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On Darboux Asymmetry

Darboux points of a real function of a real variable were
investigated by many authors, for references see [1,2], but I
have not found a characterization of a set of points which are
Darboux points from exactly one side of an arbitrary function.
This article gives a characterization of that set. First we
give the definition of Darboux points.

We shall denote by L(f,x)(L™(f,x), L+(f,x)) the set of all
(a1l left-sided, right-sided) limit points of a function f at a
point x.

The function f : R > R has a Darboux point at x, (x0 is a

left-sided Darboux point of the function f) from the left side if

(1) flxg) € L(f.xg),
and
(i1) for every § > 0 and ¢ ¢ R such that

c € (lim inf f(x), 1im sup f(x))
X > Xg- X > Xg-

there exists x ¢ (x0 -6, xo) such that f(x) = c.

In an analogous way one can define right-sided Darboux points.
A point Xg is a Darboux point of a function f if it is a left-sided
and right-sided Darboux point.

A point Xq is a point of Darboux asymmetry of a function f

if it is a left-sided Darboux point and is not a right-sided
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Darboux point or, conversely, it is a right-sided Darboux point but
is not a left-sided Darboux point of this function.

Theorem on Darboux asymmetry. For an arbitrary function

f : R > R the set of Darboux asymmetry points is at most denumerable.

Proof. Clearly, it is sufficient to prove that the set A
consisting of points which are left-sided Darboux points of f but
not right-sided Darboux points is at most denumerable.

If Xg € A then there are two possibilities

(ii4) f(xo) & (lim inf f(x), 1im sup f(x))
X =+ X t X > X.+
0 0
or
(iv) there exist 6§ > 0 and c ¢ R such that

¢ ¢ (1im inf f(x), 1im sup f(x))
X > xg* X > Xg*

and f(x) # ¢ for x € (xo, Xg * s).

The set A0 of those points which fulfill the condition
(iii) is at most denumerable (see Young's theorem on asymmetry,
(51).

Let An n= i, 2, ... denote the set of those points
Xg € A for which the condition (i) is fulfilled and there exist
numbers Sy 2 %- and Cy such that the condition (iv) is
fulfilled and

. 1
(v) min (|cX - axl s lcx - bxl)‘z-ﬁ ,

where

a, = lim inf f(x) , bX = 1im sup f(x)
X > Xg* X > Xpt
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if these 1imits are finite, (If one of them is infinite, then
we omit the condition (v).)

Thus

Now we shall prove that each of sets An, n=1, 2, ... fulfills

the condition: An does not contain any of its left-sided points

of accumulation.

Let us suppose that it is false, i.e., there exists a sequence

(xk) and Xg € R such that
X < Xgo o X € A, Xg €A, Xe > Xg-
Since x, € An’ f(xo) € L'(f,xo), and according to properties

broved in [3]
L (f’xo) = & x

where [fs F, denotes the upper topological limit ([4]) and

. L*(f,x)D%&xo L(f,x) D4s L(f.x,) ,

teT
L(f,x) = {x}xL(f,x) ,
L(f,x) = {x}xL(f,x) ,
L*(f,x) = {x}xIXf,x) ,
L*(f,x) = L(f,x) U {f(x)}.

Since each of sets L(f,xk) has a diameter greater than %-, the

set L-(f,xo) also has diameter not less than %-.

Assume now that 1im inf f(x) = ai > ==, Then let
X - X3
0

a=1inf {yeR | (xo,y) € Qg L(f,xk)}.

0f course a Z_a; > -=. The set £s L(f,xk) has diameter not less
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than-% and there exists kn such that

min L(f,xk) >a - %- and Xg - X

S|
.

<

kn

Then we infer that

Cy € (1im inf f(x), lim sup f(x))
kn X + xa X -+ xa

and

f(x) # <y for X € (xkn,xo) .

