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Baire 1 functions

by M. Laczkovich

1. History. The transfinite classification of real functions
was introduced by René Baire in his thesis [1] in 1899. Baire's
starting point was the following problem.

Let f be a real function of two variables and suppose that
f is separatély continuous in each of its variables. How can we
characterize the diagonal function f(x,x)? (One can show by
simple examples that it is not necessarily continuous.) The

answer is given by the following theorem proved in the first part

of Baire's thesis.

" Theorem. For any real function ®:R + R the following
assertions are equivalent:
(1) ¢ 1is the limit of a convergent sequence of continuous
functions.
(ii) For every non-empty, perfect P € R, the restriction
of ® to P has a point of continuity.

(11i) There exists a separately continuous function f of

two variables such that

f(x,%) = 9o(x) (x € R).

Then Baire introduced the first class, B;, as the collection
of those functions which are not continuous but possess property

(i). He also defined Ba for every countable ordinal a:

(1) Results that are not referenced have not been published.
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if B have been defined for every B8 < a then

B

B ={f=1limf ; £ € U B, (n=1,2,...)})\ U B_.
o n+e B B<o P p<a P

(Later it turned out to be more convenient not to exclude the
functions belonging to the previous classes:; so that the "Baire
classes" today are not the same as those defined by Baire him-

self.) Baire remarks that the class

is closed under pointwise convergence and is of the power of
the continuum. Hence E does not contain every function.
Thus the question arises, what properties characterize the
functions in E. He introdﬁced the "Baire property" as an
attempt to find such a characterization. It has to be men-
tioned that the notion of category of sets and the category
theorem also originate from this paper.

Lebesgue proved as early as in 1899, that the properties
(i) and (ii) are also equivalent for functions of n vari-
ables [12]. (The proof given by Baire used the special
structure of perfect sets in 1R and could therefore not be
generalized. Later Baire gave another proof [4].) In 1904
Lebesgue proved the following theorem (see [13] ér [5], p. 154).
Let f be defined on an interval I ¢ R™. Then f is of the

first class if and only if for every € > O there is a sequence
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(-]
of closed sets such that UF =1I and
n=1 1

(rF }

n ' n=1

w(f,Fn) <€ (n=1,2,...), where w(f,H) denotes the os-
cillation of £ oﬁ the set H. Lebesgue remarks that this con-
dition is equivalent to the following one:

For every a < b, the associated set [(x € I; a < f(x) < b}
is F.

In his paper [14] Lebesgue completely solved the general
problem posed by Baire. In this monumental paper Lebesgue intro-
duced the transfinite classification of Borel sets and proved

that £ € U BB if and only if the associated set
B=a

{x? a < £(x) < b} is of additive class o for every a < b.
He showed that property (ii) has a generalization for every

a < Wqe proved that the classes Ba are non-empty and that

the Baire property is valid for every f € E. (Baire himself

only proved this for f € Bl U BZ') It is worth mentioning that

this very same paper contains the famous erroneous assertion that

the projections of the Borel subsets of the plane are also Borel.
Let f be defined on an interval I < R . By the theorems

of Baire and Lebesgue, the following conditions are equivalent:
(Aa) {x; f(x) <c} and {x : £(x) > c] are F_ sets

o
for every real c.

(B) £ is the limit of a pointwise convergent sequence of
continuous functions.

(C) Fror every non-empty, perfect subset P of the domain of
£, fiP has a point of continuity.
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It turned out soon that these results can be generalized to
functions defined on some other spaces. The first step in this
direction was taken by Baire himself. As early as 1899, Baire
introduced the space w? and defined the notions of limit point,
closed set, nowhere dense set and sets of first and second
category in ww. He also proved the category theorem in w?
(2], [3].

The general notion of metric space was introduced by
Fréchet in 1906 [6]. Shortly thereafter it was proved that
(d) and (B) are equivalent in every metric space (see [10],
P. 248) and that (C) implies (B) if the space is separable
([10], p. 254). 1If the space is complete, then (B) implies
(é’ ({10], p. 253). 1In general this is not true: in the
spaée of rational numbers (A) and (B) hold for every
function while there are nowhere continuous functions which
obviously do not have property (C).

