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CARDINAL INVARIANTS CONCERNING
FUNCTIONS WHOSE PRODUCT IS
ALMOST CONTINUOUS

Abstract

We prove that the smallest cardinality of a family F of real functions
for which there is no non-zero function g : R = R with the property that
f - g is almost continuous (connected, Darboux function, respectively)
for all f € F, is equal to the cofinality of the continuum.

We shall consider real functions defined on a real interval. No distinction
is made between a function and its graph. The notation [f > 0] means the
set {z : f(z) > 0}. Likewise for [f = 0], [f # 0], etc. If A is a planar set, we
denote its z-projection by dom(A) and y-projection by rng(A). We say that
aset A C R is bilaterally c-dense at a point z € R if card(AN [z, z +¢€)) = 2¢
and card(A N (z — ¢, z]) = 2* for each € > 0.

A function f is said to be Darboux if f(C) is connected whenever C is
a connected subset of the domain of f. If each open set containing f also
contains a continuous function with the same domain as f, then f is almost
continuous [7]. It is well-known that if f : I — R is almost continuous, then f
is connected and, therefore, it possesses the Darboux property [7]. Moreover,
if f intersects all closed subsets K of R% with dom(K) being a non-degenerate
interval and rng(K) = R, then f is almost continuous [2]. In this paper every
such set is called a blocking set. The family of all almost continuous functions
will be denoted by AC, the family of all connected functions will be denoted
by Conn and the family of all Darboux functions by D.

For arbitrary families Fo and F; of real functions let us define the following
conditions:
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Um(Fo; F1): there exists a non-zero function g such that f-g € F; whenever
f € Fo.

Uy (Fo; F1): there exists a non-zero function g € F; such that f.g € F;
whenever f € Fy.

Let m(F;) denote the least cardinal  for which there exists a family Fy of real
functions such that card(Fo) = k and Uy, (Fo; F1) is false. We put m(F;) =0
if U, (R®; F1) holds. Similarly we define the cardinal m*(F).

Note that U}, (Fo; F1) = Um(Fo; F1) for any families Fo, F;. Moreover
U2 (Fo; F1) = Um(Fo; F1) whenever f = 1 belongs to Fy. Hence m*(F;) <
m(F,) for every family F, and m*(Fy) = m(F1) if m(F1) is infinity.

The problem to determine how big can be the cardinal m(.AC) was con-
sidered in [4]. (See also [5].) Since Unm (F;.AC) is false for the family F of all
singletons, m(AC) < 2¥. (See [3].) Assuming that the additivity of the ideal
of all sets of the first category is 2 (which is a consequence of Martin’s Axiom
and therefore also of the Continuum Hypothesis [6]) it is proved in [3] that
m(AC) = 2¥. This suggests the following question (cf. [4, Problem 6.2] and
[6, Problem 1.7.2, p. 84]):

Problem 1 Can the equality m(AC) = 2% be proved in ZFC?

In the present note we answer this problem in the negative by showing
that m(AC) = cf(2*), where cf(2*) denotes, as usually, the cofinality of the
continuum.!

Theorem 1 For every family F of real functions with card(F) < 2“ the fol--
lowing conditions are equivalent:

1 U (F; AC);
2 Uy (F;Conn);
3 Un(F;D);

4 there ezists a non-empty bilaterally c-dense in itself set A C R such that
AN[f # 0] is bilaterally c-dense in itself for each f € F.

ProoF. The implications (1) = (2) = (3) are obvious.

(3) = (4) Assume that g is a non-zero Darboux function and f - g are
Darboux for each f € F. Put A = [g # 0]. By the intermediate value property
of g, A is bilaterally c-dense in itself. Now fix f € F and z € AN[f # 0].

!Note that the analogous result concerning the addition is independent of ZFC. This
result was proved by A. Miller during the Joint US-Polish Workshop in Real Analysis, L6dZ,
Poland, July 14-19, 1994, cf. [1].
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Then (f-g)(z) # 0 and, since f - g is Darboux, [f - g # 0] is bilaterally c-dense
at . Therefore AN [f # 0] has the same property.

(4) = (1) Arrange all blocking sets K with A Ndom(K) # 0 and all
horizontal lines in a sequence (Kq4)a<2v, and all functions f € F in a sequence
(fa)a<2v. Note that card(A Ndom(K,)) = 2* for every a < 2“. Moreover,
we can assume that f = 1 belongs to F. Let ¢ : 2% — 2 x 2“ be a bijection
and ¢ = (po, ¥1). For every v < 2“ choose (z-,yy) in the following way. Fix
¥ < 2“. Let ¢(v) = (a, f). We cosider two cases.

