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 Some Counterexamples in Multifunction Theory

 If F is a function, called a multifunction, from a given

 topological space T into the space P (Y) of all nonempty sub-

 sets of a given topological space Y, then a selection for F

 is any function f : T-»Y such that f(t) € F(t) for all t € T.

 The problem of finding nice selections for nice mul ti functions

 is an old one and has been extensively studied. However, most

 of the work has been devoted to finding selections which are

 measurable with respect to some measure. (See ["12] for a list

 of references.) If UcY, then F~ (U) is defined as usual

 for relations, so that

 F~ (U) = [t € T : (y, t) 6 F~^ for some y6ü) = {t€T:F(t)nu^cO.

 The conditions under which a multifunction F admits a Borei 1

 selection in terms of the topological nature of the values F(t) j
 of the graph Gr F = { (t,y) : y€F(t)} and of the inverse image

 F~ (U) of open sets U under F were recently collated and

 investigated in [1]. The aim of this note is to answer some

 problems posed in [1]. The results given below are inspired by

 corresponding results obtained in [3], [7], and [8],

 By R we mean the set of all real numbers. By 5 (Y)

 (resp. K (Y') ) we mean the classes of all closed (resp. convex)

 members of P (Y) . If F :T-»P(Y), we say that F is lower
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 semicontinuous (briefly lsc) , if F (U) is open in T, when-

 ever U is open in Y. If we impose the condition that the

 set F (U) be of Borei additive class a, then we say that

 F is lower semicontinuous of class a or lsc a . Notice

 that when F(t) = { f (t) ) for a function f : T-»Y, the defini-

 tions of lsc a and lsc reduce to the definitions of a Borei a

 and continuous functions respectively. Rather stringent condi-

 tions must be imposed upon a multifunction to admit a continuous

 selection. The most sifnificant result in this regard is the

 following.

 Theorem 1 ([11]) . Let F : T-»)C(Rn) . If T is perfectly normal

 and F is lsc, then F has a continuous selection.

 In [10] the following general problem is formulated:

 Problem: Under what assumptions can theorems known for a = O

 (i.e. theorems on lsc multi functions) be extended to arbitrary

 a < 0 ?

 Paper [1] contains the following Borela analogue of Michael's

 Theorem 1.

 Theorem 2 ([1]). Let F : X -*X (Rn) where X is a metric space.

 If F is lsc a , then F has a Borei a selection.

 We may ask whether the range space in Theorem 2 can be generalized.

 Specifically# [1] asks the following questions.
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 QUESTION 6 (original numeration) . Let F : T-»?f(Y) where T

 is a metric and Y is an infinite dimensional normed linear

 space. Does F have a Borei 1 selection when F is lsc 1?

 QUESTION 7. Let F : T -♦ P (Rn) where T is a metric space.
 Does F have a Borei 1 selection when F is lscl and each

 F (t) is an arc?

 The following four counterexamples show that the answer to

 both questions is negative, even if F is lsc.

 EXAMPLE 1 . Let T : = [0;1] and let Y be the separable Banach

 space of continuous real-valued functions on the interval T

 with the sup norm. There exists a lsc multifunction F : T -*X (Y) ,

 which admits no (Borei) measurable selection.

 Proof: Decompose T into 2 disjoint nonmeasurable subsets A

 and B. The set H of polynomials with real coefficients is a

 dense, F^, non-complete, linear subspace of Y. Define a multi-
 function F : T-»?C(Y) by setting

 ÍH if t € A
 F (t)

 H + exp (• ) if t € B.

 The multifunction F is lsc since F (U) is T or empty for

 every open subset U of Y. Clearly F is convex-valued.

 However, if f is any selection for F, then f (H) is non-

 measurable while H is a F^ -set. That completes the proof.
 In the following example values of F are 1-dimensional

 convex sets.

 496



 EXAMPLE 2 . There exists a nonseparable prehiblert space Y and

 a lsc 1 multifunction F : R -*K (Y) which has no measurable

 selection.

