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FINITE ADDITIVITY AND CLOSEST
APPROXIMATIONS

Abstract
Suppose that  is a set, F is a field of subsets of 2, and A(R)(F)
is the set of all real-valued finitely additive functions defined on F. For
each £ € A(R)(F) let A(€) = {n: n € A(R)(F), £ — n bounded}. It is
shown that for each £ in A(R)(F), for certain subsets of A(£) with special
closure properties, theorems about closest approximations, functional
equations and decompositions hold.

1 Introduction

In a large variety of spaces, near - point, or closest approximation considera-
tions frequently arise, either explicitly, in the form of theorems, or implicitly,
as parts of various arguments. Among these spaces, various function spaces
play a prominent role (see [1,2,3,4,6,7]), and it is for such a function space,
specifically a space of finitely additive set functions, not necessarily bounded,
that we carry out our investigations concerning closest approximations in this
paper.

Suppose that Q is a set, F is a field of subsets of Q, A(R)(F) is the set of
all real-valued functions with domain F that are finitely additive, AB(R)(F)
is the set of all bounded elements of A(R)(F) and AB(R)(F)* is the set of all
nonnegative - valued elements of A(R)(F). In this paper, all integrals will be
refinement - wise limits of the appropriate sums (see section 2).

Many subsets of AB(R)(F) have a near point property, and we list some
of these below.

Suppose that x is in AB(R)(F)*.

1) Let A, = {£ : € in AB(R)(F), & absolutely continuous with respect to u}
(e,0 definition).
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560 WILLIAM APPLING

2) Let C, denote the set to which ¢ belongs iff £ is in AB(R)(F) and is
“u - refinement - continuous”, i. e., if 0 < ¢, then there is d > 0 and
subdivision D of § such that if [ is in F and I C V for some V in D
and p(I) < d, then |(I)| < c.

3) Suppose that a is a function from F into exp(R) with bounded range
union. Let Z, denote {£ : £ in AB(R)(F), [, af exists }.

4) For some K > 0 let

Lip (4, K) = {€ : € in AB(R)(F), Ku— / €] in AB(R)(F)*}

Now, if P is any of the above subsets and £ is in AB(R)(F), then there is an
element v of P such that if ¥ isin P and v # v, then

/n €(1) - v(D)] < ]n le(1) -

This fact is a special case of the following closest approximation theorem [1]:

Theorem 1.1 Suppose that P is a subset of AB(R)(F) satisfying the follow-
ing conditions:

1) If n isin P, ¢ is in AB(R)(F) and [ || — [ [¢] is in AB(R)(F)*, then
¢ tsin P, and

2) If p is in AB(R)(F)*t and X is the function with domain F given by
A(V) = sup{n(V) : n in PN AB(R)(F)*,p — 9 in AB(R)(F)*},
then X is in PN AB(R)(F)*.

Then, for each € in AB(R)(F) there is an element v of P such that if vy is in
P andy # v, then [o [E(I) = v(I)| < Jy lE(T) = (D)

Now, for the above setting, it can be easily shown that for £ and v as described,
yin P and V in F, that fv (1) — v(I)| < fv |€(1) = v(I)|. For a subset of
AB(R)(F) for which the uniqueness of minimizing functions is not necessarily
true, the immediately preceding inequality is the best possible. It is this sort
of inequality that we obtain as a generalization of Theorem 1.1 and which we
state below immediately after Definitions 1.1 and 1.2.

Definition 1.1 If n is in A(R)(F) and V is in F, then nlV] is the function
from F into R given by nlV1(I) = n(V N I); we take the usual liberties with set
intersections; clearly nlV) is in A(R)(F)
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Definition 1.2 If§ is in A(R)(F), then
A(§) = {n:n in AR)(F),§—n in AB(R)(F)}.

Clearly {(¢,v) : { —v in AB(R)(F)} is an equivalence relation, so that if each
of n and ¢ is in A(R)(F), then A({) = A(n) iff A(¢) and A(n) have an element

in common.

Theorem 3.1 Suppose that £ is in A(R)(F), M C A() and the following
three statements are true:

1) If each of n and ¢ is in M, then so is each of [ maz{n,(} and [ min{n,(}
(see section 2 concerning the ezistence of certain integrals).

2) IfVisin F,V # Q and each of n and ¢ is in M, then V1 4 ¢lO-V1 45
in M.

