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Abstract

In 1963 Vituskin, Ivanov and Melnikov constructed a compact set in
the plane with positive linear measure which cannot be mapped, using
a contraction onto a segment. Their paper is very concise and obscure.
The question of the existence of such a set arose recently again. For this
reason in this paper we construct this set again with a detailed proof.

1 Introduction

Kolmogoroff [3] (in 1932) calls a y non-negative o-additive set function on the
Borel subsets of R" a measure function, if a contraction cannot increase the p-
measure and there exists a measure unit J with x(J) = 1. If this measure unit
is the k-dimensional unit cube, then g is said to be a k-dimensional measure
function.

Kolmogoroff proved that there exist two k-dimensional measure functions:
the minimal and the maximal k-dimensional measure (u* and fi*) between
which- all the other measure functions are included. He also proved that

[e <]
(o) Ek(E) = sup { E/\k(f;(E;)) : E; C F disjoint Borel sets and
i=1

fi - E; > RF contractions }

(where Ak is the k-dimensional Lebesgue measure.)
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It is almost obvious that the k-dimensional Hausdorff measure (u*) is a
k-dimensional measure function, so u* > Ek . Kolmogoroff conjectured that
these two measures are equal. Besicovitch [1] disproved this conjecture in
1936 constructing a compact set in the plane with Hausdorff linear measure
2 and minimal linear measure at most @. Vituskin, Ivanov and Melnikov
[6] proved in 1963 much more: They showed that these two measures are
incommensurable (if k=1). They constructed a compact set in the plane with
positive Hausdorff linear measure and 0 minimal linear measure. Recently this
construction became interesting again:

A few years ago Miklés Laczkovich asked the following question: Can every
measurable subset of R™ with positive (Lebesgue) measure be mapped, using
a contraction onto a (n-dimensional) ball?

If n=1 then the answer is almost obviously “yes”. David Preiss [5] proved
that this is also true for n = 2. (His result has not been published yet. Jifi
Matousek [4] gave a shorter proof.) But for n > 2 the problem is still unsolved
and seems to be very hard.

Later the following natural generalization of this problem arose:

Can every (k-dimensional Hausdorff) measurable subset of R™ with positive
k-dimensional Hausdorff measure be mapped, using a contraction onto a (k-
dimensional) ball?

This question proved to be very difficult even in the case ¥ = 1. David
Fremlin conjectured that any compact metric space with positive linear mea-
sure can be mapped, using a contraction onto a segment. This would imply
that in the case k£ = 1 the answer is also “yes”. But Sergey Konyagin dis-
proved Fremlin’s conjecture. He did not publish this result because soon after
he found the above mentioned paper of A. G. Vituskin, L. D. Ivanov and M.
S. Melnikov and he realized that their construction is a counter-example in
the plane. Indeed, according to (o)

g (E) = 0 <= A\ (f(E)) =0 for any f : E — R contraction <=

<= E cannot be mapped, using a contraction onto a segment

This counter-example gives a complete answer for the case k = 1. It implies
that if k¥ = 1 and n > 2 then the answer for the generalized question is
surprisingly “no”.

But the paper of Vituskin, Ivanov and Melnikov is not only very concise
but not completely accurate. Further, it contains only the sketch of the proofs.
Many proofs are omitted, some have errors. Our purpose in this paper is to
make the proof correct, complete and understandable. Our proof differs from
the original one in some parts, other parts have simply been corrected and
explained in greater detail. The construction of the set also slightly differs
from the original construction.
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Therefore in this paper, using the sketch of Vituskin, Ivanov and Melnikov
we prove the following:

Main Theorem. There exists a compact set in the plane with positive
linear measure that cannot be mapped, using a contraction onto a segment.

2 Notation

We call a mapping contraction if the distance between any two points of the
domain is bigger than the distance of their image. (In this paper we could
also allow equality, that is we can replace all “contraction” by “Lipschitz-1”.
In fact in the papers of Kolmogoroff and Besicovitch they allowed equality in
the definition of contraction but it is easy to check that this does not make
any change.)

We denote the 1-dimensional (linear) Lebesgue and Hausdorff measure by
A and p respectively. (The linear Lebesgue measure is defined on R, the linear
Hausdorff measure is defined on R” for arbitrary n.) The girth of the set A
(c(A)) is defined by

[e o)
c(A) = inf{z diamA, : AC u;°,°=1A,,}.

n=1

Obviously u(A) > ¢(A). It is easy to verify that if A is compact then for
computing c(A) it is enough to consider the finite covers of A.

