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 Some Problems is Need of Solution

 How presumptuous of the author to include the word "need" in

 the title of this paper, especially when the contents concern

 problems he is interested ini But, perhaps, the need is merely

 his own and perhaps the problems to be described below are not

 meant to be the most important, or the deepest, or even the most

 intriguing, but rather only a set of three problems with which

 the author has found some fascination. And, I should add, prob-

 lems he would enjoy knowing the solutions to. Kindness demands

 that in reading this paper we adopt this latter attitude and hen-

 ceforth we shall axiomdtize said adoption.

 The problems discussed here have three quite distinctive

 personalities which reflect, in some sense, three aspects of our

 discipline. The first problem is something old. That is, many of

 the techniques used in working on it are classical, but, more-

 over, the entire flavor of the study has deep traditions. The

 second problem is something borrowed. Real analysts have always

 been useful to mathematicians in other areas, and indeed, much of

 the motivation for studying a particular real variables concept

 often stems from its interest elsewhere. The early Fundamentas

 are a rich source for such material, and the second problem

 described here is of that mold. In specific, this second problem

 has direct motivational ties with ordinary differential equa-
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 tions. The final problem, or problem area, is something neir* it

 concerns the study of <r-porous sets.

 Something Old

 In [6], Z. Grande considered the relationship between the

 classes of pointwise limits of approximately continuons fonc-

 tions, Bļ(A), pointirise limits of almost everywhere continuous

 functions, B¿(P), and pointwise limits of functions which are

 both approximately continuous and almost everywhere continuous

 functions, Bļ(AflP). Now, the characteristic function of the

 rational numbers is an example which shows that Bļ(AflP) is not

 merely the intersection, B^(A)f' Bļ(P) , and the reason is that the

 rationals are sewn to their complement in a topological-

 measure theoretic way. To delimit the functions in Bj(A)ABi(P)

 Grande defined a new class of functions AP^ (see [N]) as the set

 of all those functions f such that whenever a < b and U and V are

 nonempty sets with UC{x:f(x) < a} and VC{x:f(x) > b} , then UUV<£

 d*(clUnclV), d*(X) denotes the set of points of upper density of

 the set X, cl denotes Euclidean closure. Although this is not the

 original definition of APļ, it is equivalent, [CH¿], and is a bit

 more geometric. Grande shows that

 • Bļ(AfiP)C BļUmBļiPjnAPi

 and asks whether the inequality in * is actually an equality.

 Because a fairly general theory of Baire functions is known (see

 [K] ) , a great deal of machinery can immediately be brought to
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 baire(?) on this question. In particular, if F is the class of

 those functions which are continuons relative to a topology on

 Rn, then there is a characterization of Ba(F) in terms of the

 Baire sets associated with that topology in the same way that the

 classical Baire functions are characterized by the usual Baire

 sets. That is, f e Ba(F) if and only if the preimage of every

 open set is in the additive Baire class. Of the classes con-

 sidered here A and Af'P are the continuous functions for specific

 topologies and, as a consequence, are characterized by the asso-

 ciated Baire sets as described above. The approximately continu-

 ous functions are precisely those functions which are continuous

 with respect to the density topology [GV] which consists of those

 measurable sets for which each point of the set is a point of

 full density of the set. The topology for Af'P (in R.1) was intro-

 duced by R.J. O'Malley in the course of his investigation of the

 approximate derivative, [Oļ] and [Oj] , and consists of those den-

 sity open sets which can be decomposed as GUZ where G is

 Euclidean open and Z is a null set. Neither of these topologies

 is normal and as a consequence, the Baire sets and the Borei sets

 are differenti this, perhaps, adds to their charisma. In addition

 to the general study of Baire functions, there are the following

 two specific and quite lovely characterizations of two of the

 spaces under consideration. The first is a theorem of D. Preiss,

 [P] , and the second is a theorem of D. Maul d in, [M] . In these

 theorems, C denotes the continuous functions.
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 THEOSEM P. Bļ(A) «BjtO.

 THEOKEM M. A fonction £ e Bj(P) iff there is a function

 geBļ(C) such that (x:f (x)^g(x)} is contained in an Fa null

 set.