1. If card(A Ndom(Kg) N [fa # 0]) = 2 then (z+,y,) € K3, z # 0,
24 & {zg, € < 7} and fu(z,) # 0.

2. If card(A Ndom(Kg) N [fo # 0]) < 2% then (z,yy) = (0,0).
Now define ¢ : R — R by

o(z) = {yv/fa(zv) if 2 = 2, a = po() , and 12,
0 otherwise.

We shall verify that (f - g) N K # 0 for every f € F and each blocking set
K.

If dom(K) N A = @ then gldom(K) = 0, so (f - g)|dom(K) = 0. Since
mg(K) = R, (f-9) N K # 0. Similarly, if dom(K) N A C [f = 0] then
dom(K)C [f-9g=0],s0(f-g)NK #80.

If dom(K)NAN[f # 0] # 0 then card(ANdom(K)N[f # 0]) = 2 and there
exist a, < 2 such that f = f, and K = Kg. Then (z4,yy) € (fa-9) N Kp
for v = ¢~ (e, B).

Since 1 € F, g is almost continuous. Since g meets every horizontal line,
rng(g) = R and hence g #Z 0.

Note moreover that [¢ #0] C A. O

Corollary 1 m(AC) = m(Conn) = m(D) = cf(2¥)
PRrOOF. Assume that card(F) < cf(2¥). Set
Ay ={z: f(z) # 0 and [f # 0] is not bilaterally c-dense at z}.

Note that card(Ay) < 2% for all f € F. (Indeed, for every B C R the set of
all z € B such that B is not bilaterally c-dense at = can be represented as
the union B®° U B~ U B*, where B° denotes the set of all z € B for which
there exist rationals p, ¢ such that p < z < ¢ and card((p,q) N B) < 2¥; B*
is the set of all z € B\ B® for which there exists a ¢ such that z < ¢ and
(z,g) N B C B® and B~ is the set of all z € B\ B° for which there exists a p
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such that p < z and (p,z) N B C B°. It is easy to check that card(B°) < 2,
card(B~) < w and card(B*) < w for all B C R.) Hence card(U; 5 A5) < 2*
and the condition (4) from Theorem 1 is fulfilled by A = R\ U+ 4. By
that Theorem, m*(AC) > cf(2*), so m(AC) > cf(2¥).

Now let {Aq : a < cf(2¥)} be a family of subsets of R with R =
Ua<cf(zv) Aa and card(Aq) < 2¢ for each o < cf(2*). For every o < cf(2¥)
let fo be a characteristic function of A,, i.e.,

1 ifze€ A,
f"(‘”)’{o ifz ¢ A,

Assume that g - f, is Darboux for every a < cf(2). Then rng(g - f,) is an
interval, so fo - ¢ = 0 and consequently, g(z) = 0 for every £ € A,. Hence
g = 0 and m(D) < cf(2¥). Because m(AC) < m(Conn) < m(D), we have the
desired equalities. O

The corollary above can be improved in the following way.

Theorem 2 Let B C P(R) be a o-algebra containing a hereditarily measurable
set of the size 2 and M(B) be the class of all B-measurable real functions.
Then m(AC N M(B)) = m(Conn N M(B)) = m(D N M(B)) = cf(2¥).

PROOF. Obviously, we have to prove only one equality: m(AC N M(B)) >
cf(2*). Let X be a hereditarily B measurable set with card(X) = 2. We can
assume that X is bilaterally c-dense in itself. Let F be a family of functions
of the size less than cf(2“). For each f € F let Ay be defined as above. Then
card(User As) < 2¥ and A = X \ Ujex Ay satisfies the condition (4) of
Theorem 1, so U, (F,.AC) is fulfilled by the function g such that [¢g # 0] C A.
Hence g is B-measurable. O

Corollary 2 Let £ denote the family of all Lebesque measurable functions.
Then m(AC N L) = m(Conn N L) = m(D N L) = cf(2¥).

Corollary 3 Let K denote the family of all functions with the Baire propery.
Then m(ACNK) = m(ConnNK) = m(D NK) = cf(2).
References

[1] K. Ciesielski and A.W. Miller, Cardinal invariants concerning functions,
whose sum is almost continuous, in preparation.

[2] K.R. Kellum, Sums and limits of almost continuous functions, Coll. Math.
31 (1974), 125-128.



