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STRONGLY BALANCED SELECTIONS *

1. Introduction

The notion of path derivates and derivative is introduced in [1] and the notion
of selective derivates and derivative is introduced in [2). It is proved (The-
orem 3.4 in [1]) that for a system of paths E that is bilateral and satisfies
the internal intersection condition there is a selection s such that every E-
differentiable function f is s-differentiable and sf'(z) = fg(z) for every z. A
partial answer to whether every selective derivative sf’ can be realized as a
path derivative fg is provided in [5] (p. 113) and is stated as a theorem here.

In general, selective derivatives do not have the property that a selec-
tively differentiable monotone function is differentiable. This is pointed out
by O’Malley in [2]. Hence conditions need to be imposed on selections so that
this property holds. In this paper, a condition is found.

Let R denote the real line. We state some definitions from [1}, (2], and 3]
here.

For z € R, a path leading to z isaset E CRsuchthatz€ E; and zisa
point of accumulation of E;. A system of paths is a collection E = {E;: z € R}
such that each E; is a path leading to z. For such a system E the E-derivates
(@), f&(z) and the E-derivative fg(z) of a function f at a point z is just
respectively the usual derivates and derivative at z relative to the set E,.

A system of paths E = {E;: z € R} is said to be bilateral at z if z is a
bilateral point of accumulation of E;, and nonporous at z if E, has porosity
zero at z. If E has any of these properties at each z, then we say that E has
that property. E is said to satisfy the internal intersection condition (1IC)
if there exists a positive function 8 such that E; N Ey N (z,y) # @ whenever
0 < y-z < min{é(z),8(y)}.
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For convenience, we let [r,y] denote the interval having z and y as end-
points regardless of £ < y or z > y. A selection s is an interval function
defined on the class of all nondegenerate closed intervals [z, y] in R such that
s[z,y] is a point in (z,y). It is said to be balanced if there exist two functions
a and § on R such that 0 < a(z) < 1 and é(z) > 0 for each z € R and
s[z,y) € (%, Y)a(z) if 0 < |z — y| < 6(z), where (z, y)a(s) is the interval

(z+y_a(t)lz;yl, z;y_‘_a(z)lt;yl).

(This notation will be used in the sequel.)

Let s be a selection. The selective derivates and derivative with respect
to s, or simply the s-derivates and s-derivatives, of a function f at z are,
respectively

!-,(.l') = liminf f(s[z) y]) - f(z)

v=z  s[z,y]-=z

sf'(z) = limsup .{M

y—z slz,y)—z '’

and sf’(z) = the limit of the same quotient if it exists.
Finally, f is said to be E-differentiable or s-differentiable at z if the cor-

responding derivative exists and is finite. When the phrase “at z” is omitted,
we mean that this is true at each z.

2. Results

First, we state the partial answer to the open question mentioned in the in-
troduction.

Theorem 1 If s is a balanced selection with associated funclions a and §,
then E = {E;: z € R} with E; = {s[z,y]: 0 < |z —y| < §(z)} U {z} is
a system of paths such that f.(z) = sf'(z) and fp(z) = sf'(z) for every
function f and everyz € R. -

It should be noted that this system of paths satisfies an intersection con-
dition stronger then the IIC. \We state it as follows:

Definition 1 A system of paths E = {E,: = € P} is said {o salisfy the sirong
internal intersection condition (SIIC) if there erist funclions o and § on
R such that

0< a(z)<1,68z)>0 foreachz €R and E:NE,N(Z,Y)s(z,y) # @ whenever
0 < |z — y| < min{é(z),6(y)}, where &(z,y) = min{a(z),a(y)}.
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Theorem 2 Let E be a nonporous system of paths that satisfies the SIIC.
Then there erists a balanced selection s such that every E-differentiable func-
tion f is s-differentiable and sf'(z) = fg(z) for allz € R.

Proof. Let a and §, be the functions associated with the SIIC of E. Since,
for each £ € R, E; has porosity zero at z, there exists 6;(z) > 0 such that
E: N (2,Y)a(c) # @ whenever 0 < |z — y| < 8;(z). Let 6 = min{éo, é1}. Then,
with the functions a and §, the selection s defined below is easily seen to be
balanced.

(i) 0 < |z - y| < min{é(z),é(y)}, take s[z,y] any point in E; N Ey, N
(=, y)&(:,y)~

(i1) if 0 < |z —y| < 8(z) but > §(y), take s[z, y] any point in E:N(z, Y)a(z)-

(i) if |z — y| > max{é(z), 6(y)}, take s[z,y] any point in (z,y).

The other part of the conclusion follows easily.

Since a nonporous system is bilateral, the hypothesis in Theorem 2 above
is stronger than that in Theorem 3.4 of [1] and clearly the conclusion here is
also stronger. Theorem 2 may lead us to ponder if the system in Theorem 1
is nonporous. The answer is negative.

Example 1 For z < y, we define s[z,y) = J(z+y)ifz#0ory > 1. If
z = 0 < y < 1, there exists a unique integer n such that (2/3)"*! < y < (2/3)"
and we define s[z,y) = (2/3)"+2. Let 6(z) = 1 and a(z) = 1/3 for each z € R.
We see easily that s is balanced. However,

Eo = {s[O.y]: 0< lyl <1} U{0} = (-%,0] U{(2/3)": n -_-2,3,...}

is not nonporous at 0 since the porosity of Eq at £ = 0 from the right is

. t(O,r, Eo) _ 1

||:2§l:p——-;——— =3 >0,

where £(0,r, Eo) is the length of the largest open interval contained in (0, r) —
E,.