 In [N] , T. Nishiura studied the topology of AAP (in Kn) in

 some detail and gleaned from this more general study a number of

 results which vere pertinent to Grande's question. Nishiura's

 work led him to define a neir class of functions, APj, whose

 definition is quite technically linked to the topology of AH P

 and subsequently he proved

 Bļ(AHP) = Bļ(A)n Bļ(P)H APļO ±AP2

 However, it is not clear whether ±AP¿ plays an essential role.

 Then in [CH¿] and [CH2] 6. Cox and P. Humke studied the spaces in

 question with the specific goal of settling Grande's question.

 Their basic approach was classical and the machinery they set up

 in conjunction with Nishiura's topological work may prove to be

 the context of an eventual solution* but maybe not? In particu-

 lar, they show that every function in one of the many spaces

 under consideration is the uniform limit of simple functions from

 the same space, and that the properties involved are retained

 when taking uniform limits. These results, and the linear struc-

 ture of the spaces allow them to conclude both:
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 THEOKEM CH. If Bļ(AAP) t Bļ(A)ABi(P)n APļ then there

 is a characteristic function which shows this.

 THEOKEM HC. APļ C Bļ(P) .

 Hence, Grandes question becomes:

 Is ^UrtP) - BjUÌOAPx ?

 And this problem is still in need of a solution.

 Something Borrowed

 This borrowed problem is borrowed from ordinary differential

 equations and was shown to me by Keith Schräder [S] from Mis-

 souri. But there is nothing ordinary concerning this problem,

 for its solution would not only provide a nice theorem (or exam-

 ple) in the theory of boundary value problem's, but would be of

 interest just as a real variables problem. Although I'll spare

 the reader the details of the problemi background, I should men-

 tion that the problem comes from an area of boundary value prob-

 lems labeled "uniqueness implies existence" and a nice overview

 of the subject with informative examples can be found in L. K.

 Jackson's article, [J]. In particular, the problem discussed here

 appears in conjunction with Kamke's Convergence Theorem in which

 one is able to assert that for a given sequence of solutions to a

 certain differential equation that

 * IVI + IVI +---+ l7n(k)l -> "

 uniformly on a set of positive measure. Is it then true that the
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 graph of yn intersects some set of polynomials (or lines) with

 uniformly bounded coefficients a large number of times on short

 intervals? Let me be more specific and hopefully more precise.

 For definiteness I'll consider jnst one function f: [0,1]->R which

 could be any term of the original sequence, (yn) . If ksl then we

 can normalize f to be bounded by 1 and then we can interpret * to

 say that |f '| is very large on, say half of [0,1] . It then follows

 from a familiar Banach indicatrix argument that some horizontal

 line intersects the graph of f very may times on [0,1]. Let's

 consider the second case. Again suppose that f is bounded by 1,

 but now assume that |f'| + |f''| is very large on a set of measure

 1/2. Is it true that some line (not necessarily horizontal)

 intersects the graph of f many times? To my knowledge, the answer

 to this is not known. Such is also the state of the higher

 degree problems. To conclude this section I'd like to give two

 variations of this problem.

 PROBLEM 1. Let Fa denote the set of all twice differenti-

 able functions, f, such that

 a. |f(x)li 1/n for 04x^1

 b. |f"(x)| > 1 for X e SC [0,1] where m(S) 1 1/2.

 Let i(f,L) denote the number of intersections of the graph of f

 with the line L, and let

 i(n) = inf{i(f,L) : f e Fn and L is a line}.

 Compute a reasonable estimate of i(n), or at least lim sup i(n).
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 PROBLEM 2. Let S denote a set of n disjoint segments in

 [0,1] X[0,e] each of length, say Hin. Suppose also that the seg-

 ments are increasing in the sense that if one segment lies to the

 right of another it also lies above. Is there a line L which

 intersects Imany" (like n^/2) 0f these segments?

 I find these problems both interesting and important, a nice

 combination.

 Something New

 The notion of cr-porosity is no longer infant in its applica-

 tions to real fonction theory, but it is new enongh that many

 potential applications and many ideas that appear fundamental to

 the notion remain unresolved or at least unfocused. In [EFE]

 Foran and Humke studied a few of the connections between the

 notion of (T-porous sets and some of the more standard set

 theoretic properties. In particular, they show that every <r-

 porous set is contained in a Gg'^-porous set, but that there are

 o-porous sets which are contained in no o-porous F„ set. This

 deprives the user of one of the tools normally used to show a set

 is of the first Baire category. The notion of o-porosity is quite

 distinct from that of either measure zero or first category, so

 one might expect that the measure theoretic companion to the

 category result is also false. This is, as of this writing, unk-

 nown, and would be quite useful to know.
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 Is every a- porous set contained in a 65 a- porous set?