3) Suppose that X is a function from F into R and {p:}3%, is a sequence
of elements of M such that either:

i) foreach V in F, pn(V) < pn41(V) for all n, and
A(V) = sup{pn(V) : n a positive integer},
or
ii) for each V in F, pn(V) > pn41(V) for all n, and
A(V) = inf{pn (V) : n a positive integer}.
Then X is in M.
Then there is A’ in M such that if n is in M and V is in F, then

/ €)= X ()| < / I€() - (D).
\ 4 \ 4

As was remarked above, the inequality of the conclusion of Theorem 3.1 is
the “best possible”. To see this, let F(o,;) denote the collection of all unions
of finite subcollections of {(p;q]: 0 < p < ¢ < 1}. As is well-known, F(o)
is a field of subsets of (0;1]. By well-known methods there is an element p
in AB(R)(F(o;))* such that {¢ : £ in AB(R)(F(0,1)), [ €] = p}, denoted by
V(p), contains more than one element. Letting 0 denote the zero function on
Flo;1), we see that (0, V(u)) satisfies the hypothesis of Theorem 3.1 with the
further property that if p; and p; are in V(u) and V is in F{o,}, then

/ 10(1) = pr(1)] = / 10() = pa(D)]-
1% 1%
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As a further example of a subset of A(R)(F) that satisfies the hypothesis of
Theorem 3.1, but not necessarily the hypothesis nor the conclusion of Theorem
1.1, we consider the following generalization of the example of the immediately
preceding paragraph.

Example: Suppose that H is a closed and bounded subset of R, £ is in
AB(R)(F), and

M= { / aé : a a function from F' into H, / af exists} .
fy)

With reference to establishing the conditions of the hypothesis of Theorem
3.1 for the above collection, we refer the reader to [2] as well as section 2 of this
paper for the differential equivalence (see also [5]) consequences and closure
properties that imply them.

We now continue our discussion of the theorems of this paper.

We show the following functional equation theorem (see section 4):

Theorem 4.1 Suppose that each of & and &; is in A(R)(F) and M C A(&)
fori=1,2, so that A(§y) = A(€2). Suppose that M satisfies the hypothesis of
Theorem 8.1. Suppose that if i = 1,2, then A; is an element of M such that
for each V in F,

/V |&(I) = (D) = 1nf{/ |&(I) = n(I)| :n in M} .

It follows that if Q is maz or min, then [, Q{€1,&2} exists, M C A(f Q{£1,62})
(see Theorem 2.2) and for each V in F,

/V‘/IQ{EI(J),&(J)}-/IQ{AI(J),,\z(J)}l -

mt { [ UIQ{&(J),&(J)}—n(I) i},
We conclude the paper with a converse to Theorem 4.1 in the form of the

following decomposition theorem:

Theorem 5.1 Suppose that each of & and &3 is in A(R)(F) and M C A(&)
fori=1,2., so that A(£1) = A(€2). Suppose that if £ is & or &2, then (€, M)
satisfies the hypothesis of Theorem 3.1. Suppose that p is in M, Q is maz or

min and for each V in F,
)| =t { [ | [@tes. e -an|:nen}.

/ / Qe (), (N} - oI

Then for i = 1,2 there is p; in M such that
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i) p= [ Q{p1,p2} and
it) fori=1,2 and each V in F,

[ 60 - win=inf { [ 160 - a0l :ne ).

2 Preliminary Theorems and Definitions

If Visin F, then the statement that D is a subdivision of V' means that D is
a finite collection of mutually disjoint sets of F' with union V. The statement
that F is a refinement of H, denoted by “F << H”, means that for some V'
in F, each of E and H is a subdivision of V' and each element of E is a subset
of some element of H.

We shall let 7(F) denote the set of all functions from F into exp(R). If
aisin r(F), Visin F and E << {V}, then the statement that b is an « -
function on E means that b is a function with domain E such that for each I
in E, b(I) is in a(I).

As stated in the introduction, in this paper all integrals shall be refinement-
wise limits of the appropriate sums; thus, if @ isin 7(F) and V isin F, then the
statement that K is an integral of @ on V means that K is in R and if 0 < ¢,
then there is D << {V} such that if E << D and b is an « - function on E,
then |K —Y g b(I)| < ¢; K is unique and is denoted by [, a(I), [;, a(J), [, «,
etc. We refer the reader to [2] for the basic properties of these set function
integrals, as well Kolmogoroff’s [5] notion of differential equivalence and some
of its immediate consequences, which shall be used in this paper, and of which
we shall give a brief listing following Definition 2.1 and Convention 2.1 below.

We digress briefly for the following definition and convention.

Definition 2.1 Suppose that S is a set, each of f and g is a function from S
into a collection of sets, and w is a function such that

(Range union)(f) x (Range union)(g) C Dom(w).

