 1),
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Proof: LetE-= Cl\B) . Tnen E - B is a F_ set and, moreover,

it is of the first category. So, E - B =1}é}NFn’ where Fn is closed

for n€ N and F; 0 Fj’ g fori# 3 /cf[}J/.

By the Cantor - Bendixon theorem, there is a partition of the set Fn’

say F = H V] Gn’ such that G = g_ and Hn is countable for n€ N,

1. In the first step we shall construct a function g:R-» R
such that C(g)= R - \H,, Sg-= (R - Y Jvln Y

1 1 1

sfg)= a' N MH, and - T(g)= T{(g)= ¥ .

Let (am)meN be an enumeration of rklé)NHn and (bm)melv' be 2 sequence
of positive real numbers such that Zgb = 1.

Tne function g is defined as follows:
4

{i: 316' x}bi for Xe( r})NHn) (U:Hn"A)’
g(x)= 4 {i.Ea'—} x}bi for x€ AN Wi,
RS
1 . : 1 .
{i:za% x}bi + ij for x¢€ r\erNhn'(A v A')and x = ay
\ i .

It is easy to show that g satisfies the abcve conditicns,.
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II, In the second step we shall construct a function hiR—> R

such that S{h)=({R -(& - B)va, s)=R-E-8val,

c(n)= R =(2 =B ana T{(n)= TN = g.

It is clear that G =(G" A)v(eN a')v(c -(a v IO)

By the Cantor - Bendixon theorem we have an'\ A= Knu Ln’ where

Kn'\ Ln= @, K =(G

o ,
n n A) and Ln is countatle,

n

' A 1
Similarly, G MA'=M VN and G -(Av A')=S uT , where

M NN = g, SN T = @ T, and N_ are countable,

Mmoo Al  ana s =(c-(av a")S

For each n the sets Kn’ Mn’ Sn are eiter uncountable or enmpty.

For each nonempty set Sn let us define the function

. 1 1
135> (" 2n * ZE)
Let the family of sets ® be a countable basis of S,  and T

be a countable basis of (- 2:-3 ’ 215). Then the family &xT.

is the countable basis of %x(- zg:l ) 23'-;)-

Now let-{an Cn) neN Pe an enumeration of &xT , (x de

%)
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a2 transfinite enumeration of S and{ya&) be a transfinite
1 1
enumeration of (- 55 ) Zn)

We shall construct inductively the function i &xg. o J S

i;(Bmx c)= min{ Xg€ Spi  X,€ By- \il (B, x ck)}.

Define: mn{ - 1) ec} forx=i1BxC
i y3 Zn * 2n A m n m “m
1 fj=

otherwise,

The function i, has the property that for each x€ Cl(sn)

lim inf i {t})= - and lim sup i (t}::
£ x rx( Zn oo x n*

7We define the function h:R->» R,

/g(x)-!- 13 for x € K,
g(x)=~ = for x& M,

g(x)+ in(x) for x € S,

h (x)
< gx)+ sz for x€[L nca(s )] ulT ~(r - cafu))rcaik )],
g(x)- st for xe[xn ci(s)] v {0 can)],

zlx)  for xelLacim 15 JulNacik c15 Ju{R-E-H] v N, -
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Let us first prove that R is the domain of h. It is enough to show
that h(x) is defined for each x & G, .
K

If x&€ G, thenx€ G,NA or x € GnﬁA' or x & Gn-(_A v A1) but

1

a/ G AAl= MU [’Nnn c1(sn)] U [Nnn C1(K_) - (s )l

b/ GNh - an“ ;’_’Lnn 01(sn)]u [Lnr\ c1(a) - c1(sn\].
¢/ Gh‘i\auﬁ) - an[Tnn c1(1v1n)}U[Tnﬂ ci(k ) - cl(rv;n)].