Denote the closed neighborhood of a set H with radius § by Us(H), that
is

Us(H) = {z : dist(z, H) < é}.

Denote the Hausdorff distance of two non-empty compact sets A and B by
du(A, B), that is

du(A,B) =inf{6 >0 : AC Us(B), BC Us(A)}.

3 The construction and the proof

1. Let R be a horizontal segment (with length d), k and m integers greater
than 1. Divide this segment into 2k equal pieces and put every second piece
above the previous one by the 2m-th part of the length of the small segments
(see Figure 1.). Denote this transformation by Pk . Let Pi m(R,0) be the
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Figure 1: Transformation Pk, (k=3)

union of the lower segments, P m(R, 1) the union of the upper segments, that
is if
R={(e,) a<z<a+dy=c)

then
2id (2i + 1)d
Pk,m(RO U{ ,y a+_< < +T,y=c}
Pum(B,1) = "Ul{ ey Bl ixDd L d
bm (2,9) 2%k % YT km

=0
Pi.m(R) = Pe.m(R,0) U Py m(R, 1).

We can apply the transformation Pk, to a finite system of horizontal
segments applying Pk, for each segment, that is if

S = {7‘1,1‘2,...,7""}
then let
m
Pkm S T UPI: m(rp, Pk,m(s)= UPk’m(rP)'
p—

Note that the transformation Px . does not change the linear (Hausdorff)
measure, which is in the case the sum of the lengths of the segments

Let M be a horizontal segment with length do, let mqo,m;,mo,... be a
nondecreasing sequence of integers greater than 1, let

ko, k1(0), k1(1), - . ., kn(0), kn(1), ...

be integers greater than 1. We will choose these numbers later properly. We
are converting M by transformations Py r, in the following way:
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First we apply Pxo,m, to M (see Figure 2.). Let
M(0) = Piomo(M,0)  M(1) = Promo (M, 1).
At the second step we apply Pk, (0),m, to M(0) and Py, (1),m, to M(1). Let
M (11, 72) = Piy(ry),m, (M (1), T2).

Continuing this we apply Px;(r;),m; to M (r1,...,7;) at the j + 1-st step and
let
M(m,.. ) 7'j+1) = ij("'j)ymj (M(Tl’ .. wrj)’ T.1'+1)’
Let )
M= ) Mmn,. .5

T1,..,7§=0,1

The set we want to construct will be the limit of the sets M7 by the Hausdorff
metric.

M
” , e M(1)
30 kF2
SRR (L) S -
r,(0) ’ £0) MO

By construction the set M(r,...,7;) consists of koki(71)...kj—1(mj-1)
horizontal segments lying on the same height. Denote them by ry(7, ..., 7;),
ro(71,...,7j),... from left to right (see Figure 2.). Denoting their length by
l(m1,...,7j) we have

do
2jkok1(T1) . .kj_l(‘ly‘_l) ’

Denote the distance of the horizontal lines of M(7y,...,7;,0) and
M(7,...,75,1) by 6(m,...,7;). Then by the definition of P m

(1) lr,...,75) = p(rp(m, ..., 75)) =

) _I(Tl,...,Tj,‘l)‘+1)_ do
) 8(r,.omy) = 2m; T m;2+2koky (1) .. kji(15)”
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Figure 2:

Since the sequence (m;) is nondecreasing and each k;(7) is at least 2, using
(2) we obtain that

o(r,..., 1)
—

This implies that the levels of the sets M(7,...,7;) do not ‘cross each
other’, that is M (7, ..., 7;) lies higher than M(r{,...7]), if and only if in the

binary system 0, 7; ...7; is greater than 0,7{...7;.

(3) J(Tl)"""'j”}'-&-l) <

Let

M(r,...,m) = U M(m, .. T Tig1, - - o5 Ti4i)-

Tit1,--Ti4i=0,1
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Let rp(r1,...,7;)" be the part of the set M(ry,. ..,7j)" which originated
from the set 7p(71,...,7;) (see Figure 2.). Let Ji(ry,...,7;) be the number of
the segments in 7p(7, ..., 7;)*. By construction

(4) Ji(ry, ..y mj) = 2° > ki(75) .- kjrio1(Tigiz1)-

Tjt1,--Tj4i-1=0,1

Proposition 1.1 The sequence M', M2, ... is convergent by the Hausdorff
metric.

Proof. Since R? is complete the space of its nonempty compact subsets
with the Hausdorff metric is also complete. Therefore it is enough to prove
that M!, M2, ...is a Cauchy sequence.

