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ASSOCIATED SETS AND CONTINUITY ROADS
Introduction. For a realvalued function of a real variable

f, the associated sets of f are the sets EC(f) = {x|f(x) < a)

and Eu(f) = {x|f(x) > a} for real a. Many classes of functions
can be characterized in terms of their associated sets. For

example f is continuous if and only if all of its associated

sets are open,and f 1is in the first Baire class (B]) if and only
if all of its associated sets are of type Fa. A continuity road
for a function f at a point x 1in its domain is a set E
containing x and such that f|. s continuous at x. (fIE

denotes the restriction of f to the domain E.) Many classes

of functions are characterized by having continuity roads of a
certain type at each point in their domains. For example, f is
continuous if at each point it has a continuity road which is open,
and f is approximately continucus if it has at each point a
continuity road which is an Fc set having the property that each
point is a point of Lebesgue density of that set. We thus have

two types of characterizations - in terms of associated sets and

in terms of continuity roads. In Theorem 1 of this paper we obtain
a result relating the two types of characterizations. 1In [4]
Zahorski defined a nested sequence of classes of functions w., 1=
0,1,...,5. He then demonstfated that the Mi classes are closely related
to the class of ordinary derivatives A. Specifically (among many
deep results in [4]) he established the inclusions M, 2 ba2 b¥..
(b vdenotes bounded.)} The Hﬁ classes are defined iﬁ terms of associated

sets and MS was shown to equal the approximately continuous func-
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tions. Hence M admits both types of characterizations, We will

apply Theorem 1 to the other n' classes and will see that with the exception
of ¥,, all the other ”i' 1=0,1,2,3 also admit continuity road
characterizations. In order to unify the study of the ﬁ’ and

related classes, we introduce some terminology.

Definitions and Preliminaries. u will denote Lebesgue measure, and all

sets will be assumed Lebesgue measurable. FG will denote the class of
all sets of type FU.
Definition. Let p be a property of sets (not necessarily
all sets) with respect te sets containing them. 1If Ac B, then
we denote that A has (doesn't have) property p with respect to
B by Ac pB(A .¢'pB). {x} ¢ pB will be denoted by x ¢ B. p

P
will be called a strong containment property if

i) AcpBcE implies A c pE
ii) ACBcpE implies AcpE
iii) If for each natural number n, An CPEn’ then

UAchE

n=1 P n=1 n’

Definition. If p 1is a strong containment property, we

define the class of functions np by f e Hp if and only if

]
Definition. If p 1is a Strong contaimment property and x

EX(f) c pEXf)e ¥ and E (1) cpE(f) e F forall o.

is a real number, we define the class of functions mp. [x] by
fe !dp[x] if and only if there exists a set E such that
xeEcyE and f £ is continuous at x, f.e. E is a
continuity road for f at x and E ¢ p E.

Now, if Ac B, let Ac p B mean that every point of A

5
is a point of Lebesgue density of B. Then Pg is easily seen
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to be a strong containment property and ups =M. Also, fe lps[x]
means that f 1{s approximately continuous at x and so we have

fe ns if and only if f e ups[xJ for all x. 1In order to inves-
tigate the analogous statements for the other “i classes, we
formulate their definitions in terms of strong containment
properties:

Definitions. If A c B, then A c B will mean that

PolPysP2)
for xe A and € > 0, the sets (x-e,x) n B and (x,x+€)n B are
infinite (have cardinality c, have positive measure). It is clear

that Pg* Pq and p, are strong containment properties and Mpo = uO'

upl = m] and npz = uz. Zahorski showed that mo = m] = Ds] (Darboux-

Baire 1 functions).

A Definition. If A c B, then A.c:p3B will mean that for x € A
and each k = 1,2,..., there exists e(x,k) > 0 such that u(In B)
> 0 for all intervals 1 such that duxil > %- and p(I) + d(x,I)

< e(x,k) (d(x,1) denotes tﬁe distance from x to I). It is clear

that P3 is a strong containment property and MPB = M.