Then
w(f,9) ={(t,w(z,y)) : tinS, (z,y) in f(t) x g(t)}.

Convention 2.1 If S is a set and h is a function from S into R, then, for
certain purposes in this paper, we shall regard h as “equivalent” to {(t, {h(t)}) :
t in S}; we shall, at times, combine “set-valued” and “single-valued” functions
in accordance with this convention and above definition.

For D << {Q}, we let r(D)(X)(F) denote the set to which a belongs iff
a is in r(F) and {3 gb(I): E << D, b an a — function on E} is bounded.
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For each D << {Q} and B in r(D)(XZ)(F) we let Lp(B) and Gp(B) denote,
respectively, the function with domain F such that for each V in F, Lp(f)
and Gp(B) are the sup and inf, respectively, of the (consequently) bounded set

{Z b(I) :E a subset of a refinement of D, E << {V},
E

b a B — function on E}

Theorem 2.1 Suppose that D << {Q}, and suppose that each of a,  and v
is in r(D)(Z)(F). Then the following statements are true.

1)IfVisin F, P << {V}, Q << {V} and H is a refinement of each of
P and Q, then

2_Gp(@)() £ Y Gp(@)(N) < Y Lp(@)(J) < 3 Lo()(D),
P H H Q
so that we have the following ezistence and inequality:

[ eo@n < [ Lo,

equality holding iff [, a(I) ezists, in which case [, Gp(a)(I) = [, a(l) =
Iy Lo(a)(D).

2) If [, a exists, then, for each V in F [, a exists and [ o, which denotes
{(V, [, @) : V in F} is in A(R)(F).

3) If [ ezists, then [|a(l) - [a| =0, i. e, if 0 < c, then there is
D << {Q} such that if E << D and a 1s an a-function on E, then 3 _ ¢ |a(I)—

al<ec.
Jr 4) Ifv is r(F) and has bounded range union, then [, |v(I)||a(I)— f; 2| =0,
so that if V is in F, then [, v(I)a(I) ezists iff [, v(I) [;  ezists, in which
case equality holds.

5) If Q is maz or min and each of fnﬁ and fn'y ezists, then

J1atsm.amy-e(f s [ =0

so that if V is in F, then [, Q{B(1),v(I)} ezists iff [, Q{[, B, [; 7} emists,

in which case equality holds.

We now discuss some inequalities and their integral existence implications.
If S is a finite set and each of f and g is a function from S into R, then

Y _min{f(z),9(z)} < min {Z f(=), zg(z)}
S S )
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< max{zf(z),zg(z)} < > max{f(z),9(z)}
5 s s

This implies that if V is in F, D << {V}, E << D, H << D and each of 9
and ¢ is in A(R)(F'), then

Y " min{n(J),¢(N)} < > min{n(1), (1)}
E D

<Y max{n(I),¢(} £ > max{n(J),¢{(J)},
D H

so that f;, min{n(J),{(J)} exists iff {3 p{min{n(J),{(J)} : P << {V}}
is bounded below, and [, max{n(J),{(J)} exists iff {}"p max{n(J),{(J)} :
P << {V}} is bounded above.

We now prove an integral existence theorem for elements of A(R)(F).

Theorem 2.2 If each of n and { is in A(R)(F), then the following three
statements are equivalent:

1) There is £ in A(R)(F) such that each of ) and ¢ is in A(€),
2) IfV isin F, then [, maz{n(I),((I)} ezists, and
3) If V isin F, then [, min{n(I),{(I)} ezists.
Furthermore, in case 1) each of [ maz{n,{} and [ min{n,(} is in A(£).

PRrRoOOF. Suppose that 1) is true and Q is max or min. Suppose that V is in
F. If E << {V}, then

1> Qin(0,¢(D} = [ @4n(d) - €(1),¢(1) - &N} +€(V)|
E E
< S 1Qin(n) - &(1,¢() - D} + (V)]
E

< (E In(1) —é(I)I) + (Z 1¢(1) -6(1)1) + [E(V)]
E E

< ([ o -emn) + ([ 1w - i) + e

Therefore [;, Q{n(I),{(I)} exists. Therefore 1) implies each of 2) and 3).