Ky

This shows that Xg is not a left-sided Darboux point of f, which
is a contradiction.
One can obtain a contradiction in a similar way in a case

if 1im sup f(x) < =.
X -> XO"

Now if 1im inf f(x) = - » and 1im sup f(x) = = then
X = XO- X -> XO-

there exists x, such that |x, - x,|< 1 and we obtain a con-
kn kn 0" " n

tradiction as well for there exists cX such that

Ky

1 . .
f(x) # c, for x e:(xkn,xkn+~ﬁ) and Xg is not a left-sided

kn
Darboux point of f.
This completes the proof that A is a denumerable union of de-
numerable sets.

The following example completes the theorem.

Let (xn) be an arbitrary denumerable set in R and (an) a
sequence of positive real numbers for which the series
f:_an is convergent.

n=1
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Let
f(x) = > a_ .
n
Xp < X

This function is continuous at every point x = Xgs N = 1, 2, ...
and it is unilaterally continuous at every X0 at which it has a

Darboux point from left but not from right.

REFERENCES

(1] Bruckner, A.M., Differentiation of Real Functions, Springer
Verlag, Berlin, Heidelberg, New York.

[2] Bruckner, A.M., Ceder J.G., Darboux continuity, Jahresbericht
d. Deutsch. Math. Verein. 67 (1965).

[3] Jedrzejewski, J.M., Wilczynski W., On the family of sets of
1limit numbers, Bull. L'Acad. Pol. Sci. ser. math. 18(8)(1970).

[4] Kuratowski, C., Topologie I, IT PWN Warszawa.

[5] Young, W., La symetric de structure des fonctions des variables
reeles, Bull. des Sciences Math. (2) 52 (1928).

Received August 17, 1981

176



	Contents
	p. 172
	p. 173
	p. 174
	p. 175
	p. 176

	Issue Table of Contents
	Real Analysis Exchange, Vol. 7, No. 1 (1981-82) pp. 1-179
	Front Matter
	EDITORIAL MESSAGES [pp. 3-3]
	TOPICAL SURVEY
	Peano Derivatives: A Survey [pp. 5-23]

	PROCEEDINGS OF THE FOURTH SUMMER SYMPOSIUM
	Introductory Remarks [pp. 27-29]
	REAL ANALYSIS SUMMER SYMPOSIUM 1981 SYRACUSE UNIVERSITY PROGRAM [pp. 30-30]
	Summaries of Presentations
	Some Problems in Need of Solution [pp. 31-41]
	LEBESGUE AREA AND DEGIORGI PERIMETER OF THE BOUNDARY OF A TOPOLOGICAL BALL IN Rn [pp. 42-52]
	On Functions With Non-Negative Divided Differences [pp. 53-53]
	PRODUCTS OF DERIVATIVES AND APPROXIMATE CONTINUITY [pp. 54-57]
	Fourier Series of Functions of Generalized Bounded Variation [pp. 58-60]
	On Baire one Darboux functions with Lusin's condition (N) [pp. 61-64]
	A NEW NOTION OF DERIVATIVE [pp. 65-84]
	Modification of Functions [pp. 85-88]
	Partially Convex Functions in the Variational Calculus [pp. 89-92]
	SECTIONWISE PROPERTIES AND AVERAGING PROCESSES [pp. 93-111]
	Iterated Lp Derivatives [pp. 112-116]


	RESEARCH ARTICLES
	SUR LA CONSTRUCTION OE MESURES ASSOCIEES AUX CONTRACTIONS ASYMPTOTIQUES DES INTERVALLES [pp. 117-128]
	On continuous periodic extensions of functions [pp. 129-134]
	ON A SPACE OF FUNCTIONS REPRESENTABLE BY DERIVATIVES [pp. 135-148]
	SOME THEOREMS ON DINI DERIVATES [pp. 149-154]
	SOME EXAMPLES ON CONTINUOUS RESTRICTIONS [pp. 155-162]

	INROADS
	On Strong Essential Cluster Sets [pp. 163-168]
	A DARBOUX PROPERTY FOR TRANSFORMATIONS [pp. 169-171]
	On Darboux Asymmetry [pp. 172-176]

	[SYMPOSIA ANNOUNCEMENTS] [pp. 177-178]
	QUERIES
	QUERIES FROM THE TEXT [pp. 179-179]




