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A NOTE ON OPEN-INTERVAL MEASURES

Abstract

We apply a type I metric outer measure construction to give a further
new proof for the existence of open-invariant measures on a compact
metric spaces.

1. A type I outer measure construction

A paving P on a set .X is a class of subsets of .\" which includes at least the
empty set. A mapping 7 : P — [0,1] is said to be a pre-measure provided
that 7(08) = 0. The outer measure defined as follows

0] (o]
pj(E) = inf{z T(Ca) EC |J Cu, Ca € 1*}
n=1 n=1

is called an outer measure of type I [4]. Note that if E is the empty set then
E is covered by § € P and the outer measure of E is zero. Suppose now that
(X,d) is a metric space and if d(C') denotes the diameter of the set C, then

oo

7 E = 1 f C,,;EC Cn. [Cn <-‘C"1)€P
Wir(E) = supin {Er( ) EC | Cad(C) <6 }

n=1 n=1

is said to be an outer measure of type IT [1]. The outer measure puJ; is always
a metric outer measure since it satisfies

dist(E, F) > 0 implies p,(EU F) = pj;(E) + pj, (F)

where dist(E,F) = inf{d(z,y); * € E, y € F}. Furthermore we call a
paving P finite union and finite intersection stable iff finite unions and finite
intersection of elements from P are in P. Since for a metric outer measure
all closed sets become measurable, it is an interesting question under which
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conditions pu} also becomes a metric outer measure. The next theorem proved
in [1] gives sufficient conditions. Note that a paving P is said to be metrically
separating iff for set A and B with dist(.A, B) > 0 there are two elements Cy
and Cp of the paving such that P containing A respectively B and satisfy
dist(CA,CB) > 0.

Theorem 1.1 If(.X,d) is a melric space, T a pre-measure which is defined on
a metrically separating paving P which is stable with respect to finite unions
and finile inlersections then provided T is monolone and supadditive on P,
that means

Cy C Ca implies 7(Cy) < 7(Ca) for Cy,C2 € P and
7(C1UC3) 2 7(Cy) + 7(Cs) if Cy,Co € P and dist(Cy,Ca) > 0,

the outer measure uj is a mciric outer measure.
Moreover we have obtained [1] that

Theorem 1.2 Under the conditions of Theorem 1.1 type I and type II outer
measures are equal.

2. A new proof for open-invariant measures

The fact that the space M(.X') of probability measures on a compact metric
space (X,d) is weakly compact gives rise to a second new proof of a result
which is due to J. Mycielski that a (compact) metric space has at least one
open-invariant measure. A probability measure is said to be open-invariant
iff open isometric sets get equal measure. Mycielski [3] has proved this for
general metric spaces, but the proof uses Banach limits. A first new proof was
given in [2] where we have defined inductively a pre-measure. In the following
we will use as in [2] also the point packing number of a set E which is

M(E,q) = max{k € N;3z,,...,2; € E such that d(z;,2j) > ¢, i # j}.

Let E, C X be a finite set such that M(E,, 1) = M(X,2) = card(E,). E,

23
is said to be an %-net. Finally define probability measures

1
HBn = Z VRO RS
v€E, M(X, %)

where €, denotes the dirac measure at 2. The sequence (y,) has a weakly
convergent subsequence which converges to some p € A/(.\X'). For simplicity
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we assume that (g, ) is this sequence. We choose as a pre-measure for a type

I construction M(E, L
™Y = liminf —— 1’
By =hminf rR

If v denotes now the type I outer measure arising from the above r which is
defined on the paving of all open sets we can prove that

Theorem 2.1 The measure v is an open-invarianl probabilily measure.

Proof. Since for 0 < ¢ < dist(E, F) we obtain that
M(EUF,q)= M(E,q)+ M(F,q)

and the pre-measure 7 becomes supadditive. Clearly, 7 is monotone in the
sense that for open sets G and H such G C H 7(G) < 7(H) is satisfied.
Further, if G and H are open isometric sets then r7(G) = 7(H) and thus
v(G) = v(H). As v(X) < 1 it remains to verify that the opposite inequality
holds. If (Gr,) is any open cover of X we have

7(Gm) 2 li:]ligflltz (Gn)

since M(Gm, %) may be larger than the cardinality of the part of the %-net
E, which is contained in G,,. The weak convergence p — u is equivalent to

liminf p, (G) > u(G)
n—oo

for all open G, 7(Gp,) > p(Gyn) and thus v(X) > 1 if we sum up. a

References

[1] H. Haase,Metric outer Measures of Type I in the general setling,
Math. Nachr. 135 (1988), 35-40

[2] H. Haase, Open-invariani measures and the covering number of sels,
Math. Nachr. 134 (1987), 295-307