Suppose that 2) or 3) is true. Let Q = max or min and £ = [ Q{n,(}. We
immediately see that each of £ —  and £ — { is in AB(R)(F), so that each of
n and ¢ is in A(€). Therefore each of 2) and 3) implies 1).
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Therefore 1), 2) and 3) are equivalent.
Again, assume that 1) is true and Q = max or min. Suppose that £ <<
{Q}. Then

XE: (/IQ{O(J),((J)}) _g(I)I - ZE:

<> ( [ -ewn+ [k - £)))
= [ @) =€+ [ 1k -eQ

[ @t -e1.¢0) - e(J)}j

Therefore [ Q{n,(} is in A(¢). O
We now prove a theorem involving upper and lower integrals and the op-
erations max and min.

Theorem 2.3 Suppose that D << {Q} and each of a, B, min{a, 3} and
maz{a, B} isinr(D)(Z)(F). Then, ifV isin F and (P, Q) is either (Gp, min)
or (Lp, maz), then the following ezistence and equality holds:

/ P(Q{a, AY)(I) = / Q{P(a)(I), P(B)(I)}.
\% 1%

Proor. W.lo.g. let (P,Q) = (Lp,max) = (L, max). Suppose that W is in
F. First, if E << {W} and E is a subset of some refinement of D, then

> _max{L(a)(1), L(A)(N)} < Y L(max{a, B})(]) < L(max{a, B})(W),
E E

so that
L(max{L(e), L(8)})(W) < L(max{a, 8})(W) < L(max{L(a), L(8)})(W),
so that
(2.1) L(max{L(e), L(8)})(W) = L(max{a, 8})(W).
Secondly, if V is in F and E << {V}, then

ZEjmax{ [, [z} < = [ Lmaxta, ()

= /v L(max{a, 8})(J),
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so that from this, differential equivalence and (2.1), we have, respectively, the
following existence and equality:

_/max{L(a)(I),L(ﬂ)(I)} =/-L(max{L(a),L(ﬂ)})(I)
\ 4 |4
= /V L(max{a, 8))(J).

Therefore f;, L(max{a, 8})(J) = [, max{L(a)(I), L(B)(I)}.
The argument for Gp and min follows in a similar fashion.

3 ~ A Closest Approximation Theorem for Subsets
of A(R)(F).

Lemma 3.1 Suppose that € is in A(R)(F), M C A(€) and if V isin F and is
not Q and each of § and ¢ is in M, then nlV14+¢1®=V1 is in M. Suppose that w
is the function with domain F given by w(V) = inf{ [, 16(I) = n(I)| : n in M}.
Then w is in AB(R)(F)*.

ProoF. Obviously w is nonnegative-valued.
Now suppose that V and W are mutually disjoint sets of F. If 5 is in M,
then

o)+ < [ -+ [ €0 -ni= [ lew -

Therefore w(V) + w(W) < w(VUW).

Suppose that 0 < c. There is n and ¢, each in M, such that f, |¢(]) —
()| < w(V)+¢/2 and [, [€(T) = C(I)| < w(W) + ¢/2, so that, if A =
V1 4 ¢®-VY] then, since X is in M and W C Q — V, it follows that

w(VUW) < /V =)= /V () = (D) + /W €)= A(D)|
= / lE(I) = n(D)| + / €)= C(D)] < (V) +¢/2+ w(W) +¢/2,
\ % w
so that w(VUW) < w(V) +w(W) +c. Therefore w(V)+w(W) <w(VUW) <

w(V)+w(W), so that w(VUW) = w(V)+w(W). Therefore w is in AB(R)(F)*.
ProOOF OF THEOREM 3.1 Let w be the function with domain F given by

w(V) = mf{/ (I) = n(I)] : 7 in M}
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By Lemma 3.1 it follows that w is in AB(R)(F)*, so that if n is in M, then
1€ —n| —wisin AB(R)(F)*.
There is a sequence {nk}52, of elements of M such that for each n,

(/n lE(1) —m(m) (@) <2,

so that if V is in F, then (f,, [€(J) = na(J)]) — w(V) < 2-(*+1). For each
n there is, by hypothesis and induction, a sequence {pﬁ},‘c’;n of elements of
M such that u? = 7, and, if n < m, then u™*! = [max{Nm4+1, u7 } It is
obvious that for each positive integer n and m with m > n, py™+! — 4™ is in
AB(R)(F)*. It also follows routinely that for each positive integer n and m
with m > n+1, u7 — u?,, is in AB(R)(F)*.