In fact, if x€ G N A and x ¢ K, then x€ L . Since K is closed

in G M A, there exists an open set U such that x¢ U and UNK = @.
Assume that x¢ Cl S, . Then there exists an open set V such that

Xx€V, VS U and VO S_= @, but for each open V, € V, V,A G, is

uncountable, so V, N M # # and x € L " CL{iJ- CL(S)) .

The same arguments work in the cases a/ and c/.

M, N

n' n n’S

Since for n € N the sets Kn, L T, are pairwise

n?

‘disjoint, the function h is well defined.
Let us nowbshow that h satisfies the required conditions,

a/} Since R - E is oﬁen,. h{R-E=g|R-E, and R - EcC(g),
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it follows that R - E ¢ C(n).

b/ If x€& B and (xn) is a sequence oI elements of (R - E)UB

and lim x = x, then lim h(xn) = h(x).
N=w= Nepoa

If (xn) is a sequence of elements of E -~ B, then there are setst(n)

such that x, € Fj(n) and }lizi:oj(n) =00 /[ because for every k x¢ Fl /.

1 |
Then, g(x,)- -J--(;)\< h(x) < glx )+ 31{;) , SO 1Zl.l-i;nmh x,)= hx).

Therefore for every sequence (X)), if lim x = x, then lim h(x)= h (x)
n<»we Ny

Thus BS C(h).

¢/ If x€ HNAand {x.)is a sequence of elements of (R = E)vB

such that lim x, = x, then lim sup hix < h(x).
k=>wo koo

Assume tnat (xk) is a sequence of elements of E - B and lim x. = X.
. K=roo

The following two cases may happen:

1/  there exists a sequence j{K ..y such that lim j k) =o0
kel Lim

and xke Fj(k or

2/  there exist a subsequence (ka) of (xk) such that xktf H,

for each m & N,
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It is easy to show that in case 1/ 1im sup h(x)gh(x) and in case 2/
Ke>co

1im sup h(xk V< h(x). Therefore 1im sup hit)gh(x).
R->eo m t x

Let (x }be a sequence such that lim x= x and lim g(x,) = lim sup g(t)
k k=>o0 k Koo K t= x

and lim sup g(t)= g{x). Then lim n{x. )= lim glx. )= h(x) and
t-> X ( ) k=>co ( k} k=yon ( k) )

1im sup h(t)= h{x).

t2 x '

Let(xk) be a sequence such that lim x = x and 1

im g{x,)= lim inf g(t
K-so0 k-»ocg( W= g (%)

)= lim g(x )< h(x) and

k Koo

/ and lim inf g(t)< g(x) /. Then 1lim h(x
t+ x K00

lim inf h(t) < h{x).
ta X

Thus ij H " Ag s(n)-(c(n)v T(h)) . A similar reasoning shows
that M o ale st - (e o Thm))
d/ Let x¢€ Hn-(AuA1) and (x,)be a sequence such that

1im g(x,)= 1im sup g(t)> g(x) = h(x). Then lim sup h(t}> lim hx
k-»og( k) t- X pel ) 'g( ) ( ) tr X K=>vo (k)
and 1lim h(x )= 1im g(x, > g(x)= h(x).

K ( k) Ko ( k) )

Similarly, if (yk) is a sequence such that ll{::.;nmg(yk)z 11:.i_>mxirxf g(t)

/ 1im inf g{t}< g(x}= h (x)/, then lim inf h(t}< lim g(y,) < h(x)
t> X t->x Kepoo

and CAH -4 v a)e R -(s(n)vsh) .
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e/ 1f x& K, then there exists a sequence (xm) such that form¢&¢ N

€ K d 1i = X. Th li h == h
Xp, an m-a’mc‘oxm X en ti;nxsup (t g(x)+ (x)

Since the set Fn is nowhere dense, there exists a sequence (xn;) such

that l]!.lﬂn”xma x and xme. R -(E - B) for o & N, Therefore

Lin inf h(t) € r]li.i;n“g( )€ e(x)< n(x) and K ¢ s(n) -{c(n) v T(n)) .