CARDINAL INVARIANTS 285

[3] T. Natkaniec, Products of Darbouz functions, Real Anal. Exchange 18,
1992-93, 232-237. Errata, Real Anal. Exchange 18, 1992-93, 619.

[4] T. Natkaniec, Almost Continuity, Real Anal. Exchange 17, 1991-92, 462-
520.

[6] T. Natkaniec, Almost Continuity, Bydgoszcz 1992.
(6] J. Shoenfield, Martin’s Aziom, Amer. Math. Monthly 82 (1975), 610-617.

[7] J. Stallings, Fized point theorems for connectivity maps, Fund. Math. 47
(1959), 249-263.



	Contents
	p. 281
	p. 282
	p. 283
	p. 284
	p. 285

	Issue Table of Contents
	Real Analysis Exchange, Vol. 20, No. 1 (1994-95) pp. 1-371
	Front Matter
	EDITORIAL MESSAGES [pp. 1-1]
	Tadeusz Świa̹tkowski - OBITUARY [pp. 2-5]
	CONFERENCE ANNOUNCEMENTS [pp. 6-9]
	CONFERENCE REPORTS
	REPORT ON THE SUMMER SYMPOSIUM IN REAL ANALYSIS XVIII, UNIVERSITY OF VIRGINIA CHARLOTTESVILLE, VIRGINIA JUNE 22-25, 1994 [pp. 10-13]
	Carathéodory's outer measures: 80 years [pp. 14-17]
	DISTORTION THEORY FOR FUNCTIONS IN A ZYGMUND SPACE Λ [pp. 18-19]
	PACKING CONICS IN THE PLANE [pp. 20-21]
	ORDINARY AND STRONG DENSITY CONTINUOUS FUNCTIONS ON THE PLANE [pp. 22-24]
	MEASURE PRESERVING CONTINUOUS SMOOTHING OF FRACTIONAL DIMENSIONAL SETS [pp. 25-25]
	SMOOTHING Λ-SEQUENCES [pp. 26-27]
	ω-LIMIT SETS FOR CERTAIN CLASSES OF FUNCTIONS [pp. 28-30]
	ω-LIMIT SETS AND CONTINUOUS FUNCTIONS WITH CONTROLLED GROWTH [pp. 31-32]
	Ap-WEIGHTS AND RELATED TOPICS [pp. 33-35]
	LIMITS AND SERIES OF EXTENDABLE CONNECTIVITY FUNCTIONS [pp. 36-36]
	BOUNDED HARMONIC VARIATION AND THE GARSIA-SAWYER CLASS [pp. 37-38]
	ON SOME PROBLEMS OF FRACTIONAL DERIVATIVES [pp. 39-40]
	INFINITE CONFORMAL ITERATED FUNCTIONS SYSTEMS AND MEASURABILITY OF MEASURE AND DIMENSION FUNCTIONS [pp. 41-42]
	THE MULTIFRACTAL SPECTRUM OF RIEMANN'S FUNCTION [pp. 43-44]
	RANDOM WALKS AND GENERALIZED RIESZ PRODUCTS [pp. 45-46]
	LIMITS UNDER THE INTEGRAL SIGN [pp. 47-47]
	LIMITING CASES OF THE SOBOLEV IMBEDDING THEOREM [pp. 48-49]
	ON VECTOR-VALUED HENSTOCK AND DENJOY INTEGRALS [pp. 50-50]
	NEW INTEGRALS AND THE GAUSS–GREEN THEOREM WITH SINGULARITIES [pp. 51-54]
	HAUSDORFF AND PACKING MEASURES OF SOME SELF-AFFINE SETS [pp. 55-57]
	COMPLETENESS IN TOTALLY ORDERED ABELIAN GROUPS [pp. 58-58]
	ON CONVERGENCE OF FOURIER SERIES IN THE HAUSDORFF METRIC [pp. 59-60]
	POSITIVITY OF THE HAUSDORFF MEASURE FOR RANDOM SELF–SIMILAR FRACTALS [pp. 61-61]
	MULTIFRACTAL MEASURES [pp. 62-62]
	ON VARIOUS POROSITY NOTIONS IN THE LITERATURE [pp. 63-65]
	A SET IN THE PLANE WITH PECULIAR MEASURE-THEORETIC PROPERTIES CONSTRUCTED BY VITUŠKIN, IVANOV AND MELNIKOV [pp. 66-66]