Suppose that n is a positive integer. For each V in F,

(/V IE(I)—#3(1)1> —w(V) < 2- (),

Suppose that h is a positive integer> n such that for each X in F,

(/X le(I) - u,’:(z);) —w(X) < i pm (i)

k=n

Suppose that V is in F. Then
[t =i = [ 1) - max{ma (1, b
v v

Suppose that D << {V}. Let D' = {I : I'in D,na41(I) < pk(I)} and P’ =
Up+I. Then

D) — max{nasa (1), ph (D)} = Elﬁ(f) paDl+ D 16U) = mrer(D)]
D

D-D'

<Z/|¢(J) un(J)I+Z/I€ — har (O]

D-D’

/ E(T) = uh ()] + / IE(J) = mraa ()]
V-pP!
h h+1
< (Z 2-<k+1>> +w(P') 42"+ L y(V - P') (22 <‘+1>> +w(V).

k=n
It therefore follows that [, |€(I) — ph+1(I)| < (T2EL 2-*+1)) 4+ (V). There-
fore, if m is a positive integer > n and V is in F, then [, [£(I) — p*(I)| <
(Chen 27EH)) (V).
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Suppose that n is a positive integer. We first show that if V is in F' and m
is a positive integer > n, then p™ (V) < pm*+1(V) < 27" + w(V) + £(V). The
first portion of the mequallty has already been established. Again, suppose
that m is a positive integer > n and V is in F. Then

B (V) =p2 (V) = €(V) +&(V / [§(1) = p (D] +€(V)
(Z 2-(k+1)) +w(V)+E(V) <277+ w(V) +&(V).
k=n
Let A, be the function with domain F given by
An (V) = sup{u*(V) : m a positive integer > n}.

By hypothesis, A, isin M. Furthermore, for each 7, ' A\, —p™ isin AB(R)(F)*,
so that for each V in F, [, [An(I) — p7(I)| = An(V) — pt(V), so that

/V €)= Mn(D)] < /V IE(D) - un (D) + /V P (I) = An(D)|

< (f: 2~("+1>) +w(V)+ An(V) =™ (V) 5 27"+ w(V) + 0 as m — oo,

=n

so that [, [£(]) — I)I <2-" +w(V)
We see that if V isin F and n is a positive integer, then A, (V) > An41(V)
and

An(V) = (V) = &(V) +£(V) 2 - /V 1An(I) = E(D)| +£(V)
=277 —w(V)+E(V) 2 -1 -w(V) +£(V).
Thus, let X’ denote the function with domain F' given by
XN(V) = inf{\n(V) : n a positive integer}.

By hypothesis, X’ is in M. Furthermore, for each n, A\, — X is in AB(R)(F)*,
and for each V in F, [, [N (1) — An ()| = An (V) = X'(V), so that

[em=xmi< [ 6@ -2+ [ ot - ¥
v \4 v
L2+ w(V)+ 20 V)=XN(V)>0+w(V)+0as n — oo,
so that w(V) < Jy [€(1) = X'(D] S w(V).s0 that Jy [€(T) = ¥(D)] = w(V). O
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Corollary 3.1 Assume the hypothesis of Theorem 3.1. Suppose further that
if 0 < c, then there is n in M such that [ [€(I) = n(I)| < c. Then € is in M.

ProOOF. By Theorem 3.1 there is A in M such that if V is in F', then

[ e -sni=int{ [ e -l :nin M},

which, from the hypothesis is clearly 0. Therefore [, [£(1) — A(I)| = 0, so that
€ is A, so that £ isin M.

4 A Functional Equation

In this section we prove Theorem 4.1, as stated in the introduction. We begin
with three lemmas.

The author wishes to thank the referees for their helpful suggestions con-
cerning this paper, and one of the referees in particular concerning the follow-
ing lemma.

Lemma 4.1 Suppose that 0 < K, each of p, q, r and s is in R, p < q and
lp—r|<|p—s|+ K. Then |¢ — maz{r,s}| < |¢—s| + K.

ProoF. If r < s, then the conclusion follows immediately. So suppose that
s < r. We then wish to show that |¢g — 7| < |¢ — s| + K, or equivalently,
lg=r|—=|g—s| < K.If r < q, then, clearly |g—r|=¢~r < ¢g—s < |g—s|+ K.
So next suppose that s < g< r. Ifp<s<g<r,thenr—s=r—p—(s—-p) =
Ir—pl = ls = pl < K, 0 that g — r|— g —s| < lg—r = (g—8)| = — s < K.
Ifs<p<g<r,then|g—r|<|p—r|<|p—s]+ K < |g — s| + K. Finally,
suppose that ¢ < s < r. Again, since p< g<s<r,

r—s=r—p—(s-p)=lp-rl-|p-s| <K,

so that |g—r|—|¢g—s|=r—g—(s—¢) = r—s < K. Therefore the inequality
is true. O

We now state an easy consequence of Lemma 4.1, giving a few remarks
concerning justification.