Similarly, if x € M_, then ﬁ;nxinf h(t)= g(x)~- :'i = h(x)and

%im;sup h(t)2g(x)>n(x). Thus M & stn) -(c(n)v ') .

£/ 1f xe LN Cl(Sn), then there exists a sequence (xm) in S, sucb A

A

that for each m hx,)= g(xm) + in(xm) > g(xm) + 21-'{ - ‘1,-1 .

Hence, 1im sup h{t) 2 g(x) + 2% = h{x}.
T X

Since x ¢ C1(K o) e %i}mxsuo n(t)< gx) + 1. Therefore, ch-l.;nxsun hk) = h ()

and 13:.1m inf hi{t) € g&)<n(x). Thus LN ci(s) € sh) -(ch)vrin).
> X

Similarly, if x € N A C1(S ), then %i?xinf h(t)= h(x) and

%:-L;q‘(sup h{t) x)>h(x), so N ﬁCl(S (C( ) ()) .

g/ I1f x € T ,NCL{M ), then Lin int hit)= g(x) - 1< h(x) and

.‘_’;i.m sup h(t) > g(x) > n(x), sornci(y)e R -(s(n)v sTh)) .
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Similarly, if x & TN CL(X )- C1(i), then
1im sup h(t)= g(x)+ %') h(x) and 1lim inf h(t)g g(x)<h(x), so
t->x Ct-Xx
. o 1‘
T nC1(K )~ c1(it)c R -(s() v s) .
h/ If x €L ACL(K)-CL(S)), then
lim inf h(t)= g(x) - %( h(x) and 1lim sup h(t)» g(x) = h(x).
t->x t-ox
Since x¢ Cl (Kn)u Cl (Sn) , lim sup h(t)< g(x) + 2%. Hence,
' t x
LN ci(k) - c1(s) & s(n) -(cln) v T(r)) .
 Similarly, if x € N N CL(K )~ C1(S),  ther
1im sup h(t)= g(x)+ 15> h({x)= 1im inf h(t), so
t=x t-» x
N A c1{k )=~ ci(s )= sh) -(c(n)v ).
We have Just proved that the function h has the following
properties:
s(r)=(R ~(E - B)v(an %éNHn) vian MiokR - - 8)v a,

slh)=(r -(g - B)v &, c(h)= R -(£ = B) ana

(k)= Th) = @.
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111, Let (cn ’ dn) be a sequence of pairwise disjoint, open

intervals such that R - E = M (¢ » ¢g). For each nt N,

(cn » dy)= [(Cn y dp) 7 A] ""[(cn ' dn)n A1.l. V[(cn ’ dn) -\A °A1)l‘

Let (cn , dn)f\A = A UB_, where An-.:((cn . dn)r\A)o and B is

countable. Similarly,

(6, » a)n A= c uD, c =((c, , a)n4')®, D is countable,

(c, » a,)~(av A1)= Iwd, I=((c, , q) ~(AUA1)G , J, is countable.

~In the third step we shall construct the functicn m:R <R such
y 1 ;
that  C(m)= B,  T(m= T{m)=9, S(m=av Mo g ac1(C) - C1(ay)

C ey ‘
anc  S{m)= A'v nkéjN IO~ S ),

For each n € N we shall define the function ln:In -9(-'2 ’ O)U€) ’ 12)
\ . 1 .
such that for every xe& C1(I lim sup 1 {t)= » = = 1lim inf 1 _(t).
n)’ ey X n 2 = x n )
The definition of 1n is very much similar to the definiticn of

the functions in from section II.