 There are other areas of the set theoretic study needing

 work, and the first I'll mention is this.

 Does there exist a closed a-porous set, S, such that S+S

 contains an interval?

 OR

 Is it trne that if E is closed and not <r- porous then E+E

 contains an interval

 Although these two questions appear analogous, they are not, for

 the Cantor Ternary Set provides an affirmative answer to the

 first question, but to my knowledge the second question is

 unresolved. An affirmative answer to the second question would

 show that every non o-porous set would be a basis. That is, if a

 Fourier Series converges absolutely on such a set, then it con-

 verges absolutely a.e.. A partial converse to this is found

 below.

 THEOREM. Suppose ^ pnsinaQx (pn>0) has the properties that:

 ^ Pnlsinanxl < +® on E

 2. ^ PjjJsina^x^ +® a.e.

 3 . pn > p > 0 for every n. Then E is <r-

 porous .
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 Proof. If there is a subsequence {a } , of

 {c^} which converges to a, then E C {nn/a : n=0,+l,...} if aéO and

 {0} if os0 so in either case, E is porous. Hence, the only

 interesting case is when Let

 OB

 Ej, » {x: ^ pjjsina^zļ < p/2} ,
 m

 and let x08Eg,. As PjJsina^xJI <p/2 for m<n, it follows that

 |sinanx0)<l/2 and consequently,

 09

 *o 8 W [kn/Oa-n/^Ojj , kn/a^ + «/6«^] ■ I.

 If xel, then ļsinanx|>l/2 and so pn|sinanxļ > plsinc^xl) p/2, or

 xeEj,. It follows, then, that the porosity of Ejļ in [x^XQ+jr/Ojj]

 is at least 2/3 for each n>m and as {aj}-)«, Eg has porosity at

 least 2/3 at x0. This completes the proof.

 It would be nice to know whether the condition pa > p0 > 0

 for infinitely many n could be eliminated from the hypothesis of

 the result stated above.

 Two other questions concerning <r- porous sets were asked by

 L. Zaj icek, [Z] , and, for a variety of reasons, I'd like to

 restate them here. First, I find them intersting in their own

 right, and second, I have re-bumped into them in a obtuse fashion

 while studying discontinuities of the derivative. A bit of notaě

 tion is necessary. Let f be a continuous, increasing real valued

 function. If M c S and xeR, we let y(x,e,H) denote the supremum

 of the lengths of the intervals in (x-e,x+e) f' (R~M) and then

 define the f-porosity of M at x to be
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 lim supf(y(x,e,M))/e
 8->0+

 The point x is a point of f-porosity of M if the f-porosity of M

 at z is positive, and M is an f-porous set if it is f-pofons at

 each of its points. Two surprising results (both due to Zaj icek)

 are:

 nTPnpPM 2ļ. Let 0<q<p<l and let MeR. Then H is a set of

 (x<l)-a--porosity iff M is a set of (xP)-<r-porosity.

 THEOREM Zj. If 0<q<l then there is a perfect set of (x4)-

 <T-porosity which has positive Lebesgue measure.

 In light of the first result we see that the notion of "polynomi-

 al ly o-porous" makes good sense, and from the second that there

 are sets of positive measure which are polynomially o-porous. In

 a real sense, however, most sets which have positive measure are

 not polynomially o-porous. Two questions remain.

 Does there exist a (perfect) set which is both of measure

 zero and of the first Baixe category which is not polynomially

 a- porous ?

 Does there exist a continuous increasing function, f, such

 that any (perfect) set of measure zero and of the first Baire

 category is a set of f-cr-porosity?

 40



 heferences

 [CHļ] G.V. Cox and P.D. Eumke, A note on pointwise limits of
 functions which are approximately continuous and almost

 everywhere continuons. Studia Hath. Acad. Sci. Hangar,
 (to appear) .

 [CHjî G.V. Cox and P.D. Humke, Classes of Baire functions. Trans.
 Amer. Math. Soc., (to appear) .