By the definition of Pi m

Pem(R)CU g (R) and RCUg(Pem(R)),
where R is a horizontal segment with length d. Using this, by construction
M(Tl, NN T 1’j+1) - U5(-,-hm,-,-j)(M(T1, Ceny 1’_7')) (1’1, e Tiel = 0or 1),

SO
]\{f'ﬂ-1 C Umaxls(‘rl.n-"':i)(MJ)'

On the other hand M (..., ) C Uitry,....r;,7i00) (M (71, - ., T3, Tig1)),
so MJ C Umaxl(fl,~~~,Tj,Tj+1)(Mj+l)’ therefore

dg(M?, Mi*1) < max (maxd(m,. .., 75),maxl(m,..., 7, Tj+1))-
By construction

I(Tl, ey Tj, 1:,'+1)
2m;

8(r,..., 1) = <Umy ..y Ty Tig1)-

On the other hand the length of the segments (the numbers I(. ..)) are always
divided at least by 2, so

d .
lr,...,m,7i+1) < 21.% (where dy is the length of M).
Comparing this to the previous inequalities we get

dg(M?, M+ < —~
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which implies that M, M2, ... is a Cauchy sequence indeed. O
Definition 1.2 Let M* = lim;, M3,
2. Now our aim is to prove, that if

(%) kj(t) > mj_, for all j and 7

then p(M*) > %g. In fact we prove that ¢(M*) > %g.
Proposition 2.1 The condition (*) implies that

(m,..., 7, Tis1, Tj+2) < 8(m, ..., 75)
for arbitrary T parameters.

Proof. Using the formulas of / and § ((1) and (2)) we get

m;
_ 3
Wm,. T, i1, Tj42) = 5

6(m,...,7;
i+1(7j41) (n i)

which implies the statement if (¥) holds. o
Proposition 2.2 Let Q be an axis-parallel square with side a. Then (x)

implies that 4(Q N M™) < 20a for arbitrary n.

Proof. Let j be the maximal index for which there exist 7,...,7; such
that .
QNM"C M(m,...,m)" 7.

(There exists such a j since @ N M™ C M(#)" and j < n.)

If n— 5 = 0 or 1, then it is easy to prove the statement: In this case
M(71,...,7j)" 7 lies on 1 or 2 horizontal lines, so @ N M™ does so as well. On
the other hand @ N M™ is covered by an axis-parallel square with side a, so
#(Q N M™) < 2a. Therefore we can assume that n — j > 2.

Since j is maximal and

M(Tl""’rj)n_j=M(Tla'“')Tj)O)n_j_lUM(Tlp..,Tj)l)n_j_l’
we have
QNM(m,...,7;,0)* 9" 49 and QNM(r,..., 7, 1) i1 £,

The points of M (..., 7}, 0)*~7-1 lies by at most

5(r1y ey 15, 0) 4 6(rty ey 75,0, 1) 4 8(r1, 73,0, 1, 1) ... < %a(n,...,rj)



A PECULIAR SET IN THE PLANE 299

higher than the line of M(7,...,7;). (We used the inequality (3).)
On the other hand all the points of M(ry,...,7;,1)*79~1 lie not lower
than the line of M(r,...,7;,1), so they lie by at least §(m,...,7;) higher

then the line of M(ri,...,7;). Therefore if both M(r,...,7;,0)*~9~1 and
M(m,...,7j,1)"~3~1 intersect the square @ with height a then

1
56(7'1,...,73) <a.
Using this and Proposition 2.1 we get
l(r,...,75,7,n) < 2a (r,n=0,1).

On the other hand for fixed 7 and 7 the segments of M(7,...,7j,7,9)
that intersect the vertical strip of @ are covered by the surrounding vertical
strip with width I(m,..., 7, 7,n) + a +I(7,...,7j,7,n). Therefore using the
previous inequality these segments lie in a vertical strip with width 5a. Since
(for fixed 7 and 7)) they lie in a horizontal line we obtain that the sum of
the lengths of these segments is at most 5a. The set M(my,...,;)? consists
of 4 set of type M(my,...,7j,7,n) therefore the sum of the lengths of those
segments of M (ry, ..., 7;)? that intersect the vertical strip of Q is at most 20a.

