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ON THE CAUCHY DIFFERENCE

If f :R — R is a function such that its Cauchy difference

(1) flz+y) - f(z) - f(v)

takes rational values only, then f is a sum of an additive function and a
function with rational values only. However, there are functions f : R - R
such that (1) takes integer values only and for each additive a : R — R there
exists an z € R such that f(z)—a(z) & Z (see, e.g., [1; Part 2]). But, if (1) as a
function of two real variables is Lebesgue measurable and takes integer values
only, then f is a sum of an additive function and a (Lebesgue measurable)
function with integer values only [2]. It seems that J. G. van der Corput [6]
was the first who noticed that under some regularity condition imposed on a
function f : R — R such that (1) takes integer values only, there exists a real
constant ¢ such that f(z) — cx € Z for every z € R. In [5] the theorem of
van der Corput was extended for functions defined on real topological vector
spaces as follows.

Theorem 1 Suppose E is a real topological vector space. If the Cauchy dif-
ference (1) of a function f : E — R takes integer values only and there erist
non-void and open sets U C E and W C R such that

fynNw+1z)=90,
then there exists a g € E* such that
(2) f(z) —g(z) €EZ for every z € E.

It has been shown in [4] that the theorem of van der Corput cannot be
extended for functions taking values in R? (with a replacement of Z by a
discrete subgroup of R?).

Theorem 1 implies the following corollary.
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Corollary 1 Suppose E is a real topological vector space. If the Cauchy dif-
ference (1) of a function f : E — R takes integer values only and there erists
a non-void and open set U C E and a v € (0, ) such that

3) flU) (=77 +2z,
then (2) holds with a g € E*.
Consider now the case where
4) f(z +y) — f(z) — f(y) € Z for all orthogonal z,y € E.
The following has been proved in [3].
Theorem 2 Suppose E is a real inner product space of dimension at least 2.
If a function f : E — R satisfies (4) and there ezists a neighbourhood U C E

of the origin such that (3) holds for some v € (0, 3), then there ezists a real
constant ¢ and a g € E* such that

f(z) = cl|z||> - g(z) € Z for every z € E.

It is an open problem whether in Theorem 2 the number 4 can be taken
from the interval (0, }).

An application of Theorem 2 to orthogonally exponential functions, i.e. to
functions satisfying

(5) ®(z + y) = ®(z)P(y) for all orthogonal z,y € E,
gives (see [3]) what follows.
Corollary 2 Suppose E is a real inner product space of dimension at least 2.

If a function ® : E — C satisfies (5) and there exists a neighbourhood U C E
of the origin and a positive real constant 3 such that

|®(z)| < BR(®(z)) for everyz € U,

then either & vanishes on E \ {0}, or there ezist additive functions a : R — R
and A : E — R, a real constant ¢ and a ¢ € E* such that

®(z) = exp(a(||z||?) + A(z) + i(cllz]|* + g(z))) for every z € E.
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