Lemma 4.2 If each of a, b, c and d is in R and la—¢| < |a —d|+ K and
[b—=d|<|b—c|+ K, then

le—c]+ K, ifb<a

4.1 b} - d} <
(41) |maz{a, b} — maz{c, }l—{|b-—d|+K, ifa<b
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and

la—c]+ K, ifa<b

(4.2) |min{a, b} — min{c,d}| < {lb ~-d+K, ifb<a.

Remark The proof of inequalities (4.1) is a matter of routine substitution.
Then one may use these inequalities in conjunction with the equation min{z, y}
= —max{—z,—y} to establish inequalities (4.2); we leave the details to the
reader. .

Lemma 4.3 Assume the hypothesis of Theorem 4.1. Then there is a real
nonnegative-valued function K with domain F such that

1) [oK(I)=0and
2)IfVisinF,i=1,2,j=1,2, and i # j, then
1€:(V) = (V) < 1&(V) = (V) + K (V).

INDICATION OF PROOF. Suppose that Visin F,i=1,2,j=1,2 and i # j.
Then

(V) = X(V)] = [&(V) = M(V)] - /V 61 = (DY + /V &1 = M(D)]
<Il 1M+ /V &) = (D)
=10 31+ [ 160 = 5D - 600 - 0], + 60) - XVl

Let K;(V) = |[[ ]t}i|+[ f,’ Then [, Ki(V) = 0 by differential equivalence.
For each V in F, let K(V) = K;(V) + K3(V). a
We now prove Theorem 4.1, as stated in the introduction.

ProoF oF THEOREM 4.1. By Theorem 3.1 it follows that there is an element
p of M such that if V is in F, then

wy [ |(fetewawm)-o)|

= inf{/v (/IQ{&(J),&(J)}> —n(f)l nin M}.

We shall freely use various immediate consequences of differential equiva-
lence in this argument.
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From Lemma 4.3 it follows that there is a real nonnegative-valued function
K with domain F such that [, K(/)=0andifi=1,2,j=1,2,i#jand V
is in F, then |&(V) — Xi(V)]| < |&(V) = Aj (V)| + K(V). Suppose that V is in
F. There is i = 1,2 such that &(V) = Q{£1(V),&2(V)}. It therefore follows
from Lemma 4.2 that

(44) 1Q{&(V),&(V)} = Q{1 (V), 2(M}H < |&(V) = M(V)[ + K(V)
< [l1&(V) = XVl -/V (1) = X (DI + /V l&(1) = (D] + K(V)

< B+ [l - oI+ KW)
|4

=[ B+ /V l&:(1) = p(I)| = &:(V) = p(V)I¥ + 1&:(V) = p(V)] + K (V)
=0 B40 I +1Q{&aV),&(V)} - p(V)+ K (V).

Let us note that
(45) @ R+t n+x0m =0

It therefore follows that if W is in in F', then, respectively by (4.3), then (4.4)
and (4.5),

/w QUE ), &)} - p()|
< / R{E), (D)} - @), 2D} < / IQ{E(D), E2(D} - p(),
w w

so that

/w '/IQ{&(J),&(J)} "‘/IQ{'\I(J),/\;(J)}I
= /W I/; Q{&(J),&(J)} —p(J)’

=int{ [ ‘( [etaw.aon) - n(I)‘ win b}

5 A Decomposition Theorem

In this section we prove Theorem 5.1, as stated in the introduction. We begin
with a lemma.



FINITE ADDITIVITY AND CLOSEST APPROXIMATIONS 573

Lemma 5.1 Suppose that £ is in A(R)(F), each of n and ( is in A(€) and B
is a function with domain F such that if V is in F, then By is 7 or {. Suppose
that a is a function with domain F such that if V isin F, then a(V) = v (V).
Then the following statements are true:

1) a is in r({Q))(Z)(F).
2) [ L(a) is in A(E), where we let L = Lyqy.
8) If0 < c, then there is D << {Q} such that 3, [, |(f; L(@)) = B1(J)| <

C.

PROOF. For each I in F, |£(1) — a()] < (1) — n(I)| + |€(1) = ¢(1)|.If
E << {Q}, then

@) = a6 - o)
E

E
< SIe(D - ()l + S 1) - ()
E E
< /n (1) — (D) + /n () - (D).

Clearly, then, 1) is true.
Again, suppose that E << {Q}. Then

S W) - / L(e)(J)|
E A%

< T IW) -]+ T lalV) - L@)V) + S ILE@V) - | 2@))
E E E v

< S 1) - a(V)+ L(La)V) - 6@)(V) + L)@ - [ L))
E E a

< [ e =l
+ [1e) = CI+ L@)(® - 6@ + L@@ - [ L@)W).
Q 1]
Therefore 2) is true.