Let
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( n(x)+ dist(x,E) for xe& \

neNtn
h(x}- dist(x,E) for x§& r\xéNC.n .
h{x)+ dist(x,E)-ln(x) for x€ MyI .,
m(\()r. < ‘ .
n(x)+ 2-! dist(x,E) for x¢ r&éN n ci{L,),
h(x) - é dist(x,E) for x& r&éN D N Cl(I Y,
L hix) | otherwise.

Notice that
(eq s dn)ﬁ {x ¢ R:mx)= h(x)} = [Jnﬂ Cl(An)ﬂ Clﬁc'n)] v
v [apncn(a) -cif{ryjvipnci(a)-cii)] o
v B ncilc) -cirp}vis »c1(cn) - crgal
This is a direct consequence of the following:
1/ (e, » d)= AwC I UB UD VI,

ii/ the sets Ay, Coy I, By, D, J, are pairwise disjoint,

i1/ B & cic v cilry, o ¢ Cl(An)u01(In), Joc ci(ayvcile).

The case :ii/ follows from the fact that if e.g. x€ B ,then there

exists an opsn set UG (cn , dn) such that x € U and UN A = ')
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/since A is closed in (c, , 4 )" A /. Since U is uncountable and
B,v D UJ, is countable, -"\cnv 1)V # @, where V 1s any open
subset of U such that x & V,

a/ If xe £ and (xn) is a sequence such that lim x = x, then for
n-peo

every ne N, h(x ) - dist(x ,E)< m(x )< h(x))+ dist (x,»E)+ Then

lim sup m{t)= lim sup h(t), lim inf m(t)= 1lim inf h(t) and
T=» X t-> X t->x t->x

m(x)= h(x). Hence,

Ens(m=EnSl)=EnA, Ensim=2ns)=Enal,

£aC(n)= EnC(n)= EnB=B and ENT(n)= EAT()= 4.

o/ If x€ A, then lim sup m{t)= lim sup h(t)+ dist (t,E) = m(x).
n t> x T x

Since A S A, (cp + 4)"B = ¢ and B is dense in Int(A), there exists

v e . . Ve %
2 segquence (xk) sucn tnat }l(lm X = X and xk¢ An / for ke /. Then

m (xk} < hix )+ % dist (xk,E) and

lim inf m(:)< lim inf n(x) £ hix)+ 12 dist(x,E) < =m(x). Hence,
t-> X Koy

Sean & s(m)-\ca) v ) . Similarly,
Uens s-(ela v i) -

neN'n =
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¢/ If x€ I, then li x) + & di )
n» then t:mxsup m(t) > hix) + 5 dist(x,E)> m(x) and

m(’x}> h(x)- 12 dist (x,E) } %im inf m(t). Therefore
» X
NI CR -(S(m) v S1(m\).

d/ 1fx€BNCLI), then Lin inf nit) € hix)- 3 dist(x,E)< n(x)
- ' >x

and }:-i;nxsup m(t)= h(x) + 12 dist(x,E)= m(x). Hence,

B0 CLIL) € S(m) -(clm) v T(w). Similarly,
Hpnei(n) ¢ st -(cim) v ).
e/ Ifxe€ S NCLANNCL(C,), then there exist sequences () (Y

€ C, / for k € Ii / and lim x. = lim y,= X.

such that xke. A
koo k=yo0

n’ YK

Then 1lim sup m{t) > lim m(x)= hix) + dist(x,Z) > m(x) and
t> X ' Koo

m(x) > h(x) - dist (,E)= lin m(yQ? 1im inf m(t). Hence,
Koo Tt X

U aciaya ci{c) ¢ R -{sim) v S’(m))-

£/ Ifxe JnﬂCl(An) - Cl(Cn) , then there exists an open set U
such that x ey, un In" $p and U N Cns ®. Because the set An is
boundary, x € Cl(Jn v Bn v Dn). But U A Bn= ¢. In fact, suppose

that there exists y&€ U N Bn' Then there exists an open set veu
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such that yeV and VN A = @. Then Vn(C vI_va )= 3,
a contradiction. Then

U= (uni)vunaner(a)-ci(c )} olunp nci(ay) - cal
Therefore lim sup m(t)= h(x)+ dist(x,E))m(x)= h(x)= lim inf m{t),

te> X tor x

and so
Saaci(a)-cilc) € s -( clmv T{R).  similarly,
Jep Aca(a) - ca1,) & ') - ( c{m) v T'm),
e ncile) - ciln) ¢ s(m)- {(m v T,
Yeanci(e)-cilay) & sm- (cmv T\m).

