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THE EXTENDING OF DARBOUX
FUNCTIONS WITH FINITE VARIATION

Abstract
In this paper we investigate the problem of extending Darboux func-
tions with finite varation in such a way that the sets of points of quasi-
continuity are maintained.

Paper [1] was devoted, among other things, to the investigation of the pos-
sibility of extending Darboux functions defined on closed and convex subsets
of the plane, taking their values in R?, in such a way that the original functions
and their extensions should possess the same sets of points of continuity.

In the present paper, the problem of extending Darboux functions with
finite variation is studied. At the same time, we consider the situation where
the sets of points of quasi-continuity of the extension and of the original func-
tion are equal. However, quasi-continuity differs from continuity in that it
may be ’realized from different sides’. Thereby, in Theorem 1 we demand not
only that the sets of points of quasi-continuity of suitable functions be equal,
but also that, for points of quasi-continuity of the extended function, the im-
age of the open set non-disjoint from the complement of the domain of the
original transformation should not be contained in a ’close neighbourhood’ of
the images of these points (the consideration of the notation Q- (K)).

At the same time, it seems interesting to ask not only about the possi-
bility of extending a given function to the whole plane, but also about the
existence of extensions to some sets of the plane, with that we sought for
as weak assumptions as possible, concerning the sets we extend the original
transformations to. Let us note here that in this situation one cannot use the
method of extending the transformation to the whole plane in order to restrict
next the extended function to a fixed subset. As a result of this operation, the
terminal transformation could possess many more points of quasi-continuity
than the original function although the ’intermediate mapping’ (mapping R?2
into R?) would satisfy the assertion of Theorem 1.
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228 A. RYCHLEWICZ

Throughout the paper, we adopt the standard symbols, definitions and
notations. The letters N, Q, R denote: the sets of all positive integers, rational
numbers and real numbers, respectively. Let Z be an arbitrary set and let R
stand for an equivalence relation; then we denote the set of all abstract classes
of the relation R by Z/R. Let X stand for a metric space; then we denote
an arc in X with endpoints a,b by L(a,b). If a,b are points belonging to the
arc L C X, then L.(a,b) denotes the only arc included in £ with endpoints
a,b. The two-dimensional Lebesgue measure of the set A C R? is denoted by
ma(A). Let z,y € R% The symbols H,, HY mean: a half-line in R? with
initial point z, and a half-line in R? with initial point z which includes a point
y, respectively.

Let p, g be two half-lines with the same initial point. It is known that the
figure pU ¢ cuts the plane R? into two domains K9, K. At least one of these
domains is convex. Each conver set K{ UpUg, K9UpUq will be called an angle
determined by half-lines p and ¢ and denoted by Z(p,q). The arc measure of
the angle Z(p, q) is denoted by the symbol mZ(p, g).

Let ) be a subspace of the space R?, let ¢ denote a real nonnegative number
and let @ # K C Y. Then the symbol IC%’ stands for the set {y € YV : d(K,y) =

£}. We shall write K¢ instead of IC”?’. Let BC Y. Theset {{ €R:¢>0and

BN IC%’ # 0} will be denoted by B,JC’, or by Bx when it is clear in what space
our considerations take place.

In the latter part of the paper we shall make use of spaces forming a wider
class than locally connected ones. These spaces will be called stratiformly
locally connected.

Definition 1 We say that the space Y is stratiformly locally connected with
respect to K C Y (K # 0) if there exists a base B of this space such that Vi is
a connected set for any V € B.

Definition 2 Let f : X — ), where X, Y are arbitrary topological spaces.
We say that f is a Darbouz function if the image of each arc L C X is a
connected set.

Let f : Y — R2. The symbols C; and Qy denote the sets of all continuity
points and the quasi-continuity points, respectively. _

Let F be a closed subset in Y. We write o € Q(F) when 7o € Q¢
and there exists a neighbourhood V' of a point f(zo) in R? such that, for
each neighbourhood W of the point zj, open in Y, the following condition:
Inty(W N f~1(V)) C F is satisfied.