Finally Montgomery proved in 1935 that (C) implies
(B) in every metric space [15]. Hence (A)&) (B)<€= (C)
is always true and (A)<%;(B)q:;(c) is true if the space

is complete.

2. Baire 1 functions and associated sets.

In an arbitrary topological space the conditions (A) and
(B) are no longer equivalent. Consider the set R of real
numbers endowed with the density topology. It is well-known
that the continuous functions in this topology are the approximate-

ly continuous functions and that they are Baire 1 functions in

18



the ordinary topology. It fcllows that any function satisfying
condition (B) in the density topology is a Baire 2 function.
(By a theorem of Preiss [16] the converse is also true.) On the
other hand, it is easy to check that the F, sets in the den-
sity topnlogy are.exactly the Lebesgue measurable sets and hence
the condition (A) 1is equivalent to the measurability of the
function in question. Therefore, in the density topology,
property (B) is strictly stronger than property (A).

Let (X,7) be a topological space. We shall denote by
dl(x) and BI(X) the classes of functions f£f:X =+ R satisfying

the conditions (A) and (B), respectively.

a;(x) = (£:X 2 R ; {x € X ; £(x) >c! and [(x € X ; £(x) < ¢}
are F; sets in X for every c € R},
8, (X) = {f:X * R; £ = lim £y £, € C(X) (n=l,2,...) ],

nta

where C(X) denotes the set of real valued, continuous functions
defined on X.

(Since, in general, a&(x) and Bl(x) do not coincide, we
have to decide which one is to be called the first class of Baire
in X. Bl(x) seems to be the natural choice.)

Let 2 denote the system of zero-sets in X:
-1
2=1{f “({o}) ; £ €c(x)]

and let
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o
2 ={UR :H €2 (n=1,2,...)).

Proposition 2.1. f € B;(X) if and only if
(x €x; £(x) <c) € 30 and {x € X ; £(x) > c] € 20 for every
c € R.

(This is a special case of some general theorems on pointwise
limits of functions belonging to a given class; see [10], p. 241

or [9], p. 248.)

Corollary 2.2. B1(X) € @ (X) holds in every topelogical

space (X,7).

g
Corollary 2.3. If 2 contains the closed sets then
d]_ (X) = Bl (x).

Theorem 2.4. If (X,7) is normal then @ (X) = B (X).

(We remark that normality does not imply that 26 contains

the closed sets.)

Since the density topology is completely regular [8], the

condition of normality cannot be replaced by complete regularity.

3. Baire 1 functions and continuity points.
Let (X,7) Ye a topolcgical space. We introduce the fol-

lowing classes of real valued functions defined on X.

20



Gl(x) = {f:X » R; for every non-empty, closed Y c X, the
restriction of f to the subspace Y has a continuity point},

B (X) =.{f:X + R; for every Y c X, the set of points of
discontinuity of the restriction of f to the subspace Y is
of first category in Y]},

BI(X) = {f:X » R; for every non-empty Y c X and ¢ > O
there exists an open G ©€ X such that Y NG ¥ ¢ and
w(f, YNG) ¢ }.

Propogition 3.1. 1In every topological space (X,7).
e, X < 8 (X) < B(X) and
Bl (X) c al (X) c £(X).

(The first assertion is an easy consequence of the definitions.

As for dl(x) - B(X), see [11], p. 394.)

A topological space is said to be a Baire-space if it does not
contain any non-empty open set of first category. This definition
together with the previous assertion immediately implies the

following:

Proposition 3.2. If the closed subspaces of X are Baire-

spaces then
B,(X) ca(®) cB X =C (X) = BX).

