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THE PRESERVATION OF THE
CONVEXITY OF FUNCTIONS

1 Introduction

Let us consider the classes of continuous, convex, starshaped and superadditive
functions defined respectively by:

C() = {f:[0,0) > R, f(0) =0, f continuous}

K@) = {feCO)|fltz+(1-t)y) <tf(z) +(1-t)f(y),
Vte(0,1), Yz,y € [0,b]}

Stb) = {feC(d)]| f(tz) <tf(z), Vte[0,1], z € [0,b]}

S®) = {feC®)|flz+y) > f(z)+ f(y), Vz,y,z+y€[0,8]}.

In [2] it is proved that all these classes are preserved by the arithmetic integral
mean A defined by

A(f)(z) = %/0 f(t)dt, for z >0, A(f)(0)=0.
Moreover, if for a given set F of functions we set
MF ={feC(b)|A(f) € F},
in [2] it is proved that for any positive b the following strict inclusions hold:
K(b) C MK (b) C St(b) C S(b) C MSt(b) C MS(b).

Simple proofs of these relations are also given in [5].
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References [3] and [4] consider the integral operator Wy, defined by

1) W) = g_(t)TlgW /0 " @) F(0) dt, Wy(£)(0) = £(0)

where g is a given differentiable function. In [5] it is proved that if W, preserves
one of the classes K (b), St(b), or S(b), then the function g is necessarily of the
form g(z) = kz* for some u > 0 and some k # 0. If we denote the resulting

operator by A,
u [T .
(2) Aulf)e) = = /O -1 5(1) dt

and if for a given set F' of functions we set M*F = {f € C(b) : Au(f) € F},
then it is proved that for any positive numbers b and u the following inclusions

hold:
K@) c MUYK(@®) C St(b) C S(b)

] n
M®St(}) C MUS(b)

A similar result was proved for some classes of generalized convexity of
order two in [6] and [7] and for convexity, starshapedness and superadditivity
of higher order in [8].

Analyzing all these results, we can produce a general scheme that we want
to consider in what follows.

2 A Class of Generalized Convex Functions

Let D = (djk)n,m be a n x m matrix and C = (cj)» be a given n vector with
the property that ¢; +---+ ¢, = 0. Let ‘

D(b) = {X = (zk)m | idjk:ck €[0,b), 5= 1,...,n}

k=1

and then, for any X from D(b), the functional Lcp(-)(X) : C(b) = R defined

by
n m
Lop(F)(X) =) cif { zdjkzk}
j=1 k=1
Using them, we can define a general class of convex functions

Kcp(b) = {f € C[0,b]) | Lep(F)(X) >0, VX € D(b)}.
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By adequate choices of C and D we get the sets of Jensen convex functions
and of superadditive functions, usual or generalized, and of any order. For
example the condition of superadditivity of f € C[0, ] is

f(z1 + z2) = f(z1) = f(z2) + f(0) >0, Vz,,z2,21 + 22 €[0,8]

and it becomes that given in the definition of S(b) for f from C(b). In [8] we
considered also superadditivity of order n > 2. For example f € C|0, b] is said
to be superadditive of order 3 if

f(z1+ 22+ £3) — f(z1 + z2) — f(x1 + z3) — f(z2 + z3) + f(=1)+
+f(z:2) +f(:c3) - f(O) >0, Vz,,22,23,21+ 22+ 23 € [O,b].

For convexity and starshapedness we must refer to Remark 3.

The condition on C assures that the class K¢p(b) is nonempty because it
contains the constant functions. But we need a more precise condition. For
this let us denote by P, the set of polynomials of degree at most g.

Definition 1 The class Kcp(b) is well defined if there is an integer ¢ > 1
such that Lcp(f) = 0 if and only if f € P,.

Remark 1 The determination of the value of g for C and D given is a problem
of functional equations. Of course, necessary conditions are Lop(ex) = 0 for
k =0,...,9, and Lcp(eg+1) # 0 where ex(z) = zk for k > 0. But it is
a difficult problem to prove that they are also sufficient or to find simpler
conditions. For some results and references see [1, pages. 129-131]. For
example if Lep (f)(X) = 27, ¢; f(z1 + (j — 1)z2), the value of g is less than
1 plus the order of multiplicity of the root ¢ = 1 in the equation c¢; + cot +
et = 0.

3 Main Results

We want to determine those functions g that give an integral operator W,,
defined by (1), which preserves the class K¢ p (b). We have the following result.

Theorem 1 If the class of functions Kcp (b) is well defined and W preserves
it, then there is a positive number u such that g(z) = vz* Vz € [0, ).

PRrRoOOF. For any p from P,, because p and —p belong to K¢p(b), we have
W, (p) and Wy (—p) also in K¢ p(b) and this is equivalent to Lcp (Wy(p))(X) =
0V X € D(b). Thus Wy(p) is in Py as Kcp(b) is well defined. Let Wy (ex) = px
for k =1,...,q. Differentiating these relations we get

9'(z) Pl
3 = forz € (0,b], k=1,...,
B -0 " e -mm O ’
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or, if we set px(z) = ako + ak1Z + -+ + axqz?, we have for 1< k< h< g

(z —Zah,z-’) Zjaka’ “l= (z" —iakaj) Xq:jahjzj'l.
i=1

j=0 i=1

For h = g equating the coefficients of 229! we get axq = 0 for k < ¢. Then
for h = ¢ — 1 and the power 2¢ — 3, we deduce also ax q-1 =0fork < ¢g—1
and by induction ax; = 0 for k¥ < j. Thus p;(z) = aj0 + @112z and from (3),
gl(z) (1381
9(z) = g(0) — T metana)
Using such a weight function we denote the resulting operator by A,. It
is given by (2). Also we introduce the following class of functions

M*Kcp(b) = {f € C(b) | Au(f) € Kcp(b)}-

Theorem 2 IftX belongs to D(b) for any t € [0,1] and any X € D(b), then
for any positive u we have Kcp(b) C M*Kcpb.

with k = 1, we have which gives the result. O

PROOF. Substituting ¢t = zs¥/* in A, (f) we get Au(f)(z) = fol f(zs*/*)ds.
So for any X from D(b)

Lep(Au(f)(X) = ZcJAu(f (Zd,m)
i=1

iq /lf (sl/“idjkxk) ds
j=1 YO k=1

1 n
/0 ch (Zd,kzks ) s

1
/ Lop(f)(Xs/%)ds > 0
0

because f is from Kcp(b) and s'/*X from D(b).

Remark 2 The condition [0, 1]x D(b) C D(b) holds, for example, if the matriz
D s positive.

Remark 3 If instead C and D we use families of vectors C and of matrices
D, all the above results remain valid. So we obtain similar theorems for various
sets of conver or of starshaped functions. For ezample, the function f € C|0, b]
is starshaped if tf(z) — f(tz) + (L —1)f(0) > 0Vz € [0,d] for every t € [0, 1],
that is, we have a set of conditions.
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