Let {As}ses be a cover of the space Y and let {fs}scs be a family of
agree transformations, where f, : A, — R? for s € S. Then the symbol VS fs

s€E
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denotes a combination of transformations {fs}ses. When S = {1,2,... ,k},
the notation f; v fo V...V fk is also used.
We shall need the following lemma (cf. [1], Lemma 2).

Lemma 1 Let K C R? (K # 0) be a closed convez set and let p € Int K. Then
if there exists non-negative real number & such that H, N K¢, # 0, then, for
any £ > 0, the intersection Hp N K¢ is a one-element set.

The formulation of the main theorem of this paper will be preceded by the
following lemma

Lemma 2 Let K # R? be a convex and closed subset of the plane R? such that
Int K # 0. Then, for each element p € Int K, each real number &€ > 0 and any
z € K¢, there exist arcs L = L(z,a), L = L(z,b) such that L,L' C K¢ and
the sets L\{z}, L'\{z} are contained in distinct open half-planes determined
by the line the points p and x belong to.

PROOF. Let p € IntK, £ > 0 and x € K. Consider the ball K(z,{). The
closedness of the set X implies the existence of k; € K such that d(k;,z) = £.
Let [ be the line tangent to the sphere S(z,&) at the point k.

Note that

p ¢ P(l, K(z,£)) (1)

where P(l, K(z,&)) stands for a closed half-plane with edge [, containing
the ball K(z,£).
We shall show that

K cP(l,p) (2)

where P(l,p) denotes a closed half-plane with edge [, containing the point
p. Indeed, let us suppose it is not so. Then there exists

e € K\P(l, p). (3)

Relations (1) and (3) allow us to deduce that e € P(l, K(z,&))\l. Since [
is a line tangent to S(z,£) at the point k., there exists an element e’ of the
non-degenerate segment [k, €], such that

e € K(z,¢). (4)

In view of the convexity of K, from (3) and the condition k, € K it follows
that ¢/ € K. The last condition and (4) imply that z ¢ K¢, which leads to a
contradiction. Condition (2) has been shown.
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In view of (1) and (2), it is not hard to observe that
K¢ C P(m,p) (5)

where m is a line parallel to | such that z € m; moreover, P(m, p) stands
for a closed half-plane with edge m, containing the point p.

Let z € K(z,£)\H be a point such that Z(Hy, H?) has a negative orien-
tation. Denote a = mZ(Hy, H}).

Denote a function t : [0,a] — R? in the following way: for any y € [0,q],
let Hp , denote a half-line with the initial point at p, such that

£L(Hy,Hpy) C £L(H, Hy) and  m4(Hg,Hpy) =y.

Let {sy} = Hpy N K¢. In virtue of Lemma 1, the point s, exists and is
determined uniquely. Let t(y) = s,.

The function ¢ is, of course, injective. We shall show the continuity of this
transformation.

Let zo € [0,0] and let {z,},en be a sequence of elements of the interval
[0,a], such that z, — zo. In view of the definition of t(z,) for n = 1,2,...
and (5) it follows that

tzn) €T for n=12,... (6)

where T is a triangle determined by the half-lines HZ, H7 and the line m.
Let {t(zk,)} be any subsequence of {t(z,)}. In virtue of (6), we can choose
a subsequence {t(z;, )} of {t(zx,)} converging to some

q € £(Hy, H}). (7)
We shall demonstrate that
q € H »Zo (8)

where Hj ., is a half-line with the initial point p, such that Hp,, C
Z(Hg,H}) and mZ(Hy,Hp,z,) = To. Suppose it is not so. There are two
cases possible.