Corollary 3.3. If (X,J7) is a compact Hausdorff space then
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%*
@, (%) =8,(0 B X =C¢ (0 =5,

Theorem 3.4. In every topological space (X,7), the
following are equivalent:
(i) cl (X) < dl (x),
(ii) 8] ®) < a,(x),
(1ii) the space is perfect and for every Y C X, if Y is
locally F, then Y is F_ . (Y is said to be locally F,

o]
if every x € Y has an open neighborhood U such that Y N U

is Fo')
Corollary 3.5. If (X,T7) is perfect and paracompact then
*
cl (xX) < 31 (xX) < Bl (x) = (]1 (X)) < £(xX).

(Observe that every metric space is perfect and paracompact.)

Proposition 3.6. 1In every topological space, if

Gl (X) < Bl (X) then al xX) = 61 (x) .
(Proof: Let F c X be closed and let f be the characteristic
function of F. Then f € 01 (X) < Bl (X) and hence F =

{x; £(x) >0} € ,20. Thus we can apply 2.3.)

Corollary 3.7. In every topological space (X,7T), the
following are equivalent:
(1) Gl(x) c B, X,
. @ *
(ii) Bl (X) c al(x),
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(iii) & X) ca;(X) = 5,(x),
; *
(iv) 8] (0 ca)(X) =8, (%,
(v) X 1is perfect, every locally F ~set is F

and 26 contains the closed sets.

4. Absolute Baire 1 functiomns.

Let (X,d) be a metric space. The function f:X ®+ R is
said to be absolute Baire 1 if, for every metric space Y containir

X as a subspace, there exists a g € El(Y) such that g|x = f,

Theorem 4.1. Let (X,d) be a metric space and let
f:X + R Dbe given. Then the following are equivalent:
(i) £ 1is absolute Baire 1.
(ii) There exists a complete metric space Y containing
X as a subspace and g € 5,(Y¥) such that gl|, = £.
(i) £ € B (%),
(iv) For every € > O and every countable and completely
bounded H € X there exists an open G ¢ X such that HNG ¥ ¢

and w(f, H N G) < e.

Let x(X) denote the set of functions £f:X % R such that,
for every non-empty, compact K < X, the restriction f\K has
a continuity point. Then Theorem 4.1 easily implies the fol-

lowing assertion [7].

Corollary 4.2. If (X,d) is a complete metric space then
¢ =8, = nXx.
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5. More clagses on metric spaces.

Let X be a non-empty set and let {fw} be a trans-
T oalw 1

finite sequence of real valued functicns defined on X. We say

that £:X + R is the limit of the sequence {fa} if for
alw
1

every X € X and ¢ > O there exists % < Wy such that
|fa(x) - £(x)| < ¢ for every ay < a < w;. (This is equivalent

to the condition that fa(x) = f(x) for a > A = ao(x).)

This notion is due to Sierpinski who proved in [18] that
the limit of a transfinite sequence of Baire 1 functions is
Baire 1. (We remark that the limit of a transfinite sequence
of continuous function is continuous; while, supposing the
centinuum hypothesis, every function is the limit of a trans-
finite sequence of Baire 2 functions.)

Let 8S(X) denote the set of limits of transfinite se-
quences from Bl(X).

Let M(X) denote the set of functions f£:X + R such that

for every countable H < X there exists g € Bl(x) with g\H = f,

Proposition 5.1. For every metric space (X,d), S(X) < m(X).

If |xX| = 8 then S(X) = MX).
Let bs(x) denote the set of functions £f:X + R such that

f\Y € 8(Y) for every separable subspace Y C X.

Theorem 5.2. In every metric space (X,d), we have

&S(X) < 7m(X) o
Crxn o

e, (X) c B (X) (X =8 (X 550 < n(x).
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Corollary 5.3. If the metric space (X,d) is complete

then the classes above coincide.
In particular, it follows that in complete metric spaces
§(X) = B,(X). This generalizes the theorem by Sierpinski

mentioned above. See also [17].
Corollary 5.4. If (X,d) 1is a separable metric space then
Gl(X) CBI(x) < al(x) = Bl(x) Cs(X) cnMX) € B(X) € u(X).