By construction only those segments of M(ry,...,7;)"~7 (which is equal
to (M(r1,...,75;)?)"~9=2) can intersect the vertical strip of @ that originated
of the segments above. (We used that rp(7,..., 75,7, 7)"~9=2 is in the strip
above rp(71,...,7j,7,m).) So the sum of those segments of M(ry,...,r;)"J
that intersect the vertical strip of @ is also at most 20a. On the other hand
QNM" C M(r,...,m)" 9, so QN M™ is a subset of the union of these
subsets, therefore p(Q N M™) < 20a. O

Proposition 2.3 If (x) holds then

1
C(Mn) 2 %do

Proof. Let M™ = J{° H;. We have to show that " diamH; > %&. For a
fixed ¢ take an axis-parallel square @); with side diamH; that cover H;. Then
H; C QiNM™, so using the previous proposition we get p(H;) < p(Q:NM™) <
20 - diamH;, that is diamH; > &5

Therefore

: p(H:) _ p(M™) _ do
ZdlamH,-ZZ 20 > 20 = 20"
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Figure 3: A piece of M(ry,..., ;)" ! if n =2
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Proposition 2.4

if (*) holds.

Proof. It is an easily provable fact about the Hausdorff metric and
the girth of a set that if limp_,o0 An = A (by Hausdorff metric) then ¢(A) >
lim inf, o ¢(Ay). Using this and the previous proposition we obtain the propo-
sition. O

3. Now we have to find parameters m; and k;j(r) which satisfy (x) and
for which M* cannot be mapped onto a segment by contraction. First we
need some new notation and some statements without new conditions for the
parameters.

The set rp(r1, . .., 75, 7)! consists of 2k;j41(7) small segments. Let us denote
those that belong to

M(m,...,75,7,0) by rp1(71, .-, 75, Ty 0)s o, Pp ki (1) (T1, - -, T3 Ty M)
from left to right. Denote by rpq(r1, ..., 7j, 7,7)" ! the part of the set

M(ry,...,7,7)" which originated from rpq(71,...,7j,7,7) (see Figure 3.).
Then
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kokl(‘rl)...kj(fj)

M(n,...,5,7)" = U (T, .., 75, 7)) =
p=1
kokl(Tl).A.kj(TJ‘) kj+1(1')
= U U Tpg(Tty s T3, 7, 0)* LU rpg (1, ..o, 7, 7, 1)L
p=1 q=1
Notation 3.1 For given n and 7y, ..., 7; let (see Figure 3.)

Epg = rpg(t1, ..., 7, 1,0)" 2 U rpg(m, ..., 75,1,1)"!

L=pM(m,..., )"
l=1l(n,...,7,1,0)
= J(Tl,...,Tj).

Proposition 3.2 If (x) holds then
da(rp(r, ..., 75,0 rp(m1,...,75,1)") <46 (=46(m,...,75)),

where dy is the Hausdorff metric.

Proof. By A; we denote the left end-points of the segments
Tp,q(T1,...,7,0,0) (¢ =1,...,kj+1(0)) (see Figure 3.). These points are the
left end-points of the parts with length 2i(ry,...,7;,0,0) of the partition of
rp(71,...,7j,0). So using this and Proposition 2.1 we obtain

rp(Tl) <oy Thy 0) C U2I(Tl,.4.,Tj,0,0)({A1) EERE) Ak_.,'+1(0)}) C U25({A1) ) Akj.H(O)})

The set r5(71,...,7j,1)" is contained by the rectangle above rp(ry,...,7;,0)
with height

or,...,m)+6(m, ..., 75, 1) +d(m,..., 75,1, 1) +... < 28(m,...,75) = 26.
So we can conclude that
rp(rl, ey Thy 1)" C U45({A1, .. ~vAk,~+1(0)})~

Since the left end-points of the segments remain in every step,
{Al, .. .,Akj“(o)} C Tp(Tl, ey Tj,O)”, so

(T, .75, 1)® C Uss(rp(ma,...,75,0)").
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The set rp(7y,...,7;,0)" is contained by the rectangle below rp(7y,...,7;,1)
with height 8, so similarly as above we obtain

(T, ..., 75,0)" C Uss(rp(m1, ..., 75, 1)").
Therefore
dg(rp(mi, ..., 75,00, 7p(m1,..., 1, 1)) < 4é.0
Proposition 3.3

diamEpq < 2! (=2/(m,...,73,1,0))

Proof. The set E,q is contained by the rectangle above rpq(71,...,75,1,0)
with width I(r,...,7;,1,0) =l and height 6(my,...,75,1)+d(m,..., 75,1, 1)+
d(m,...,75,1,1,1)+ .... Applying (2) and (3)

(.. )+ (.., L)+

11
e, T -+ —=4+..)<
<8(my )+ g g ) S
<2(ry.. 1y =2 nmbO Ly
2mj1y M1

So
diamFE,, <Val<al.o

Proposition 3.4

dir(Bpg, Epge) <2 (= 2p(rp(m,...,75,1,0))