19 Let o € (0,a). Then there exist distinct half-lines L;, Ly with the
initial point p, such that

L, Ly C Z(H:,H;), Hp,.‘co C Z(Ll,Lz) and q¢ Z(Ll,Lz)
and

m4£(L1,Hy) = a1 € (0,z0) and  mZ(La, Hy) = b1 € (20, ).
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Hence it appears that Ly = Hp o, and Ly = Hpp, and zo € (a1,b1). The
way of choosing the lines L;, L, implies that ¢ € R?\Z(Ly,L;). In view of
the way of choice of the sequence {t(zi, )} and the definition of the mapping
t, Hp,z‘kn C R?\4(L;, L) for any n > ng where ng is some positive integer.
Consequently, z;, ¢ [a1,b1] for n > ng. This contradicts the convergence of
the sequence {z,} to the point zo.

20 Let zg = 0 or T¢9 = a. Assume, without loss of generality, that zo = 0.
Then there exists a half-line L with the initial point p, such that

L C L(H;,H}), q¢ L(H;,L) and m4(H;,L)="Y €(0,a).

Hence it appears that L = H,pr. In view of the definition of the line L and
(7), it follows that ¢ € Z(HZ, HZ)\Z(HZ, L). Reasoning similarly as in 1%, we
infer that z;, ¢ [0,d'] for n € N sufficiently large. This, however, contradicts
the convergence of the sequence {z,} to the point zy.

Condition (8) has thus been shown. In virtue of the closedness of K¢, we
conclude that q € K¢. This means that ¢ € K¢ N H, ;,. In view of Lemma 1
and the definition of the mapping t, ¢ = t(zo). The continuity of ¢ has finally
been proved.

Thereby, we have demonstrated that t is a homeomorphism of the segment
[0,a] onto the set £ = t([0,a]). The arc L satisfies, as is easily seen, the
conditions of the assertion of the lemma.

The construction of the other arc (£’) runs analogously.

Theorem 1 Let K be a closed convex subset of the plane R? which is not
a boundary set and let f : K — R? be a Darbouz function with finite vari-
ation. Then, for each connected subspace X of the space R2, stratiformly
locally connected with respect to KC, containing K, there ezists a Darbouz func-
tion f* : X — R? with finite variation, being an extension of f to X, such
that 3

Qs = Qs C Qs (K).

PROOF. In virtue of the assumptions, there exists a point p € Int . Let S
be the union of all lines parallel to the co-ordinate axes and intersecting these
axes at points with rational co-ordinates. Then

ma(S)=0 and S=R2% (1)

To make the further notation easier, let © = Xc. It is easy to notice that
if © =0, then K = X and it suffices to adopt f* = f. So, assume that © # 0
(hence it appears that X\K # 0). Note that

X=Ku|JKE. (2)
£€6
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Let

the symbol A denote the set of all those elements z of the
space X for which there exists a neighbourhood V,; of the

point z in the space X, such that V C IC?; (3)

where £; is a positive number such that z € Kli ,

Th
and, to simplify the following notation, let 6’ = Ag.
We shall demonstrate that

K& N Ais an open subset of the space X for any £ € 6. (4)

Indeed, let £ € ©'. Then there exists z € IC?' N A. By virtue of (3), it
follows that there exists a neighbourhood V of the point z, open in X, such
that V C IC{SY . The last condition and the openness of V' prove the veracity of
the inclusion V' C A. Condition (4) has been demonstrated.

onto

At present, we shall define a function g : A —— S§. With that end in view,

onto

for each & € 6, define a function g¢ : KF N A == S. Let, for any £ € 6/,
M, denote the family of all components of the set ICEY N A and let, for any
C € Mg, the symbol ¢ denote some element of the component C (in order
to avoid the necessity of repeating analogous explanations, the distinguished
element of a given component will always be denoted by the symbol z with
the index being the symbol of this component).