Let Q denote the set of rational numbers (as a subspace

of R). It is easy to see that Ci(Q) 4 B;(Q) and

P
)@ #8,(@. Indeed, if £ () L2 ((pg) = 1,g>0) ang

P ef *
g (a) == q ((p,q) = 1, >0) then f£f € /31(0)\ ¢,(Q and

g €8, (Q\ 8 ().

Now let X be a separable metric space such that |X| = ¥,

and every countable subset of X is G (see [11], p. 517).

It is easy to check that in this space S(X) contains every
R

function f:X + R. If 2 0. xl then there is a function

on X which is not Baire 1 since the number of Baire 1

R
functions is at most 2 (S xl while the number of all real

R
valued functions on X is Rl 1. Therefore, supposing the
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continuum hypothesis, we can find a separable space with
5, (X) # S(X).

We can find other spaces for which S(X) # m(X),

mX) # H(X) and BH(X) # n(X) holds, respectively. All these
examples are based on some "singular" spaces and use the axiom
of choice or some hypotheses indepzndent of the axioms of set
theory. The following thebrem explains, why it is impossible
to find some simple, constructive examples.

Let (X,d) Y»e a metric space. The subset H C X 1is
called analytic if H is the result of the (&) -operation
applied to a system of closed subsets of X. The space
(X,d) 1is called absolute analytic if X 1is analytic in
every metric space Y containing X as a subspace. It is
well-known that X 1is absolute analytic if and only if there
is a complete metric space ¥ containing X as an analytic

subset (see [9], p. 346).

Theorem 5.5. If (X,d) 1is absolute analytic then

Bl(x) = x(X). (See [7], p. 496.)

Corollary 5.6. If (X,d) 1is absolute analytic then

QR)=N&=%R)=MM=K&%
The space Q (as a Borel subspace of R) is absolute
*
analytic. As we saw, in this space neither Ci(x) = Bl(x) nor

*
Bl(X) = Bl(X) is valid.

26



References

[1] R. Baire, Sur les fonctions de variables réelles, Annali
di Matematica 3 /1899/, 1-123.

[2] R. Baire, Sur la théorie des ensembles, Comptes Rendus
Paris 129 /1899/.

[3] R. Baire, Sur la théorie des fonctions discontinues,
Comptes Rendus Paris 129 /1899/.

[4] R. Baire, Nouvelle démonstration d'un théoréme sur les
fonctions discontinues, Bull. Soc. Math. France 28
/1900/, 173-179.

[5] E. Borel, Legons sur les fonctions de variables réelles
/Paris, 1905/.

[6] M. Fréchet, Sur quelques points du calcul fonctionnel,
Rend. del Circ. Mat. di Palermo 22 /1906/, 1-74.

[7] J. Gerlits and M. Laczkovich, On barely continuous and
‘ Baire 1 functions, Collog. Math. Soc. Jdnos Bolyai
23. Topology /Budapest, 1978/, 493-499.

[8] C. Goffman, C. Neugebauer and T. Nishiura, Density topology
and approximate continuity, Duke Math. Journ. 28
/1961/, 497-506.
[9] H. Hahn, Reelle Funktionen /Leipzig, 1932/.
[10] F. Hausdorff, Mengenlehre /Berlin, 1927/.
[11] K. Kuratowski, Topology /New York and London, 1966/.

[12] H. Lebesgue, Sur les fonctions de plusieurs variables,
Comptes Rendus Paris 128 /1899/,

[13] H. Lebesgue, Une propriété caractéristique des fonctions
de classe 1, Bull. Soc. Math. France 32 /1904/,
229-242.

[14] H. Lebesgue, Sur les fonctions représentables analytiquement,
Journ. de Math. Pures et Appl. 1 71905/, 139-216.

[15] D. Montgomery, Non-separable metric spaces, Fund. Math. 25
/1935/, 527-533.