Definition. If As F0 and A ¢ B, then At:qu will mean that there exists

a sequence of closed sets An and a sequence of positive numbers n,
(-3

such that A c¢ U} An and for each x ¢ An A and k = 1,2,... there
n=

exists e(x,k) > 0 such that u(I n B) > nnu(l) for all intervals I

cope M1 1 : ‘ _ .
for which i K and u(I) + d(x,I) < e(x,k). Clear]y py s
a strong containment property and npd = ma.
A1l functions, unless otherwise specified, will be defined on
[0,1]. In the sequel where properties are defined bilaterally, we

make the necessary modifications at 0 and 1.
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Main Results,

THEOREM 1. Let p be a strong containment property satis-
fying the three additional conditions:

a) if EcpE and G s open, then En G c pEnG;

by p is defined pointwise, i.e., A c pB if and only if
xepB for all x € A;

c) suppose {E} 1isa sequence of sets such that

E for a1l n and 0 E_ = {x}. Then

n+l n=l 0
there exist sequences of points {an} increasing to x

c Enc pEn

and {bn} decreasing to x such that x e p {x}u

o L(bpeqoby) v 2 sa )] 0 E L

Then, for a Baire 1 function f, the following are equivalent:
1) fe up[x] for all x e [0,1];

2) f'I(G) c p'\“‘"](G) for all open sets G;

3) go fe ldp for all continuous functions g.

PROOF: 1) implies 2). Let & be open, and let x e f'l(G). Since
fe up[x]. there exists a set E such that x ¢ Ec pE and f'E
js continuous at x. Hence there exists € > 0 such that
(x-€, xte) n E ¢ £ (6). But by hypothesis a ) we have (x-e, x+e)
nEcp (x-e,x+e) 0 E ¢ f'](G) and s0 Xe pf“](G). Hence
since p 1is defined pointwise, we have £ (G) ¢ pf'] (G).

2} implies 1). Let x e [0,1] and we show f e np[x]. Let
E, = (x-%, x+-:-1-) n f']{(f(x)-%-, f(x)-i»-]n—)}. Then from a) and 2)
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we see E .cE cpE and nQ’I E, = {x}. Hence by c) there

exist sequences {an} increasing to x and {bn) decreasing to
x such that x e . {x} ungl [(bnﬂ .bn) v (an.an“)] n En = E. By
111) in the definition of strong containment property and a) above,
we see that E CF’E and evidently f‘E is continuous at x.

2) implies 3). Let g be continuous and o be a real number.
We need to show E%(g o f) cpE“(g o f) e Fo and Ea(g o f) <p
Ea(g o f) e Fo. But E%(go f) = {x:go f(x) <a} = f'I(H), where
H= {x:9(x) < a}. Since g is continuous, H is open and so by
hypothesis f‘}(H) C;,f-](ﬂ)' Since f is Baire 1, f’I(H) € Yo.
Similarly, Ea(g o f) cpEa(g of)e Fo'

3) implies 2). Let f e up, G be open and we want to show
f'](G) cF)f'](G). We write G = nzl (an,bn) and then f"(G) = n§1
f"](an.bn)_ Now fix n and we show f'](an.bn) c‘)f'](an,bn). Let
m be the midpoint of (a“,bn)__and let g(x) =(§i{}{%)2. Then g(x) is
continuous and (an’bn) = {x:g(x) <1}. So {x:go f(x) <1}
= {x:f(x) e (an.bn)} = ¢l (an.bn). But by hypothesis, go f € up
and so {x:go f(x) <1}c 5 {x:go f(x) < 1}, i.e., f'](an,bn)
c;,f”](an.bn). Thus by condition iii) in the definition of a
strong containment property, we have f'](G) c pf'](G). This

completes the proof,

We observe that hypothesis c) was needed only in establishing
2) implies 1). Hence if p 1is any strong containment property
satisfying a) and b) above, then by letting g(x) = X in 3)
of Theorem 1, we see that fe up[x] for all x implies f e'npr
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We have thus established the following:

COROLLARY 1. If p {s any of the properties Po* Py» Py
Py and if f {s any Baire 1 function such that f e “p[x] for

311 x ¢ [0,1], then f e np.