We now show that 3) is true. Suppose that 0 < ¢. There is H << {Q}
such that if E is a subset of a refinement of H and y is 7 or {, then

|1 - [z - - [z

<c/4
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and

COR /, L(@)(J)] < c/4.

Let N = the number of elements in H. For each V in H, thereis E(V) << {V}
such that L(a)(V) — X pv) @(f) < ¢/(4N), so that

> 1L(e)(I) = o(1)]

E(V)
= (Z L(a)(f)) =Y a(h) S L(@)(V) = Y a(l) < ¢/(4N).
E(V) E(V) E(V)

Now, for each V in H, let E(V); = {I : I'in E(V), B(I) = n} and E(V), =
E(V)— E(V);. Then

A VEOREE
(f z@) -] 3P [|([2@) <]
( L(e) (J) C(I)l+c/2

(ZORTES

Ry
TT

H E(V),
<3 3 || (f ) - sera] + i - o]
)] ([ z00) - | + 2@ - ] +or2
<c/4+Y ) Do L@ =aDl+d_ Y L)) = ¢(D)] +¢/2
H E(V) H E(V),
=3c/4+ Y Y |L(e)(I) - a(I)| < 3¢c/4+ Nc/(4N) = c.
H E(V)

Letting D = Ug E(V), we have the desired conclusion.

Lemma 5.2 Suppose that {p,q,r,s} CR,0< K, |p—7r| < |p—s|+ K and
lg—s|<lg—r|+ K. Then|lp—r|—|g—s|| < |p—q|+ K.

Proor. W.l.o.g. assume that |¢ — s| < |p — r|. Then

lp=rl=lg=sll=|p—rl—lg—s|
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Slp-sl+K—-lg-s|<|p—s—(¢g—=s)|+ K=|p—q|+ K.

Lemma 5.3 Suppose that £ is in A(R)(F), B << {Q}, a is in r(B)(Z)(F)
and [ |€(I) — a(I)| ezists. If P is Lp(a) or Gp(a), then [ P is in A(€) and
for each V in F we get [, [¢(I) — [, P(J)| = [, [€(1) — a(T)].

ProoF. W.lo.g.,,let L = Lg(a) = P. There is D << B such that if E << D
and a is in a— function on E, then Y [¢(J) —a(J)| < 1 + [ [€(1) — a(T)].
Suppose that £ << D. Let N = the number of elements of E. For each I
in E there is H(I) << {I} and an a— function a on H(I) such that L(I) -

Tumn a(J) < 1/N, so that gy |IL(J) = a(J)| = Xgn(L(J) —a(J))) <
L(I) = X gy a(J) < 1/N, so that

;ne(f)—]ILlsZZ:ls(J)—]JLl

E H(I)

< Y kD -a)l+ DX o) - L0+ X T 12) - [ 2
E H(I) J

E H(I) E H(I)

< 1+/0I£(I)—a(I)I+N/N+L(Q)—/ﬂL.

Therefore [ L is in A(£).
Now suppose that V is in F and 0 < c. There is D << {V} such that
D is a subset of a refinement of B and such that if E << D and a is an a—

function on E, then | f;, [ — a| = Y g [6(J) — a(I)|| < ¢/8, | [, |6 = [ L] -
YelE()= [, LIl <c¢/8and | f, L-3 g L(J)| < ¢/8. Suppose that E << D.
Let N = the number of elements of E. For each I in E there is H(I) << {I}
and an a— function a on H(I) such that L(I) = 3"y a(J) < ¢/(8N),s0 that

EH(I) IL(J)—a(I)] = ZH(I)(L(']) —-a(J)) < L(J) - ZH(I) a(J) < c/(8N),s0

that
[ = o= [ 1e=al
[e-[n-Z T kw- [

E H(I) J

ST kO - [ H-T X ) - L)l

E H(I) E H(I)

<

+
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+X YD - L= D ) —a()]
E H(I) E H()
+ €(J) = a(J)| = | |€—al
<8+ D00 - [ D+ 5 T (W) - al) +e/8
E H(I) J E H(I)
<8+ (XN L) - / L+ Nc/(8N)+c¢/8 < 4c/8 < c.
E H(I) v

This establishes the conclusion for P = Lg(a); the argument for P = Gg(a)
follows similarly. a

We now prove Theorem 5.1, as stated in the introduction.