Fix £ € 6’ and C € M¢. Let a, = mZ(H;°,H}) for any z € C and let
N = {a, : z € C}. Note that

Intg N # 0. (5)
Indeed, since z¢ C IC?' N A, therefore, in view of (4), we may deduce that

K(zc,e)NX C ICEY for some € > 0, (6)

where K (zc,€) is a ball in R? and the closure operation is considered in R?,
too. Let £ = L(z¢,a) C K¢ and L' = L(z¢,b) C IC?’ be the arcs, described in
Lemma 2, for the point z¢ and let {p;,p2} = (Fr K(zc,€)) N H3°. We may
assume that p; € (p,p2). In view of Lemma 1, p,p2 ¢ K¢. By virtue of the
continuity of the function p — d(K,p), we may infer that there exist numbers
61,62 > 0 satisfying the condition

K(pi,6)NKeg=0 for i=1,2. )
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Let I', = Z(Hge, Hp), I = £(H°, Hf,’) and I' = I, UT}. Moreover, let L
be a line containing H;¢. The definition of the angle and the way of defining
the arcs £ and £’ imply that

(L\Hz°)NI'=0 and Hp°cCI. (8)
We shall now show that
there exists g such that Lg(zc,q1) C A

or there exists go such that Lz (zc,g2) C A. 9)
Suppose to the contrary that condition (9) is not satisfied. This means that
there exist sequences {g}}nen C L\(AU{zc}) and {g2}nen C L'\(AU {zc})
such that
lim ¢} = lim ¢ = zc.
n—oo n—00

So, let ng be a positive integer such that

1 2
I = Z(HZ°, Hy™) U Z(H2e, Hy™) C I,

(10)
I nFrK(zc,e) C K(p1,61) U K(p2,82)

and
Lg(:l:c,q,,llo)ULy(:Ec,qgo) C K(:I:c,E). (11)

1

Denote by the symbol P; segments of K(z¢c,€) N H:"“ for i = 1,2. Then,
by virtue of (6), ;N X C K for i = 1,2. By Lemma 1, P, N K¢ = {g},,} for
i =1,2. Let i be a fixed element of the set {1,2}. If g} € X, then, in virtue of
(6) and the condition ¢}, € K(z¢,¢) following from (11), we would have, by
(3), the relation ¢}, € A. This leads, in view of the way of defining the element
qflo, to a contradiction. This means that qf,o ¢ X for i = 1,2. In consequence,
P,NnX = 0. In view of (7) and (10), It NFr(K(z¢,€)) N K¢ = 0. Relationship
(6) allows us to deduce that It NFr(K(z¢c,€))NX = 0. The reasoning carried
out leads to the conclusion that if 7 = P, U P, U (I'1 N Fr(K(z¢,¢))), then
T NX = 0. Since T cuts R? into two separated sets, each of them containing
elements of the connected set X, therefore 7 N X # (. The contradiction
obtained completes the proof of (9).

In view of (9) and the fact that LU L' C K¢, we may deduce that the
component C contains some arcs Lg(zc,q1) or Le/(zc,q2). Assume, with
no loss of generality, that Lc(zc,q1) C C. Let ap = mZ(H;°,q); then
(0,a) C N.

Indeed, let ¢ € (0, @) and let Hy, be a half-line with the initial point p, such
that Z(H;°, Hy) C £(Hg°,H§*) C I' and mZ(Hy°, Hy) = . It is sufficient
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to show that Hy N Lg(zc,q1) # 0. Suppose that Hy N Le(zc,q1) = 0. Then
the figure (L\HZ°) U Hy, cuts R? into separated sets such that z¢ belongs to
one of them, and q; to the other, which leads to a contradiction. -

The proof of condition (5) is finished.

In the set N we shall define an equivalence relation R; in the following
manner:

aR1b & a — b is a rational number (for any a,b € N).