	RESEARCH ARTICLES
	ON CONVERGENCE THEOREMS FOR AP INTEGRALS [pp. 67-76]
	ON A GENERALIZED DOMINATED CONVERGENCE THEOREM FOR THE AP INTEGRAL [pp. 77-88]
	ON THE MEASURABILITY OF EXTREME PARTIAL I-APPROXIMATE DERIVATIVES [pp. 89-93]
	EXTREME PROBABILITY SUBMEASURES ON 3 POINTS [pp. 94-101]
	Density continuous transformations on ℝ² [pp. 102-118]
	A CONVERGENCE THEOREM FOR GENERALIZED RIEMANN INTEGRALS [pp. 119-124]
	THE STRUCTURE OF MINIMAL ATTRACTION CENTERS OF TRAJECTORIES OF CONTINUOUS MAPS OF THE INTERVAL [pp. 125-133]
	Λ-VARIATION AND BAIRE CATEGORY [pp. 134-139]
	FUNCTIONS THAT HAVE NO FIRST ORDER DERIVATIVE MIGHT HAVE FRACTIONAL DERIVATIVES OF ALL ORDERS LESS THAN ONE [pp. 140-157]
	DIMENSION OF SETS OF NUMBERS WITH MULTIPLE REPRESENTATIONS [pp. 158-162]
	DENSITY TOPOLOGIES FOR PRODUCTS OF σ-IDEALS [pp. 163-177]
	ON THE TRANSFORMATIONS OF MEASURABLE SETS AND SETS WITH THE BAIRE PROPERTY [pp. 178-182]
	LIMITS AND SUMS OF EXTENDABLE CONNECTIVITY FUNCTIONS [pp. 183-191]
	APPROXIMATE CORE TOPOLOGIES [pp. 192-203]
	MAXIMAL ADDITIVE AND MAXIMAL MULTIPLICATIVE FAMILY FOR THE CLASS OF SIMPLY CONTINUOUS FUNCTIONS [pp. 204-211]
	MULTIPLIERS FOR SOME GENERALIZED RIEMANN INTEGRALS IN THE REAL LINE [pp. 212-218]
	POINTS OF NON-DIFFERENTIABILITY OF TYPICAL LIPSCHITZ FUNCTIONS [pp. 219-226]
	THE EXTENDING OF DARBOUX FUNCTIONS WITH FINITE VARIATION [pp. 227-243]
	ON THE SUMS OF DARBOUX UPPER SEMICONTINUOUS QUASI-CONTINUOUS FUNCTIONS [pp. 244-249]
	INEQUALITIES OF MINKOWSKI'S TYPE [pp. 250-255]
	FINE VARIATION AND FRACTAL MEASURES [pp. 256-280]
	CARDINAL INVARIANTS CONCERNING FUNCTIONS WHOSE PRODUCT IS ALMOST CONTINUOUS [pp. 281-285]

	INROADS
	ON SCORZA DRAGONI'S PROPERTY FOR THE DENSITY TOPOLOGY [pp. 286-290]
	A PECULIAR SET IN THE PLANE CONSTRUCTED BY VITUŠKIN, IVANOV AND MELNIKOV [pp. 291-312]
	THE SHORTEST ENCLOSURE OF THREE CONNECTED AREAS IN ℝ² [pp. 313-335]
	A NOTE ON MAJOR AND MINOR FUNCTION FOR THE PERRON INTEGRAL [pp. 336-339]
	PATH INTEGRAL: AN INVERSION OF PATH DERIVATIVES [pp. 340-346]
	AN ELEMENTARY PROOF OF THE BOREL ISOMORPHISM THEOREM [pp. 347-349]
	ON ITERATIONS OF DARBOUX FUNCTIONS [pp. 350-355]
	ON DARBOUX BAIRE ONE FUNCTIONS [pp. 356-358]
	DESCRIPTIVE MAPPING PROPERTIES OF TYPICAL CONTINUOUS FUNCTIONS [pp. 359-362]
	KURZWEIL-HENSTOCK ABSOLUTE INTEGRABLE MEANS McSHANE INTEGRABLE [pp. 363-366]
	EVERY BOUNDED FUNCTION IS THE SUM OF THREE ALMOST CONTINUOUS BOUNDED FUNCTIONS [pp. 367-369]

	QUERIES
	A QUERY CONCERNING SARD'S THEOREM FOR POINTS OF NON-DIFFERENTIABILITY [pp. 370-371]

	Back Matter