ProOF OF THEOREM 5.1 We shall let Q = max. For i = 1,2, there is A} in M
such that if V isin F, then [, |&(1) — Aj(I)| = inf{f, |&(I) —n(I)| : 7 in M}.
Clearly, for i = 1,2, & = [ min{&, [ max{¢;,&2}}. Therefore, for i = 1,2 and
each Vin F

[ 160 = [ mingxi(), 213
=/V‘/Imin{ﬁg(J),[]maX{€1,£2}}—‘/Imin{)\':‘(J),P(J)}]>

which, by Theorem 4.1 is

it { [ | [minte2), [ maxies, €21} = (D) :nin 1
=int{ [ 0= a(D] s in b},

Letting, for i = 1,2, \; = [ min{\}, p}, we see that p — A; is in AB(R)(F)*
and for each V in F, [, |&(I) — Xi(1)| = inf{f,, |&:(I) — n(J)| : n in M}. For
t1=1,2,7=1,2, and i # j, let §; denote the function with domain F given
by

Ai, otherwise.

Gy = {p, if &(V) 2 (V)

and +; denote the function with domain F given by v;(I) = (é:)1(I). By
Lemma 5.1, v; is in r({Q})(Z)(F) and [ L(v;) is in A(&).
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Now suppose that ¢ = 1,2, j = 1,2, i # jand I isin F. If &) =
(1), then max{ (1), (1)} = max{p(D), (D)} = p(1). £ &(1) > &(I), then
max{vi(I),v; (1)} = max{p(I), A;(I)} = p(I). Suppose that i = 1,2. We show
that for each V in F we have the following existence and equality:

/Vls,-(f)—~/,~(f)|=inf{/v &(1) = n(D)| : n in M}.

First, by Lemma 4.3, letting £} = [ max{¢1,£2}, €3 = &, A} = p and A3 = \;,
we see that there is a real-nonnegative-valued function K with domain F' such
that [, K(I) = 0 and for each I in F,

([ maxtean, &) - o] <| ([ maxtes ). 20003) = 2en| + 50,
and [§;(1) = M (I)] < |&(I) = p(I)| + K(I), so that by Lemma 5.2,

I fmaxten. e - ] - 160 - 20

< |( [ maxtea(n), &) - ()] + K
I

We shall use the routinely established inequality ||a+b|—|c|| < |a]+][b]—|e]l.

Now suppose that i = 1,2, j = 1,2,7 # j and V is in F. Suppose that
E<<{V}. Let Ey={I:Iin E, &(I) > §;(I)}and E; = E — E;. Then

Y lad) - w(DI =D l&W) - »\.«(I)l'
E E

> [imax{&1 (1), &2(1)} — p(D)] = &) = Xi(D)]

E,

< ¥ llmaxiea(), (D)} - [ max{a(7),2())
Ey I

+ ( [ maxte), &) - p(I)) = () = XD
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< [T imaxiea(, &) - [ maxtes (), )],
E, .

o[y

<U i+ D[] mesta.60) 6] + x00)

(9),&(N)) = ol1)] = ls(D) - A,-(m.]

b+ 3 ( / max{fx(J),Ez(J)}> — max{&: (1), &

+ZK

Clearly, these inequalities suffice to show that we have the following existence
and equality:

52; ( /I max{{l(J),fg(J)}) — max{&:(I), &2()}

/V (1) = % ()] = /V I6:(1) = \(1)] = inf{ /V (1) = n(I)] : n in M},

so that by Lemma 5.3,

/V & (1) - /, Liw)(J)| = /V (1) = % (D)| = inf{ /V (1) = n(D)| : n in M},

Suppose that 0 < ¢. By Lemma 5.1 there is D << {2} such that

=S| #00) - e

Let D, = {I: I in D, §;(I) = p}, D, = D — D; and W = Up, I.Then p"] +
)\[n %1 isin M and from (5.1) we have that

1(f50) -0
g ) 2 o)

(/’M o)+ /nw< ) =50
= [([z60) - w4200

(5.1)

<ec.
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It therefore follows from Corollary 3.1 that [ L(y;) isin M.

It remains to be shown that p = [max{[L(v), [ L(y2)}. This is al-
most immediate, for p = [p = [max{y1,7.} = [ Lmax{v1,¥2}, which by
Theorem 2.3 and statement 5) of Theorem 2.1, is [max{L(n),L(2)} =
Jmax{f L(1), [ L(72)}.

The argument for the case @ = min is similar to the above, involving
mainly a judicious interchange of max and min, a replacement of > with < in
the definition of the d;s and the replacement of L with G in the final portion
of the argument.
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