[3] J. Mycielski, Remarks on invariani measure in melric spaces, Col-
loq. Math. 32 (1974), 109-116

[4] C. A. Rogers, Hausdor(f measures, Cambridge 1970



	Contents
	p. 453
	p. 454
	p. 455

	Issue Table of Contents
	Real Analysis Exchange, Vol. 18, No. 2 (1992-93) pp. 292-619
	Front Matter
	EDITORIAL MESSAGES [pp. 292-292]
	CONFERENCE ANNOUNCEMENT: Symposium on Real Analysis at Xiamen [pp. 293-293]
	TOPICAL SURVEY
	AN INTRODUCTION TO SHELL POROSITY [pp. 294-320]

	RESEARCH ARTICLES
	QUASI-UNIFORM CONVERGENCE AND ℒ-SPACES [pp. 321-329]
	ON BOREL SETS WITH SMALL COVER: A PROBLEM OF M. LACZKOVICH [pp. 330-338]
	SOME REMARKS ON DENSITY TOPOLOGIES ON THE PLANE [pp. 339-342]
	NORMS AND DERIVATIVES [pp. 343-351]
	STOCHASTIC INTEGRALS OF ITÔ AND HENSTOCK [pp. 352-366]
	Density and I-density continuous homeomorphisms [pp. 367-384]
	BAIRE ONE STAR FUNCTIONS [pp. 385-399]
	FUNCTIONS WITH POINTWISE DISCONTINUOUS RESTRICTIONS [pp. 400-408]
	ABSOLUTE INTEGRATION USING VITALI COVERS [pp. 409-419]
	An absorption property for the composition of functions [pp. 420-426]
	PROPERTIES OF A GENERALIZED STIELTJES INTEGRAL DEFINED ON DENSE SUBSETS OF AN INTERVAL [pp. 427-436]
	THE g-INTEGRAL IS NOT ROTATION INVARIANT [pp. 437-447]

	INROADS
	NON-BAIRE SETS IN CATEGORY BASES [pp. 448-452]
	A NOTE ON OPEN-INTERVAL MEASURES [pp. 453-455]
	ON LEBESGUE INTEGRABILITY OF MCSHANE INTEGRABLE FUNCTIONS [pp. 456-458]
	CONVERGENCE OF EVENLY CONTINUOUS NETS IN GENERAL FUNCTION SPACES [pp. 459-464]
	STRONGLY BALANCED SELECTIONS [pp. 465-470]
	ON A PROBLEM CONCERNING UNIVERSALLY BAD DARBOUX FUNCTIONS [pp. 471-475]
	THE PACKING MEASURE AND SYMMETRIC DERIVATION BASIS MEASURE-II [pp. 476-479]
	NOTES ON NONNEGATIVE CONVERGENT SERIES [pp. 480-489]
	CHAOTIC BEHAVIOR OF NEWTON'S METHOD [pp. 490-507]
	ARCWISE ALMOST CONTINUOUS FUNCTIONS [pp. 508-521]
	ON NECESSARY CONDITIONS FOR HENSTOCK INTEGRABILITY [pp. 522-531]
	TYPICAL PROPERTIES OF CONTINUOUS FUNCTIONS VIA THE VIEROTIS TOPOLOGY [pp. 532-536]
	A NOTE ON ABSOLUTE SUMMABILITY METHODS [pp. 537-543]
	ON β-CONTINUOUS FUNCTIONS [pp. 544-548]
	A NOTE ON CLOSED GRAPH FUNCTIONS AND LOCAL w* CONTINUITY [pp. 549-552]
	ON BOREL MEASURES ON SEPARABLE METRIC SPACES [pp. 553-556]
	A GENERALIZATION OF L'HÔPITAL'S RULE VIA ABSOLUTE CONTINUITY AND BANACH MODULES [pp. 557-567]
	THE SQUEEZING THEOREM IS INDEPENDENT [pp. 568-570]
	SOME RESULTS CONCERNING HAMEL BASES [pp. 571-574]
	QUALITATIVE SYMMETRIC DIFFERENTIATION [pp. 575-584]
	ON A THEOREM OF MENKYNA [pp. 585-589]
	PRODUCTS OF DERIVATIVES OF INTERVAL FUNCTIONS WITH CONTINUOUS FUNCTIONS [pp. 590-598]
	ALGEBRA GENERATED BY NON-DEGENERATE DERIVATIVES [pp. 599-611]
	BAIRE ONE FUNCTIONS AND PERFECT SETS [pp. 612-614]
	THE RANGE OF A SYMMETRIC DERIVATIVE [pp. 615-618]
	PRODUCTS OF DARBOUX FUNCTIONS: ERRATA [pp. 619-619]

	Back Matter