Let N* = N/R,. By virtue of (5),

the cardinality of the set N* equals the continuum. (12)

By (12), it follows that there exists a bijection p : N* — S. Let a function
gg : C 22, S be defined as follows:

6§ (0) = w([mL(HZe, H))lr,)  forany c€C,

where the symbol [ |, stands for the abstract class of the relation R;.
Put

onto

ge= V gf:lcg"nA—nS’
CeM;

and let
9= vV ge: A S
(€’

At present, we shall define a function h : X\(AUK) 22% S. For the
purpose, we first define an equivalence relation R2 by the following formula:
a1R2a2 ¢ @) — o2 is a rational number (for any a;,as € O).
Let ©/R2 = N. Since © # (), and X is a connected space, therefore

the cardinality of the set N equals the continuum. (13)

Condition (13) implies the existence of a bijection v : N — S. For any
z € X\(AUK), let

h(z) = v([az]r,)

where the symbol [ |z, denotes the abstract class of the relation Ry and a; -
a positive real number such that z € KX .

Let f* = fyhyg: X — R2 We shall demonstrate that f* is the
sought-for function. To this end, we shall first show that f* has the Darboux
property. .

Let £1 C X be an arc. It should be shown that f*(£;) is a connected set.
The following cases are possible:
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I. £; N A # 0. Then there exists o € £; N .A. Let & be a number such
that o € IC?; N A. By virtue of (4),

K(zg,m)NX C IC?; NA  for some 7 >0. (14)

Let zy € L£1\{zo} be a point such that £ = L., (zo,20) C K(zo,n) N X
and let C;, € Mg, be a component of the set IC?; N A, containing zo. Since,

by (14), Lc IC?; N A, therefore £ C C;,. For each l € L, denote
a); = mé(H:C”’ y Hzl,)

Besides, let us adopt Ny = {a; : L € ﬁ}.

Note first that Nj is not a one-element set.

So, let B1,02 (81 < B2) be elements of the set N;. We shall first show the
veracity of the inclusion

(81, B2] C Ny (15)
Indeed, for let us assume that this inclusion does not hold, that is,
there exists 8 € (61, B2)\N1. (16)

Let L;, L, be distinct half-lines with the initial point p, such that
mZ(Hp ™, L1) = mL(Hp ™, L) = B.
Then (16) and the definition of the set N; imply the equality
(LiULy)NL =0. (17)

Of course, L U L2 cuts the plane into two disjoint open sets U, Us. With-
out loss of generality it may be assumed that z¢, € U;. Since f; € N and

B1 < B, there exists l; € U; N £ such that oy, = (1. In an analogous way
one can justify the existence of I € Uz N L such that oy, = B2. The above
considerations as well as (17) allow us to ascertain the disconnectedness of the
set £, which leads to a contradiction with the assumption we have adopted.
Condition (15) has thus been shown.

By (15), in view of the definition of the relation R;, we may infer that N;
is a set non-disjoint from any abstract class belonging to N*. Consequently,
ggz" (L) = u(N*) = 8. The definition of the function f* and the inclusion

L C L, allow one to deduce the veracity of the inclusion S C f* (L1).. The
connectedness of the set S and the condition (1) imply the connectedness of
the set f*(L).

II. £, N A = 0. Then the following cases may take place:
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i) If Ly C IC?' for some § € O, then f*(L;) is a one-point set.
ii) If £; C K, the set f*(£1) = f(L1) is connected.

iii) So, let £1\K # @ and £;\KF # 0 for any £ € 6. There exist £,¢; € ©
satisfying the conditions

&1 # & and Eln’C?i #@#ﬁlﬂxg (18)
It is not hard to verify that then
LiNKE#0  forany €€ (&,&) (19)

Conditions (18) and (19) as well as the assumptions of case II imply the
following relationship:

LiN(KE\A) #0  forany £ € [&,&). (20)

In view of (20), we may deduce that the segment [£1,£2] intersects each
abstract class belonging to IV, which, in virtue of the definition of the mapping
h, means the equality S = h(L; N (X\K)). The definition of the mapping
f* allows one, in turn, to ascertain the truth of the inclusion S C f*(£;).
Consequently, the connectedness of S and (1) imply the connectedness of the
set f*(L1). Thereby, the Darboux property has finally been proved.

At present, we shall show that f* is a function with finite variation.