It is worthwhile to note that many other classes of functions
related to the derivatives can be defined in terms of strong

containment properties. We give 2 examples:

Definition. If Ac B, then Ac Py B will mean that for
each X € A, there exists n, > 0 such that for each k = 1,2,...

there exists e(x,k) > 0 such that wu(I n B) > nxu(l) for all

1

L
17> k-

intervals 1 for which n(I) +d(x,I) < e(x,k}) and 3

Zahorski [4 pg. 52] asked if Mp, (this author's notation) is
the same as ”4' Lipinski [2] later answered in the negative
showing Mp, ¢ "4‘ However, it is evident that p* satisfies

hypotheses a) and b) of Theorem 1 and so for a Baire 1 function f,

fe up*[x] for all x = [0,1] dimplies f € mp*.

Definition. If Ac B, then Ac Pa B will mean for each
. oul(ly) . i
x € A, llﬂ ar;:fty = 0 for all sequences of intervals iln} for

which In nB=¢ forall an and I - x. (In + X means every
neighborhood of x contains all but finitely many of the intervals
InQ)

We remark that Py and p, are similar to what has been
called “non porosity" by some recent authors, See, for example,
[1] for a definition.

It is easily seen that u3 c upacz !H and Mpaf\ m2 = m3.
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Again, Py satisfies a) and b) of Theorem 1 and so for
Baire 1 functions f, f € ”p,[’d for al1 x € [0,1] implies

T
fe Pa

We note th;t the property Py does not satisfy b) of Theorem 1.
To see this, observe that xep4 B if and only if x € P B. Then since
px» satisfies b), pg cannot for otherwise, Pa and p, would be
equivalent. It is still undetermined whether or not f e mp4[x] for
all x € [0,1] implies f € Mpa.

We now investigate'the converse of Corollary 1.

COROLLARY 2. If fe¥ then f e up][x] for all xe[0,1].

Py’
PROOF: N evidently satisfies the hypotheses of Theorem 1.
Since ﬁp1 = 981 and this class is closed under composition on the

left by continuous functions, the result follows from Theorem 1.
COROLLARY 3. If fe MPO’ then f € npo[x] for all xe[0,1].

: B =% . (see [4]) and clearl ,
PROOF oo - by (see [4]) y ¥ [x] c up [x]
so the result foilows from Corollary 2.

"THEOREM 2. If f € ﬁpz, ‘then f e npzix] for all x e [o0,1].

PROOF: Py evidently satisfies the hypotheses of Theorem 1. Since

upz = “2’ and any f € uz is known to possess the Denjoy-Clarkson
property (see [3]), we have f’](G) c P, f'](G) for all open sets G.

The result follows from Theorem 1.
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THEOREM 3. If fe nps, then f € up3[x] for a1l xe[0,1].

PROOF: p, evidently satisfies a) and b) of Theorem 1.
We wish to use Theorem 1 and so must verify that pg satisfies c).

So suppose {En} is a sequence of sets, En+i c En < p 3 En and

n E = {x). We construct the sequence {bn]' the construction
n=1
of {an} being analogous. We choose b~ by induction to satisfy:

1} x< bn<X+)ﬁ
2). bn < bn_]

4) wu(lIn En) >0 for all I for which 3 1), %- and
u(1) +d{x,1) <b_ -

. . 1
Since x € E2 c E]Cp3 E1, there ex1stsv b] € tz such that x < b] <Xt
and u(l n E]) > 0 for all 1 for which FuxII > 1 and u(I) + d(x,I) < b] - X.
Aésume b]’bz""’bk have been chosen to satisfy 1), 2), 3), and 4) above.
Since x € Ek+2 c Ek_ﬂcp3 Ek+1’ there exists bk+1 € Ek+2 such that

] .
X < bk+1 <Xt bk+] < bk and u(ln Ek+1) >0 for all I for which

duxfl kli and u(I) + d(x,1) < b,y - x. This completes the induction.