 [EFH] J. Foran and P.D. Humke, Some set theoretic prperties of a-
 porous sets. Real Anal. Exch. , Vol.6, No. 1,(1980), pp.
 114-120.

 [G] Z. Grande, Sur les suites des fonctions approximativement
 continues et continues presque partout. Colloq. Math. 38
 (1978), 259-262.

 [GW] C. Goffman and D. Waterman, Approximately continuous
 transformations . Proc. Amer. Math. Soc. 12 (1961), 116-
 121.

 [J] L.K. Jackson, Boundary value problems for ordinary dif-
 ferential equations. M.A.A. Studies in Mathemaics,
 Vol. 14, Studies in Ordinary Differential Equations, 93-
 127.

 [M] D. Mauldin, a- ideals and related Baire systems. Fund.
 Math. 71 (1971), 171-177.

 [N] T. Nishiura, The topology of almost continuous, approxi-
 mately continuous fune t ions . Acta Math. Acad. Sci. Hun-

 gar., (to appear).

 [Oļ] R.J. O'Malley, Approximately dif ferentiable functions: the
 r- topology. Pacific Math. J. 72 (1977), 207-222.

 [Oj] R.J. O'Malley, Approximately continuus functions which are
 continuous almost everywhere. Acta Math. Acad. Sci. Hun-

 gar. (to appear)

 [P] D. Preiss, Limits of approximately continuous functions.
 Czechoslovak Math. J. 96 (1971), 371-372.

 [S] K. Schräder, Private correspondence .

 [Z] L. Zajicek, Sets of a- porosity and sets of <r- porosity
 (q), Časopis Math. 101 (1976) 350-359.

 41


	Contents
	p. 31
	p. 32
	p. 33
	p. 34
	p. 35
	p. 36
	p. 37
	p. 38
	p. 39
	p. 40
	p. 41

	Issue Table of Contents
	Real Analysis Exchange, Vol. 7, No. 1 (1981-82) pp. 1-179
	Front Matter
	EDITORIAL MESSAGES [pp. 3-3]
	TOPICAL SURVEY
	Peano Derivatives: A Survey [pp. 5-23]

	PROCEEDINGS OF THE FOURTH SUMMER SYMPOSIUM
	Introductory Remarks [pp. 27-29]
	REAL ANALYSIS SUMMER SYMPOSIUM 1981 SYRACUSE UNIVERSITY PROGRAM [pp. 30-30]
	Summaries of Presentations
	Some Problems in Need of Solution [pp. 31-41]
	LEBESGUE AREA AND DEGIORGI PERIMETER OF THE BOUNDARY OF A TOPOLOGICAL BALL IN Rn [pp. 42-52]
	On Functions With Non-Negative Divided Differences [pp. 53-53]
	PRODUCTS OF DERIVATIVES AND APPROXIMATE CONTINUITY [pp. 54-57]
	Fourier Series of Functions of Generalized Bounded Variation [pp. 58-60]
	On Baire one Darboux functions with Lusin's condition (N) [pp. 61-64]
	A NEW NOTION OF DERIVATIVE [pp. 65-84]
	Modification of Functions [pp. 85-88]
	Partially Convex Functions in the Variational Calculus [pp. 89-92]
	SECTIONWISE PROPERTIES AND AVERAGING PROCESSES [pp. 93-111]
	Iterated Lp Derivatives [pp. 112-116]


	RESEARCH ARTICLES
	SUR LA CONSTRUCTION OE MESURES ASSOCIEES AUX CONTRACTIONS ASYMPTOTIQUES DES INTERVALLES [pp. 117-128]
	On continuous periodic extensions of functions [pp. 129-134]
	ON A SPACE OF FUNCTIONS REPRESENTABLE BY DERIVATIVES [pp. 135-148]
	SOME THEOREMS ON DINI DERIVATES [pp. 149-154]
	SOME EXAMPLES ON CONTINUOUS RESTRICTIONS [pp. 155-162]

	INROADS
	On Strong Essential Cluster Sets [pp. 163-168]
	A DARBOUX PROPERTY FOR TRANSFORMATIONS [pp. 169-171]
	On Darboux Asymmetry [pp. 172-176]

	[SYMPOSIA ANNOUNCEMENTS] [pp. 177-178]
	QUERIES
	QUERIES FROM THE TEXT [pp. 179-179]