For the purpose, consider the Banach indicatrix Ny- of the function f*. Let
y ¢ S. Since fi\x =9V hand (g v h)(X\K) =S, therefore () Yy ck.
Hence it appears that (f*)~!(y) = f~'(y). Consequently, N-(y) = Ny(y) for
any y ¢ S. The functions Ny and N differ from each other on the set S of
measure zero, thus the measurability of Ny implies the measurability of N, oo
and

Vi = [ Vrwiy= [ Niwdys [ Ny < oo

Consequently, we have proved that f* has a finite variation.
We shall demonstrate that

Qs = Qy-. (21)
Let us now observe that

f*(V) D 8 for any set V open in X, satisfying the condition V\K # 0.
(22)
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Indeed, let V be the set satisfying the assumptions of condition (22) and
let r € V\K. Since X is locally stratiformly connected, there exists a neigh-
bourhood V; (in X) of the point r, such that V; € V\K and Vi, is a connected
set. The following two cases are possible:

19 Let Vi, be a one-element set and let V3, = {&}. This means that
Vi C ICE From the definition of the set A it follows that V; C ICX NA. LetC
be an element of M, such that r € C and let 6, > 0 be a number for which

K(r6,)NX C Vi (23)

Let now, for any z € CN K(r,6,), a, = mZ(Hz¢, H}) and let N = {a;:
z2€ CNK(r,6;)}. Then

Intg Ny # 0. (24)
Indeed, there are two possible cases.

1. Let zc = r. Then the proof of condition (24) is analogous to that of
relation (5), except that in this case the role of € will be played by the
number §,.

2. Let z¢ # r. So, let £, and L be the two arcs described in Lemma
2 (for the point 7). Then the sets £,\{r}, £.\{r} are contained in
distinct open half-planes determined by the line the points p and r belong
to. Let a, € L, and b, € L] be elements satisfying the conditions:
ar, b, € K(r,6,), the angle I'* = A(Hg',Hg’) contains r and does not
contain z¢, and K¢ N I™* C K(r,6,).

Note that then

H;NCNK(r,6-) # 0 for any half-line Hy C Z(Hy, Hy")
or H;NCNK(r,6)# 0 for any half-line Hy C £(Hp, Hg*). (25)

For let us suppose it is not so. Then there exist two half-lines A;, A; with
the initial point p, contained in Z(H}, Hy) and Z(Hp, Hgf), respectively, and
such that

ANCNK(ré)=10 for i=1,2,.

It is not difficult to deduce from this that A; N C = @ for + = 1,2. Note
that the figure A4; U Az cuts the plane R? into two domains (r belongs to one
of them, while z¢ to the other) and is disjoint from C. This fact leads to a
contradiction with the connectedness of C. Condition (25) has been proved.
This relationship, in turn, implies condition (24).
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On the ground of conditions (23), (24) and the method of constructing the
functions g¢, and f*, we may write down

(V) 2 96.(V1) D g¢, (K(2,6,) N X) D g¢.(C N K(r,6r)) = p(N*) = S.

This proves the veracity of condition (22) in this case.

29 Let now Vi, be a non-degenerate interval. If Vi N A # 0, then there
would exist £ € @' such that W; = V; ﬂKI?' N.A would be, by (4), a non-empty
set open in X, and Wi, = {£{}. For Wy, one can carry out an analogous
argument as for V; in 1°. So, let V; N A = 0. Then, in view of the definition
of the function A, it follows that

F* (V) > (Vi) = S.

Thereby, the proof of condition (22) has been finished.
The inclusion

Qs CQy (26)

is a consequence of this condition.