Proof. By construction if we translate E,, horizontally right by 2/ we
get Ep q+1, which implies the statement. O

Now we are choosing the parameters in such a way that the set we get after
N step (M™N) can be mapped by contraction only onto a very small segment.
For this we can make the following restriction: let all the numbers m;, k;(0)
and kg are equal to N. (Since in the first N step we use only the parameters
m; and k;(7) with index smaller than N it is enough to take care of these
parameters.) We will need the following condition:

(%) NJIn-j(m,...,Tj-1,0) < k;(1) (j=12,...,N=1).
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Proposition 3.5 For a fixed N we can choose the numbers k;j(1) (j =
1,2,...,N —1) in such a way that (¥) and (¥x) hold if the numbers k;(0), m;
and ko (j < N — 1) are all equal to N.

Proof. Using (4) and k;(0) = N

In-j(m1,...,75-1,0) =
= gN-j > kj(0)kj41(mj41) .. kn-1(TN-1) =

Ti41,-TN=1=0,1

=2N-iN > kiv1(mj41) - kn-1(Tn-1).

Tidlseen TN-1=0,1

Therefore Jy_j(71, ..., Tj—1,0) depends only on the parameters with index
greater than j, so we can choose the numbers k;(1) by recursion in the following
way:

Let kn-1(1) = N. If kn_1(1),kn—2(1),...kj4+1(1) are already defined
then let k(1) = NJn—_j(m1,...,7j-1,0). Then (*x) holds with equality. The
condition (x) also obviously holds since k(1) > N, k;j(0) = N, m; = N for
allj. o

(It is easy to verify that

oN=J
k(1) = (—‘Wl—

is also a good choice.)

Proposition 3.6 If the numbers ko, ki(0), m; (i = 1,...,N — 1) are
equal to N, the conditions (*) and (**) hold and j +n < N, then

AFfM(7,...,m)") < %Qp(M(rl, 1)),

where f is an arbitrary M((ri,...,7;)") — R contraction. (X is the I-
dimensional Lebesgue, p is the 1-dimensional Hausdorff measure.)
As a special case (j =0 and n = N), with the same condition we obtain

MNS(MY) < 2™y = 2o

Proof. We shall prove the statement by induction on n. Since f is con-
traction, A(f(M(m,...,7)")) < u(M(7,...,7j)"), so the theorem is obvious
if n < 20.
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Suppose that n > 20 and that the proposition is valid for 1,2,...,n. We
have to show that then it is also valid for n+1, that is A(f(M (71, ..., ;)" 1)) <
2L L. (For the fixed n and 71, ..., 7; we use the notation Epq, L, I, and §

(Notation 3.1).)
By construction

(5)

WM (o, 75,0%) = WM (r, 73, 1) = (M (1, ) ) = 21,
and
(6) M(r,...,)"* = M(n,...,75,0)" UM(m,...,m, )"
Case I.

Af(M(7m,...,75,0)%)) < i%gng#(M(Tl’ ey T, 0)7).

In this case using (6), the induction assumption, (5) and finally n > 20:

MFf(M(,...,m)"H)) <
’\(f(M(TI)- . "Tj’o)n)) +/\(f(M(T1,...,Tj,1)")) <

9 20 20
S o PM (73, 0 + p(M (7, 1)) =
18 20,1 20
=(=+3)=L< .
(n + n)2L_n+1L

Case I1.
/\(f(M(Tl’ . .,Tj,O)")) > Igagng (M(TI) .. ‘)7-1)0)") <= %L) .

The proof is quite complicated in this case, so by way of introduction we
sketch the motivation of the proof.

According to (6) if we show that a big part of f(M (71, ..., 7;,1)") is covered
by f(M(m,...,7;,0)"), then this and the induction assumption would imply
that the set f(M(r,...,7;)**!) is small.

We shall show that for any index p f(rp(71,...,7;,0)") covers quite a big
part of f(rp(ri,...,7j,1)"). For this we shall subdivide the set
f(rp(71,..., 75, 1)") into the union of the sets

F(rpg(T1y -y 75, 1,0)* " P Urpg(m1, ..., 73,1, 1) 1) = f(Epq)

and we shall show that among these subsets quite a lot are covered by a
type of small segments of f(rp(71,...,7;,0)"). This is made possible by (*x)



A PECULIAR SET IN THE PLANE 305

and this condition implies that in each step we subdivide the upper parts
(with last index 1) into much more pieces than the lower ones. For this
reason the small segments of f(r(71,...,7;,0)") are much bigger than the
ones of f(rp(m1,...,7j,1)") and what is more they are also big relative to
f(rpg(ra,y ..y, 1,00* L U rpg(me,...,75,1,1)" 1) = f(Epq), which consists
small segments of f(rp(71,...,7;,1)").