 Proof; Define Y : = {h : R -+R : supp h : ={x : h(x) ^ 0} is finite] .

 Then

 <g| I h> : = S g (x) • h (x)
 xeR

 is a scalar product in Y. Decompose R into 2 disjoint non-

 measurable subsets: R = AUB and put

 tg € Y : g (t) >0 and supp g ' = ft]' if t€A
 F(t) =•' '

 ^€Y: g (t) <0 and supp g = {t}j if t € B.

 Notice that F is lsc 1. Next note that Z : = (g €y : g (x) žO

 for all x€r) is closed in Y. If f(t) 6 F(t) for all t € R,

 then f (Z) = A. Hence f is nonmeasurable .

 EXAMPLE 3 . There exists a lsc multifunction F : [0,27t) -» P (Rn) ,

 n £ 2 with open arcs as values but having no Borei 1 selection.

 2 2
 Proof: Let S : = fx-,,x^,x„, . . . ,x.J : x, + x„ = 1, x„ = • • - = x =0]

 denote the unit circle in Rn. Since the class of all Borei

 functions from T : = [0:2^) to S has the same cardinality as

 T, it is clear that we can choose a function h : T -» S such that

 the graph of h intersects the graph of each Borei function

 from T to S. For each t 6 T put
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 F (t) : = S - (h(t) }.

 Obviously, each F(t) is an arc. It is easy to show that F

 is lsc, since F (U) is empty or T for open UCRn. However,

 if f : T -» S is any Borei function, then there exists a tQ 6 T
 such that = Hence F admits no Borei 1 selection.

 Remark: Example 3 also shows that a lsc multifunction with

 open, connected values may fail to have a Borei graph.

 EXAMPLE 4 . There exists a lsc multifunction F : [O, 2t) -*Rn, n^2

 with a G graph and arcwise connected values but, with no

 Borei 1 selection.

 Proof î Define T and S as in the proof of example 3. Z.Grande

 recently exhibited a Borei 2 function g : T -» T which intersects

 each Borei 1 function from T into T (see [5]) . Obviously, by

 the lifting theorem, for every map f : T •+ S there exists a map

 h : T -» T such that

 f (t) = (cos h (t) , sinh(t), 0, ...,0) € S.

 Put

 F (t) = S - { (cos g (t) , sin g (t) ,0, . . . ,0) } .

 It is easily checked that F has a GÔ(J graph but no Borei 1
 selection.
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 In [8] a general theorem on selectors was proved (cf. also

 [4]) which implies that for a metric space T, a complete sepa-

 rable metric space Y and every lsc F : T -» ? (Y) there exists

 a Borei 1 selection. A further interesting question (see also

 í'2], T4], [6], [8]) is whether or not the Polish-ness of Y in

 this theorem is essential. Specifically:

 QUESTION 4 . Do there exist metric spaces T and Y and a

 lsc 1 multifunction F : T -» ? (Y) which has no Borei 1 selection?

 EXAMPLE 5 . Assuming the continuum hypothesis# there exist metric

 spaces T and Y and a lsc 1 multifunction F : T -» ? (Y) which

 has no Borei selection.

 Proof: (cf [8]) : Let T be the unit interval with the usual

 metric and let Y = {a : a < 0} be the set of all countable ordi-

 nals with the discrete metric. Arrange all points of T in a

 transfinite sequence of type Ū and define

 T3 t -»F(t ) = f ß s ß sa} for a < il.

 Evidently# F is lsc 1 closed-valued multifunction. Let

 f : T-»Y be any selection for F. Since ^ a ^or ev®ry

 a < Ū, each fiber f~({ô}), Ô < Q, is countable. Since the

 fibers are pairwise disjoint and since the family of all subsets

 of all fibers has cardinality greater than the set of all Borei

 sets, it follows that there exists a zcy so that

 f (Z) = U f ({6}) is nonmeasurable. Since Z is closed,
 ôeZ

 this completes the argument.

 499



 I wish to express my gratitude to Z. Grande for having

 introduced me to this area of study, and for some very help-

 ful and stimulating discussions.
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