Real Analysis Exchange
Vol. 20(1), 1994/95, pp. 33-35

Ilya Spitkovsky, Department of Mathematics, The College of William and
Mary, Williamsburg, VA 23187-8795, (email: ilya@cs.wm.edu) *

A,-WEIGHTS AND RELATED TOPICS

Let T be a smooth curve in a complex plane C, and let p be a measurable
a.e. positive function defined on I'. A weighted L,-space is defined as

Ly o(T) ={f: pf € Lp(T)},

and Ly ,-norm of f is, by definition, an L,-norm of pf.
We say that p € W (') if the Cauchy integral operator S, acting according

to the formula
(500 = 5 [ (7

is bounded in L, ,-norm. It is well known ([4], see also [3]) that p € W,(T) if
and only if p? is an A,-weight, that is,

1/p 1/q
supm( p’(t)ldtl) (/mp%t)wu) < oo,

where sup is taken agé,inst all arcs I of T, |I| stands for the length of I,
p€(l,00),and 1/p+1/g=1.
For any t € T', denote

Je(p) = {a €R: |7 —1|%p(7) € Wp(I')}.

It was shown in [6] that J;(p) is an open interval (—v_(t),1 — v4(t)), where
0 < v_(t) < v4(t) < 1, and that numbers v4 (t) play a crucial role in the theory
of Toeplitz and singular integral operators on L, ,. In particular, an operator
Rg = Py + GP_ with piecewise continuous symbol G and Py = 1/2(/£5) is
Fredholm on L, , if and only if G(t £+ 0) # 0 and

1 G(t+0)
(1) 27 "8G —-0)

¢ [v_(t),v4(t)] forallt € T.
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According to this result, the weights p for which
(2) ViteTlT wi(t)=v_(t)

are distinguished by the property that essential spectra o¢,;(Rg) of all acting
on L, , operators Rg with piecewise continuous symbols are one-dimensional.
A classical example of weights satisfying (2) is delivered by power weights

N
p(r) = I Ir = ;1%
ji=1

for which a straightforward calculation shows that

]. N 1 = N ] =

ve(t) = v-(t) = -+ A(0), where B(t) = { gy ML=ty =1 N
For such weights, description of o¢,;(Rg) was obtained in [2], see also [3].

We will say that p is a power-like weight if (2) holds. It was shown in
[1] that weights of the form |z|Pv(log|z|) (=1/p < B < 1/q, v € Wp(R)),
introduced by Rooney [5], are power-like, but a complete description of all
power-like weights remains an open problem.

Another open problem, brought to author’s attention by S. Grudskii, can
be stated as follows. Let (for simplicity) I' be the unit circle T, and let u be
an inner function of infinite degree. Is it true that

3) pEWy(T)=> poue W(T) 7

A positive answer to this question would allow to develop a theory of Toeplitz
and singular integral operators with infinite defect numbers and closed range.
So far, we were able to prove only that

p € Wp(T)NWy(T) = pou € Wp(T)N Wy(T).

Of course, it means that the answer to (3) is positive for p = 2.
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