Indeed, note first that Q¢ C K and let zo € Q.. We want to show the
relation zo € Qf. Let U be an open neighbourhood of the point ¢ in K and
let V = K(f(zo),6) where § > 0. Then there exists a neighbourhood U’ of
the point =g in X such that U = U’ N K. Since g € Qy-, and V is an open
neighbourhood of the point f*(zo) = f(zo) in R?, there exists a non-empty
set W C U’ open in X, such that

frw)cv. (27)

If W\K # 0, then, by (22), f*(W) O S and condition (27) would not be
satisfied. The set W ¢ KNU’' = U is a non-empty set open in KX and, by
virtue of (27), zo € Q¢. We shall further demonstrate that

Qs C Qf-. (28)

Indeed, let o € Qy, let U be an open neighbourhood of the point =g in X
and let V be an open neighbourhood of the point f*(z¢) = f(zo) in R2. Then
U’ = UNK is an open (in K) neighbourhood of the point zo. Consequently,
there exists a set W’ open in K, such that W/ C U’ and f(W’) C V. To prove
(28), it is sufficient to show that Intxy W’ # 0. For the purpose, it suffices to
notice, in turn, that Intg: W’ # 0.

On account of the fact that p € Intgz K, we may deduce the existence of
g € W' such that ¢ # p. Let v > 0 be a real number such that K(g,y) N K C
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W'. Of course, p € Intg: K, therefore to a line M perpendicular to HY,
such that p € M, there belongs some element p; € K\{p}. By virtue of the
convexity of K, the triangle A(p,p1,q) C K. Consequently, the non-empty
set A(p, p1,9) N K(g,7) is contained in the set W’ and possesses a non-empty
interior in R2. Condition (28) has been shown.

Relationships (26) and (28) imply equality (21).

Now, we shall show that

Qr.C Qs (K). (29)

Indeed, let z € Q-. Relationship (21) implies the relation z € K. Let
V = K(f*(z),1) and let W be an neighbourhood of the point = open in X.
It should be demonstrated that Intx (W N (f*)~1(V)) c K. For if it were not
so, then the set Intx(W N (f*)~1(V))\K # 0 would be open (in X) and, by
(22), the inclusion

F(Intx(Wn (F)"H(V))\K) D S

would take place.
However, on the other hand,

frIntx (W () 7H(V))) € () THV) Ve

This contradicts the definitions of S and V. Condition (29) has been shown
and, thereby, the proof of the theorem has been completed.

A natural problem appearing after the analysis of Theorem 1 is the question
concerning the possibility of extending a Darboux function with finite variation
in such a way that the terminal transformation should possess as many points
of continuity and quasi-continuity as possible. The answer to this question is
included in the following theorem.

Theorem 2 Let K be a closed non-empty subset of the plane R? and let
f : K — R? be a Darbouz function with finite variation. Then there ezists
a Darbouz function f* : R?2 — R? with finite variation such that fixx = f and

Qs =QsUR2\K  and  C;- DRAK.

PROOF. If K = R?, then the function f* = f satisfies the conditions of the
assertion of the theorem. So, let K # R%. Then there exists ' € R?\K.
Denote d’ = d(K,z’). In view of the separability of the space R2, it follows
that there exists a set {g, : n € N} dense in R2. Let L, = [gn,gn+1) for any
n € N and let the mapping

d, d’ onto 2
hy,: il n —>LnCULiC]R
1EN
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be a homeomorphism satisfying the condition

n(8)-s

forj=n,n+landn=12,....
Moreover, let

ho(:l:) =q for T E [d/, +00).
It is easy to show that combination

h= why :(0,+00) — R?
n€NU{0}

is a continuous function.
Consider a mapping f* : R? — R? defined by the formula

« .\ _ ) R(d(K,z)) when z ¢ K
fe) = {f(a:) when z € K.

We shall demonstrate that f* has the Darboux property.

Let £ be an arc contained in R2. If £ C K, then the set f*(L) = f(L)
is, of course, connected. So, let L\K # 0. Then the following two cases are
possible:

19 Let LNnK = 0. Then f*(L) = (h odx)(L) where dx stands for the
function R? 5 z — d(K,z) € [0,+00). Since h and dx are continuous
transformations and L is a connected set, therefore f*(£) is a connected
set, too.

20 Let LN K # 0. Denote by ng a positive integer such that ,‘f—' € di(L).
Evidently, 0 € dx(L). By virtue of of the continuity of doyc and the
connectedness of £ as well as the condition dx(K) = {0}, the inclusion

( o,,;i; | C de(£\K)

follows.