[16] D. Preiss, Limits of approximately continuous functions,
Czechoslovak Math. J. 21 /1971/, 371-372.

27



[17] . galét, On transfinite sequences of B measurable
functions, Fund. Math. 78 /1973/, 157-162.

[18] W. Sierpinski, Sur les suites transfinies convergentes
de fonctions de Baire, Fund. Math. 1 /1920/,
132-141.

28



	Contents
	p. 15
	p. 16
	p. 17
	p. 18
	p. 19
	p. 20
	p. 21
	p. 22
	p. 23
	p. 24
	p. 25
	p. 26
	p. 27
	p. 28

	Issue Table of Contents
	Real Analysis Exchange, Vol. 9, No. 1 (1983-84) pp. 1-295
	Front Matter
	EDITORIAL MESSAGE [pp. 2-2]
	Richard Fleissner 1942 - 1983 [pp. 5-8]
	7th Real Analysis Exchange Conference Preliminary Announcement [pp. 9-11]
	PROCEEDINGS OF THE SIXTH SUMMER SYMPOSIUM
	[Introduction] [pp. 12-14]
	Baire 1 functions [pp. 15-28]
	A Report on Globs [pp. 29-31]
	THE MULTIPLE INTERSECTION PROPERTY FOR PATH DERIVATIVES [pp. 32-34]
	Fourier Integral Inequalities and Applications [pp. 35-46]
	PARAMETRIC DERIVATIVES ARE IN BAIRE CLASS ONE [pp. 47-49]
	THE SETS OF CONSTANCY OF FUNCTIONS WITH A VANISHING DERIVATIVE [pp. 50-51]
	Differentiability of Peano type functions - multidimensional case [pp. 52-53]
	QUALITATIVE ASPECTS OF DIFFERENTIATION [pp. 54-62]
	Some New Simple Proofs of Old Difficult Theorems [pp. 63-78]
	Topology for the Spaces of Denjoy Integrable Functions [pp. 79-85]
	On the classification of set-valued functions [pp. 86-93]
	THE APPROXIMATE CONTINUITY OF LP SMOOTH FUNCTIONS [pp. 94-95]
	THE LEBESGUE SYNDROME [pp. 96-110]
	On Locally Bounded Maps of Sequence Spaces [pp. 111-115]
	On a Decomposition of Co(IRn) Functions into Simple Component Pieces [pp. 116-122]
	VARIATIONS ON BLUMBERG'S THEOREM [pp. 123-137]
	The chain rule and change of variable for the Denjoy integral [pp. 138-140]
	MULTIPLIERS OF VARIOUS CLASSES OF DERIVATIVES (Lecture presented at Real Analysis Symposium in Waterloo) [pp. 141-145]
	NEW RESULTS ON FUNCTION CLASSES INVARIANT UNDER CHANGE OF VARIABLE [pp. 146-153]

	TOPICAL SURVEYS
	SYMMETRIC REAL ANALYSIS: A SURVEY [pp. 154-178]
	A SURVEY OF DARBOUX BAIRE 1 FUNCTIONS [pp. 179-194]

	RESEARCH ARTICLES
	ASSOCIATED SETS AND CONTINUITY ROADS [pp. 195-205]
	ON PROJECTIONS OF BIG PLANAR SETS [pp. 206-214]
	ON SEMICONTINUITY POINTS [pp. 215-232]
	ON THE FIRST AND THE FIFTH CLASS OF ZAHORSKI [pp. 233-250]
	SOME PROPERTIES OF MULTIPLIERS OF SUMMABLE DERIVATIVES [pp. 251-257]
	MULTIPLIERS OF NONNEGATIVE DERIVATIVES [pp. 258-272]

	INROADS
	On Generalized Cluster Sets [pp. 273-283]
	Hájek's Theorem Does Not Hold for n > 1 [pp. 284-288]
	A point about ℕ×N matrices and ℓ∞ [pp. 289-293]

	QUERIES [pp. 294-295]