Now let Fn = (bn+1’bn) n En and F =-;i;}r Then evidently
F c b3 F and we need to show that x e F u {x}. Given k, we

choose € < bk - x and then -—*‘(-(—)T Jk" and wu(l) + d{x,I) < ¢
imply  u{I)} + d(x,I) < by = X, Hence either I ¢ (bn+1’bn) or
1 contains bn for some n > k. In either case u{l n Fn) >0
or u(In Fn-l) >0 and so w(I n F) > 0. Thus P3 satisfies

hypothesis c) in Theorem 1.
Suppose f e t53 but f¢ le[x] for some x € [0,1]. By using

Theorem 1 and the fact that P3 is defined pointwise, there exists an interval
(a,b) and a point Xq € f'](a,b) such that x0€Ep3 f'](a,b). Thus there

exists a sequence of intevrvals {I } such that x,.e¢ I , I - x
n 02 0 n n 0’



N(ln) -1
- 13>n>0 forall n and w{l_n £ '(a,b)) =0 for all n,
0'"n n

Now, for any n, fhne npz.

for a11 z e I, and so I, 0 f"(a.b)_c Py I 0 f"‘(a.b) for all
n. But u(lnn f"}(a.b)) =0 for all n, and so In n f"(a,b)

Hence, by Theorem 2, fll € tpz[z]
n

= p for all n. Since f is Darboux, we must have that for each
n, either f(z) >b forall zel or f(z)<a forall zel.
Hence, there exists a subsequence {In 1} of {In} such that

k

In + X, and f(z) >b for all z e I and all k (or f(z)

k k
<a forall zel and all k). Thus either x, ¢ {x: f(x)
= " 0" Py
<b} or x, ¢ _  Ix:f(x) > a}l contradicting feM_ . This
0 Pq P3

proves the theorem,

It is worth noting that by combining Theorems 2 and 3 with Theorem 1,
we obtain a proof of the fact that nz and HB are closed under cutside

composition with continuous functions.

We now construct a function f defined on (-1,1) such that

1

m but f¢ n 0 . F h = 0,],2,300, ] t
fe s p4[ 1 i or each n e EE;T
0, 2 4 _ 1 ces 1 1
=x, {x, < xo ¢l <x, -—-zn be a partition of[————fzn+ ,-—-—zn]

into congruent subintervals. Now let (a;,b;), i= 1,2,...,4",
be a set of non-overlapping intervals of equal lengths such that:

. 1 S EU B
1)} the midpoint of (,an,bn) = X3

o 4"
2) U wu (a;,b;) has zero density at the origin.
n=1 i=1

4nﬂ _ bo

For notational convenience, we say b nel = By

Now define f on (0,1) by:
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1 on lb},.a,"““ if { is odd;

-1 on if 1 is even;

1 14))
bn"n

extended 1inearly between 1 and -1 on (a:.b:)

so as to make f continuous on (0,1).

Let f(x) = f(-x) for x e (-1,0), and let f(0) = 0. We first
show that f s the derivative of its integral. For x ¢ 0, f(x)

is continuous and so it remains to show 1im — I | I f(t)dt =
x+0

Now, if x| = ;%-, it is clear by the construction of f that

X
Ib f(t)dt = 0 so suppose  |x|€ (~€%T-’-%;). Then by the symmetry
2 2

of f, we have

1
X 2"+ X X
J f(t)dt J £(t)dt + J fF(t)dt| = [ £(t)dt|. And
0 0 1 1
2n+i 2n-l~'l
X 1 .
I f(t)dt| < "y by the construction of f. Now, since
L 4
2n+1 i
, | , X
[x| > n+1’ we have T%T-< 2“'*1 and so T%T I 1 f(t)dt
2n+1
2n+1 1 ] X
< = T Now, as x - 0, n = « and so we have l - j f(t)dt =
4n 2"- i l

So f is bounded and everywhere the derivative of its integral,

and since bounded derivatives are all in the class M4 we have
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@ 4"
few,, But it is easy to see fe M  [0]. let A= v u (ai,bi) and
4 4 nel §=1 M

-A = {x:-x € A}. We observe that 0 € f’](-l,l) = A u -A which has zero
density at 0 and hence there is no set E such that Qe Ecp4 Ec f'](-I,l).
Thus there is no set E such that 0 e E<:p4 E for which f E is

continuous at O.
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