The above condition allows one to prove the following relationship:

££)> | La (2)

n>ng
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Indeed,
A (L) D f(L\K) = flra\c(L\K) = h(dx(L\K))
dl
Dh{(0,—])= L,.
) u
Since Un>nO L, D {gn : n > no} and the set {gn : n > no} is dense in R?,
therefore
U L. =R%. (3)

n>ng

Of course, |J,>,, Ln is a connected set, which, in view of (2) and (3),

allows one to infer that f*(L) is a connected set, too.

Now, we shall show that f* is a function with finite variation. So, let N
and Ny. denote the Banach indicatrices of the functions f and f*, respectively.
It can easily be noticed that mz(|J,cn Ln) = 0. This means that the functions
N and Ny. differ from each other on at most the set of measure zero. Con-
sequently, the function Ny. is measurable and f* has a finite variation since
the functions Ny and f, respectively, have such properties.

Note now that

R3\K C Cj-. (4)

Indeed, let z € R%\K and let € > 0. Then there exists §; > 0 such that
K(z,6:) N K = 0. Since h o dx is a continuous function, therefore

(hodx)(K(z,6)) C K((hodk)(z),€)
for some 6§ € (0,61). In view of the equality fi.\x = h odxk, condition (4) is

proved.
‘We shall show that

Qs- = Qs URA\K. ()
For the purpose, we shall first prove the inclusion

Qs+ D Qs URAK. (6)
Let z € Qf UR2\K = (Q s N Int ) UR2\K. It should be demonstrated

that z € Q.. Let U > f*(z) and V > z be open sets in R2. The following
three cases are possible:
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i) € Qs NIntK. Then V4 = V NIntK is an open set in K and in R2. In
view of the quasi-continuity of the function f at the point z,

fW)y=5Ww)cUu (7)

for some subset W of the set V;, open in K. The openness of the set W in K
implies the existence of a set W; open in R? such that W = W; N K. The last
condition and the inclusion W C V; allow one to deduce that W = Wy NV,
which, in view of the openness of the sets V; and W; in R?, means that the
set W is open in R%. Consequently, the relation z € Q- follows from (7) and
the inclusion W Cc V; C V.

ii) z € R2\K. Then z € Q- by (4).

iii) z € Fr K = Fr(R?\K). Let Z stand for some open ball with centre at
a point z, contained in V. Of course, Z\K # 0. In view of the connectedness
of K, z € KN Z. Consequently, in virtue of the assumptions concerning the
number d’ and the connectedness of Z, there exists a number n; € N such that
for any number r < n , there exists an element z, € Z satisfying the condition
dx(z) = r. Let ng > n1 be a positive integer so chosen that g,, € U (the
existence of such a number follows from the density of the set {g, : n > n;} in
R2). It is easy to check that the element zo = = 4 has the following properties:

n2

a) zg € Z\K,
b) Tg € Cf-,
¢) f*(zo) =gn, €U.

In view of these facts, there exists a set W open in R?, such that W C
Z\K C V and f*(W) C U. The proof of condition (6) has thus been com-
pleted.

We shall now show that

Qs+ CQy URAK. (8)

Let £ € Qg+ and suppose that £ ¢ Qf UR2\K. Then = € IntK. Let
¢ > 0 and 5 > 0. Then there exists 7; < 7 such that K(z,n;) C K. In view
of the quasi-continuity of the function f* at the point z, we may infer that
there exists a ball K(y,7n2) C K(z,m) such that f*(K(y,n2)) C K(f*(z),)-
Of course, K(y,m2) C K(z,n) N K, therefore f(K(y,m2)) C K(f(z),¢), too,
which proves that £ € Q. This fact contradicts our assumption, and thus,
condition (8) has been proved.

Conditions (6) and (8) imply (5).

Thereby, the proof of the theorem has finally been completed.
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