Let
Ay = min(f(rp (13,0, 75,00"), A = min(f(rp (75 1)),
B, = max(f(rp(m,...,75,0)")), B, =max(f(rp(m1,...,75,1)")),

(where p= 1,2,-”,’9(7'1,---:"'1'))-

We shall prove that a significant part of f(ry(71,...,7;,0)")) lies in A, By:
Since f is contraction Proposition 3.2 implies that

da(f(rp(m,...,75,0)"), f(rp(m1, ..., 75, 1)")) < 46,
80
|4, — Ap| <46,  |B, — By| < 4.
This implies that

AApBy \ AyB)) < |A}, — Ap| +|B), — B,| < 8.
Using this and f(rp(ri,...,7;,0)") C A, B, we obtain that
(7 Af(rp(m1,...,1,0)")N A;,B;,)) > A(f(rp(m1,...,75,0)")) — 86.

Using the decomposition of the set M(7,...,7;,1)" we saw earlier (see
Figure 3.) we obtain

(8) F(M(m,...,75,1)")
kok1(71)...kj(75)

= U flrp(me,..., 15, 1))

p=1
koki(T1)...kj(T5)  kj41(1)
= U U f(Epq)-
p=1 q=1

Fix p. We shall show that the small segments of f(rp (1, ..., 7;,0)*)NAy B,
cover a lot of sets of type f(Epq) (¢=1,2,...,kj+1(1)):
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Let Apq = min f(Epq). According to Proposition 3.4 the distance between
two points of type Apq with adjacent index ¢ is at most 2/. Using Proposition
3.3 we obtain

9) F(Epq) C [Apg, Apg+2l].

By the definition of Aj, and By, using (8) and (9) there exists a point of type
Apq coinciding with A;, and there also exists a point of type Apq to the right
from B;, — 21 4

Let CD be an arbitrary subsegment of A, B. Then [C, D—2I] C [A}, B, —

21], so using the previous observations at least g_l%)—_c -1= % — 2 points
of type Apq lie in [C, D — 2l]. Then from (9) the sets f(Epq) corresponding
to these indexes ¢ lie in CD. Therefore C D contains at least % — 2 sets of
these type.

By the definition of Jn, f(rp(1,...,7;,0)") N A, B, consists at most

Ja(71,...,7;,0) small segments. The sum of their lengths is
Mf(rp(m1,...,73,0)")N A;,B,',),

so according to (7) at least A(f(rp (71, ..,7;,0)")) — 8. For this reason using
the result of the previous paragraph these segments contain at least

A(f(rp(m,...,75,0))) — 88
2l
sets of type f(Epq) (for the fixed p). Therefore f(rp(71,...,7;,0)") itself also
covers at least so many sets of this type.
Since this is true for arbitrary p = 1,2, ..., koki(71)...k;(7;), denoting by
T the number of the sets of type f(Epq) covered by the whole
f(M(m,...,73,0)"),

= 2J,(11,...,75,0)

A(f(M(Tl yer o9 Tgy 0)”)) - 8(5’60’61(1'1) e kj(Tj)
21
- 2’60’61(1’1) .o .kj(fj)Jn(Tl, . .,Tj,O).

Since according to (8) f(M(m,...,j,1)") consists of
koki(m)...kj(7j)kj+1(1) sets of type f(Epq), denoting by K the number of
the uncovered sets of this type,

(10) T>

(11) K = koki(m1) ... kj(75)kja(1) — T.
Using the induction assumption for rpq(71,...,7;,1,0)*~! and
Tpg(T1, ..., 73, 1,1)" "1 we get
20

MF(rpq(m, - 75,1, mi42)" 1)) < . ll‘("pq("'l’ T 1 Tiga) ).



A PECULIAR SET IN THE PLANE 307

By construction

[l(?’pq(T], ey Thy 11 1},+2)n-—1) =
w(rpq(mi, .- 7,1, Tj42)) = p(rpg(m, ..., 75,1,0)) =1,

so %
AMf(Epq)) < 2ml~

Using this and the definition of K the measure of that part of
f(M(ry,...,7j,1)") that is uncovered by f(M(ry,...,7;,0)") is at most K ;2%1.
Therefore

(12)  AFM (7)™ ) S ANM (75,007 + K =

In the remaining part of the proof we only need to make calculations show-
ing that with our conditions the estimation (12) implies the statement. That
is we need to show that the right-hand side of (12) is at most 22-L.

n+l1
Using the induction assumption and (5)

(13) AMf(M(m,...,75,0)") < 2—7?;1(M(1'1,...,13,0)") = %OL.