Definition 2 A selection s is said to be strongly balanced if there ezxist two
sequences of functions {an}, {n} on R and a dense subset Q of R such that
0 < au(z) < 1, 85(z) > 0 for each z € R, and each n, both {a,(z)} and
{6n(z)} decrease to zero for each z € R, and if 0 < |z — y| < 8,(z), then
on(z) = an(r) if yEQ,

s[z, 9] € (2,Y)as(c), where a(z) if y¢Q.
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We can show that if s is a strongly balanced selection, then the system of
paths E = {E;: z € R} with E; = {s[z,y]: 0 < |z —y| < &i(z)} U {z} is
nonporous. Before showing this, we present the following.

Theorem 3 Let f be an approzimalcly differentiable function and let f;, de-
nole ils approrimale derivative. Then there ezisis a strongly balanced selection
s such that sf'(z) = f;,(z) for each z € R.

Proof. Let Q be the set of £ at which f is differentiable. Then Q is dense
in R. Also, for each z € R, there is a measurable set A, such that A; has

density 1 at z and
. f(y) - f(=)
' =
fap(z) - yl_‘fpr y—z .
yEA:

Let ;1 denote the Lebesgue measure. Then for each positive integer n, there is
a 6,(z) > 0 such that
2n+1
gD

whenever z € I and u(I) < é,(z). 8,(z) can be chosen such that 6,41(z) <
é,(z) and lin;no 8a(z) = 0 for each z.

u(AzNI) >

Let |z — y| > 0 be given. We define Ji = (z,9)1/4+1) for k=1,2,.... It
is routine to check that
p(AyNJn) > s i |z -yl < En(y),

wA:NTn) > AlEg i |z -yl < 6.(2),

and

w(A:NA,NJ) >0 if |z -yl < min{(§(z),6:(y)}.

If |z —y| < 61(z), then there exists a largest integer n such that |z —y| < é,(z).
In the sequel, when we write |z — y| 96,(z), we mean that, n is the largest
one, that is, if we also have |z — y| < 6i(z), then k < n. s[z,y] is chosen as
follows:

(i) If |z — y| > max{6:(z), 1(¥)}, 5[z, 9] € (2, 9).

(1) If 8;(z) < |z —y|4bm (y), or |z —y|amin{8,(z),6m(v)} (i-e., |z—y|<b.(2)
and |z —y|9én(y)) and z € Q, y € Q, then s[z,y] € Ay N Jm.

(iii) If é1(y) < |z —yl<én(z), or |z —y|amin{é,(z),6m(y)} and z ¢ Q, y € Q,
then s[z,y) € A- N J,.

(iv) If |z—yl<amin{8,(z),6m(y)} and z ¢ Q, y € Q, then s[z,y] € A-NA,NJ,.
(v) If [z — y] amin{6,(2),6m(y)} and z € Q, y € Q, then s[z,y] = (z +y).
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Let an(z) = 1/(n + 1) for each z € R. Then it can be checked that s is
strongly balanced. Moreover, if |z — y| < §;1(z) and z ¢ Q, then s[z,y] € A
and hence sf'(z) = f;,(z) when z ¢ Q. If z € Q, since f is differentiable at
z, we also have sf'(z) = f;,(z). The proof is completed.

Theorem 4 Let s be a strongly balanced selection and f be a monotone func-
tion on R. Then sf'(z) = f'(z) and sf'(z) = f(z) for each z € R.

Proof. Let {a,}, {6n} and Q be associated with s as in Definition 2. Let

E: = {s[z,y): 0 < |z —y| < &i(z)}U{z} for each z € R. Firstly, we show that
the system E = {E;: z € R} is nonporous. Suppose the contrary. That is,
we assume that for some z € R, E; is porous at z, say from the right. Then
there exists a sequence of positive numbers {h;} decreasing to zero such that,
for some 8 € (0,1),

[~
(*) E,nU(z+0hL.,:r+Iu)=0.

k=1
For each k, let yr = z + (1 + 0)hx. Then y € (z + -‘Lh;, z+ -i'—hk)
and we can pick z € @ N (:c 4+ L438p, 2 4 —i—hk) Let no be an integer
such that an,(z) < (1-6)/(3+ 46 2) This is possible since a,(z) \, 0 and
(1-0)/(3+8) > 0. Also, there exists ko such that hy < 3_'_,6,,0(:::) if k > ko.
It follows that 0 < |z — 2| < 8n,(z) if k > ko. Since s is strongly balanced,
2t €Q and 0 < |z — zi| < 6n,(z), we have

s[z, zk] € (z, zk)aao(t) =

T+ 2 T—2zr| T+ 2 z— 2
( 7 - e SL IER den l)‘

AISO,

T+ ze ]:c | 1 1436 1-46
2 (2) 5(z+z+ )1

x4+ 2z |z =z 1 340 1-013+6, _
Z —t "o() 5 2( +z+ 2 h)+m§Thk—z+hk.

Hence s[z, zi) € (z + Ohi,z + hi). However, for k > ko, s[z,2:) € E.. This
is a contradiction to (*). Therefore E is nonporous. Since f is monotone, by
Theorem 4.4 of 1], we have f,(z) = f'(z) and fi(z) = f'(z) for each z € R.
Thus Theorem 4 follows from thns and Theorem 1.
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Remark 1 In [{] O’Malley shows that sf’ has the Denjoy-Clarkson property
if f is s-differentiable. Hence, if s is balanced, then sf' has the Zahorski’s
Ma properly. Now, if s is strongly balanced, we have shown that the corre-
sponding system of paths E is nonporous and salisfies the SIIC and hence
by Theorems 6.6.1 and 6.11 in [1] and our Theorem 1, sf' has the Zahorski’s
M3 property.
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