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 THE MULTIPLE INTERSECTION PROPERTY FOR PATH DERIVATIVES

 The purpose of the multiple intersection property is to extend

 to path derivatives a result previously established for approxi-

 mate derivatives [2]. That result is the decomposition property

 of approximate derivatives. More precisely we deal with two ideas:

 see [1], [2], [3].

 (1) A function f: R -»• R is said to be compositely differentiate

 to another function g: R ■+ R if there is a sequence of closed sets
 00

 XÄ such that U x « R and for each n, the restriction of f to X„
 n n=l n n
 differentiates to the restriction of g to Xn. (The functions g(Xn

 are called a decomposition of g.)

 (2) A collection of sets, E » { Ex , xeR} is called a path system

 if, for each x, Ex contains x and has x as a limit point. Then,

 relative to this system, f: R R is said to have g: R •* R as

 path derivative, if, for each x, the restriction of f to E , dif-

 ferentiates, at x, to g(x).

 In general (1) is a more restrictive condition than (2).

 However, it should be noted that (2) requires that g(x) is a de-

 rived number of f at x while (1) does not. That is, some of the

 Xn may have isolated points. But we have the following:

 Proposition 1: Iff: R->R is compositely differential e to

 g: R -»■ R and, for each x, g(x) is a derived number of f at x, then
 oo

 there is a sequence of perfect sets Pp such that ü Pn - R and f

 is compositely differentiate to g relative to P .
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 Thus (1) implies (2) for such f arid g.

 It should be clear that in general (2) does not imply (1).

 In [1] it was found that many path derivates will have properties

 of derivatives if some kind of intersection condition is placed

 on the path system. A similar situation exists here.

 (3) A system of paths, E = {Ex, xeR}, has the multiple intersection

 property if there is a positive function 6, defined on R, such

 that, for each triple of numbers Xļ £ < x^ not all equal, if
 3

 [x1,x3] £= Mx.-ó(x.), X .+6(xļ. ) ) , then

 3
 ( /' Ex<) fi [Xj,Xj+ļ] t <t> for j ■ 1,2.

 In the case where = x^+^ for j = 1 or 2 this condition
 reduces to the intersection property of [1], Then we have:

 Theorem 1. If f: R R has g: R + R as a path derivative relative *

 to a system, E = {Ex, xeR} where E has the multiple intersection

 property, then f is compositely differentiate to g.

 Further we have, using Proposition 1,

 Theorem 2. If f: R R is compositely di fferentiable to g: R R

 and, for each x, g(x) is a derived number of f at x, then there

 is a path system E having the multiple intersection property such

 that g is the path derivative of f relative to E.
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