Let us find an upper bound for K!. For this we need some simple estima-
tions:
By construction
do n+1
(14) g=;z(M(1'1,...,rj))=p(M(1‘1,...,rj) )= L.

Using this, the formula (2) of §(71,...,7;) and n < N we obtain

do L L
(15) Jkokl(ﬂ) .. .kj(‘rj) = m = m < R
Similarly, using the formula (1) for I(7y,...,7;,1,0) we obtain
d L
(16) lkoki(m) .. . kj(y) 0

T 2k (1) k(D).

By the condition (*x) , using j +n+ 1 < N we get

(17) Jn(Tl,. ..,Tj,O) < JN_j_l(Tl,. . .,Tj,O) < kj.'x,(l) < kj-:(l).
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Replacing T' by the estimation (10) in the formula (11) and multiplying
by 41, then using the estimations (15-17) and the condition of the Case II we
obtain

4Kl S 4lkok1 (Tl) . .kj(Tj)kj+1(1) - 2/\(f(M(T1 yeror Ty O)n)) +
+ 166’60]61(1‘1) .. .kj(‘l‘j) + 8"60]61(7’1) .. .kj(fj)Jn(Tl, ey Thy 0) <

9 16L 8L  kjpi(1)
18 <L-2-L R
18) MO T

=L(1—1—8+ +2> L<1—%)

Finally using (13) and (18) in (12), with trivial estimations and transfor-
mations we obtain the inequality we wanted to prove:

AHM () < Toa s (12 2) 2 =

n—1
1 1 12 1 1 3
—p——" )< — = )=
10L <n + n—1 n(n— 1)) 10L (n + n—1 n(n—l))
2n—4 1n-2 20
10Ln(n—l) 20L n—1- 20L_1.z.n+ 1 n+1

4. Now we are ready to construct a proper set M. Let dp = 1, that is the
initial segment M has length 1. We will denote this segment by M,. We are
constructing the parameters k;(7) and m; in the following way:

Let N1, Na,... be an increasing sequence of integers greater than 1. (We
will choose this sequence later.) For all N, take the parameters constructed
in Proposition 3.5, that is let
m; =N, (j=0,1,...,N,=1), kg=N,, kj(0)=N,(j=1,2,...,N,-1),
and let k3(1) (j = 1,2,..., Ny—1) be chosen such a way that () and (*+) holds
for the parameters with upper index s. Then let the sequences k;(7) and m;
be these sequences successively, that is let

MN;+Na+..4Neo1+i = m:(= Na) (i = 0, 1, .o .,N, - 1; S Z 1)
kN1+N2+m+N.-1(T) = k6(= Na) (3 >1;, =0, 1)
kN, +No4.. 4N, +i(T) = K (7) (t=12,...,N,=1;s>1; r=0,1).
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Note that using these parameters in the construction means the following:
First we apply the transformation M — M™ of Proposition 3.6 to the unit seg-
ment My with N = N;. Then we apply this transformation to the horizontal
segments we got with N = N3, then to the new segments with N = Nj,...etc

Proposition 4.1

. 1
and what is more ¢(Mg) > —,

pr(Mg) > 20

L
20’
if M§ is constructed by the above described way.

Proof. According to Proposition 2.4 it is enough to check validity of the
condition (%) . That holds for the indexes j = Ny + N3 + ...+ N,, since

kN +N2+.. 4N, (T) = Nog1 > No = MmN 4Nt 4N, +(N,—1)-

Condition (*) also holds for the other indexes, since we made them so. O

Now we only have to prove that for a proper (rapidly increasing) sequence
N, the set M cannot be mapped onto a segment by contraction. For this we
are parallel constructing the sequences of parameters N, and o, such that

for arbitrary positive integer s and contraction f : R? 5 R

for arbitrary positive integer s and contraction f : RZ2 & R
Us, (Mgt 4Ney o MVt (if r > )
(***) and
21

Ao, (F(M - +14))) <

First we prove that this is enough.

Proposition 4.2 If the parameters 1 < Ny < N3 < ..., 01,09, ... satisfy
the condition (*¥%) then Mg cannot be mapped onto a segment by contraction.