Kotice that for x & J, N C1{C) - C1 (A %1mx1nf m{t)= h(x)- dist(x,E)

and lim sup m(t)= h(x). Hence,
Lrx
s(m)= (a0 B Rl [3,0 ezl v B3nrciley - calr)]v

u[cnn ci(c) - Cl(Ah)D: Av ng g ncilc) - cilay)
stm)=(a'n 2)v rgN(cnu (b ~ci(t vl ncifa)-cl () v
Jl:Jnf\ c1la,) - m(cnm = Ay r\éN JnnCl(An] - ci(c),

C(m=B and T(m)= T1{m)= ?.
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IV, In the next step we define a function p:R - R such that

s(p)= &, Sip)=4a', C(p)=B and T(p)= Tp)= ¢.

The set Y Jn_(cl(cn)f\CﬂAn)) is countable. Let n) nen

be an enumeration of this set and (dn) neN Pe & sequence of
positive real numbers such that g b
Let us define the function p:R =R as follows:

m{x)+ dist(x, E){nz:

< x}%n for x€ Ny 9,0 C1(6}- C1(a

p(x)=
m{x)+ dist(x,u) Z: x4 i otherwise.

a/ If x¢ \4 Jn_-,(c1(;.n\n c1(c,)) , then the function

dist (x,E d, is continuous in x, so

>
s c g x}n

lim sup p(t)= lim sup m(t) + dist(x,E} and

. vd
t=- x t=> X n: cn,g x} n

1im inf p(t)= 1lim inf m(t) + dist \x,E) :xkdn‘ Hence,
t=>x t>x

s(p) - Yy Ip-leala)n ca(cy) = 4,
sYo) - v n-\m(zx\ n c1ic ) = A',

clo)- My 9,-(cifa, )0-cifc ) = s.

o/ 1f xeJncic)-ci(a), then
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s 1 . )
lin inf p(t) € lim inf(m(t)+ 5 dist(t,E)) = h(x) - § aist{x,E)<n(x),
Tt X t-» x

h{x)= m(x) < p(x)and

1im sup p(t)= 1lim sup { m(t)+ aist (t,E)._, d. .
tovx tos X ( *{n: c < tf n

Since there exists a sequence (tk) such that for each k tk> X,

t, g uB)-ClI})~-C_,lim t,= x, lim h(t, )= h{x) and
k(n n) n) n’kmk 'k_'“ k)_ ()

; > > 2 1i
:]-.91: e 62 tk}dm m: €3 x_}dm’ we have %};nxsup pt)3 kém;op (tk)> p(x)

Therefore r%e;jN J,N cilc )-ci(a) € R -(s(p) v S1(p)) .

Similarly, Moo onci(a)-cilc) € R -(sfp) v ')
Thus the function p has the following properties:

S(p)= A, S1(p)= A1, C(p)= B and T(p)= T1(p)= @.

V. The final step consists in the construction of the function
f:R 3 R, such that
s(f)=a, s')=4", c(g=38, 1t(t)=c ana TID)=c,

1

Because the set CUC’ is countable, there exists a sequence (en\ neN

of all elements of CwCl.
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‘Let us define the function f as follows:

p(x)+ % for x=-e and x¢CC,
Cfx)=< p(x)- i for x=e and x¢C',
| p(x) for x€& R ={cvc').

It is clear that f satisfies the conditions of the theorem,
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