Proof. Suppose that fo : Mg — R is such a contraction. Then
A(fo(Mg)) > 0. Using Kirszbraun theorem (see e.g. in [2]) fo can be extended
to an f: R? = R contraction. Obviously A(f(Mg)) = A(fo(Mg)) > 0. Let s

be so big that

A3 > 2
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We are proving from (**x) that
(19) Mg C Uy, (M tNe),

Suppose that z € M \ Uy, (M{**++N+). Since U,, (M +Nt) is closed
there exists an € > 0 such that & ¢ U, (U,, (M *N*)). Using (x*x) this
implies that z ¢ U, (M{*-*") if r > 5. But since M+ tends to
Mg (r = oo) by the Hausdorff metric, this implies that z ¢ Mg which is a
contradiction.

Since f is contraction, (19) implies that

F(MZ) C F(Uq, (MY *-N)) € U, (F(MNr+-+N0y).

This is a contradiction since A(f(Mg)) > 2 but according to the condition

(w%) ,
A(Us, (F(MY+-+0y)) < 2L g

s .

Therefore now we only have to choose sequences N, and o, with the prop-
erty (#xx) . For this we are proving two statements:

Proposition 4.3

20

A(Us (F(Mg **)) < =

+20J°

for arbitrary o > 0, positive integer s and f : R2 = R contraction, where J*

denotes the number of the segments of Mg '+ +N+,

Proof. The set M(],V 1+ +Ne-1 consists of horizontal segments and the
sum of their length is 1. We constructed Mév 144N, applying transformation
M — MV of Proposition 3.6 with its conditions and N = N, to each segment
of M+ +Ne=1 Therefore using Proposition 3.6 we obtain

20

s

Mf (Mg *-+8)) <

Since f(M{¥**+N+) consists of J* segments (or points) the measure of its
neighborhood with radius o is at most by 20J° greater than the measure of
itself. This concludes the proof. o

Proposition 4.4

Ni+...4+N, Ni+...+N, :
U, ';“(Mo‘* Ny S MM i e > s,
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Proof. The set Mév 144N s obtained by applying the transforma-
tion Pi mn to the segments of Mévl"'"""N' Nsy1 + ...+ N, times. We are
going to prove that the part of Mév 1+-+Nr originated from a fixed segment of
M +-+N+ is in the (closed) neighborhood of the segment with radius 3 Nl.“ .

The part originated from a fixed segment is above the segment. So it is
enough to prove that a point of a segment of Mév 1+-+Ne cannot go upward
more than 75171 during the process. )

By the definition of Py, during a transformation Py , a point of a segment
can go upward at most the 4km-th. part of the length of the segment. So
since 4kjtm3t! > 4mi*t! = 4N,,,, at the first step a point of a segment
of M{M***N+ can go upward at most the 4N, 41-th part of the length of the
segment. Since the segments are divided into at least 2 parts in each step a
point can go upward at most the 2/N,1-th part of the length of the original
segment after arbitrary many steps. On the other hand the length of any
segment of M{*++N+ is at most 1 (indeed much smaller). Therefore a point

of Mév 14N can go upward at most 2N1'+1, which concludes the proof. O

The previous 3 statements show that now we only have to choose sequences
N, and o, with the following conditions:

(%) I<Ni <N2<N3<...
1

.. <
(%) gy = os

20 s 2

= < =
(342) N, +20,J° < s
(s=1,2,..). :
If (i) holds, then N, > s, so 1%,—‘: < 2. Therefore (iii) can be replaced by

the condition 20,J° < } We can construct such a sequence by recursion:
Let N; be an integer greater than 1. If Ny, ..., N,; 01,...,05_ are already
defined (s > 1), then let
1
T 2sJe
Then let N,41 be an integer greater than 2}7_ and N,. (We used that J*
depends only on Ny, ..., N,.)

The constructed numbers obviously satisfy the desired conditions. So ac-
cording to the previous 3 statements if we use these parameters then Mg can-
not be mapped onto a segment by contraction. On the other hand according
to Theorem 4.1 its linear measure is at least 21—0.

Os
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Therefore Mg is indeed a compact set in the plane with positive linear
measure but it cannot be mapped onto a segment by contraction, so we proved
the Main Theorem.

Corollary 1. The Kolmogoroff minimal linear measure and the linear
Hausdorff measure are incommensurable.

Corollary 2. Ifn > 2 and k = 1 then it is not true that every (k-
dimensional Hausdorff) measurable subset of R* with positive k-dimensional
Hausdorff measure can be mapped, using a contraction onto a segment.

Remark. The author does not know anything in the missing cases, that
is when n > 3 and 2 > k > n. (The case n=k=1 and n=k=2 is mentioned in
the introduction.)
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