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Density and Z-density continuous
homeomorphisms

1. Preliminaries

Let Ha and Mz stand for the increasing homeomorphisms that are density
and Z-density continuous and let 3" and Hz'! denote the classes of inverses
of functions from H and Hz, respectively; i.e., classes of increasing homeo-
morphisms that preserve density and Z-density points. In the paper we prove
that classes Hy, Hz and Hy ! are closed under the addition operation. A
similar result for the class 3} has been proved by Niewiarowski [7). The
theorem that the class H7! is closed under the addition operation is also con-
tained in the paper of Aversa and Wilczyniski [1, Theorem 4). (See also [11,
Theorem 25].) However, their proof contains an essential gap. (The gap will
be discussed in the last paragraph of the paper.)

This paper contains also the examples showing that none of the above
theorems is correct if we admit the possibility that one of the homeomorphism
is increasing, and the second one is decreasing, even in the case when their
sum is still a homeomorphism.

The notation used throughout this paper is standard. In particular, R
stands for the set of real numbers and N = {1,2,3,...}. For A,B C R and
d € R the complement of A is denoted by A¢, while B—d = {z—~d € R: z € B}
and dB = {dz € R: z € B}. The symbols £ and B stand for the families of
subsets of R which are Lebesgue measurable and have the Baire property,
respectively. A and Z denote the ideals of Lebesgue measure zero and first
category subsets of R. If A € L, its Lebesgue measure is denoted by m(A).

To define the density topology 7 »r and the Z-density topology 7z we need
the following notions of density and Z-density points [8, 11].
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Let A € £. A number z, not necessarily in A, is a density point of A if
lim m(AN(z — h,z+ h)) -1
h—0+ 2h

The set of all density points of A € £ we denote by ®r(A). The family of sets
Ty={A€L: ACIN(A)}

forms a topology on R [6, 8] and is called the density topology on R.

We say that 0 is an Z-density point of a set A € B 11, Theorem 1] (see also
[10, Corollary 1] and [9]) if for every increasing sequence {tx}ren of positive
numbers diverging to infinity there exists a subsequence {tx,}:en such that

’l_l.l'g Xty an(-1,1) = X(=1,1) T-a.e.

It is worth noticing that the above condition is equivalent to the fact that the
set liminfioo te, A = Ujenipjtr. A is residual in (-1,1). We say that a
point a is an Z-density point of 7{ € B if 0 is an Z-density point of A —a. The
set of all Z-density points of A € £ we denote by ¥7(A). The family of sets

Tr={A€B: AC $1(A)}

forms a topology on R [9, 11] called the Z-density topology on R.

We also use the following notions dual to the density definitions given
above. We say that z is a dispersion (Z-dispersion) point of A if z is a density
(Z-density) point of A¢. In particular, 0 is an Z-dispersion point of B if for
every increasing sequence {ti}ren of positive numbers diverging to infinity
there exists a subsequence {ti;}ien such that

(1) (-1, )N () JtB = (-1,1)Nlimsup(ts, B) € I
jENi2j =

and 0 is a dispersion point of B if

@) lim sup mBA(hH) _
h—0+ 2h

A function f: R — R is density continuous (I-densily continuous) if it is
continuous with respect to the density (Z-density) topology on the domain and
the range. A homeomorphism h: R — R preserves density (Z-density) points
if h—! is density (Z-density) continuous.

All the continuity and density definitions given above can be restated in
more-or-less obvious ways in one-sided versions. For technical reasons it is
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often more convenient to work with one-sided density or continuity. For ex-
ample, to show that a point a is an Z-density point of a set A, it is often
easier to establish that it is both a left and right Z-density point. Such simple
technical extensions to the definitions will be used without further comment.
We say that a set | J,en(an, bn) is a right interval set if bpyy < a5 < by for
n € Nand lim, .o an = 0.
In what follows we will need the following facts.

Proposition 1.1. Let h: R — R be an increasing homeomorphism with the
property that h(0) = 0. Then

(3) h is right density (I-density) continuous at 0 if, and only if, 0 is not a
dispersion (I-dispersion) point of h(D) for every closed set D C [0, o)
such that 0 is not a dispersion (I-dispersion) point of D;

(11) h preserves right T-density points at 0 if, and only if, for every right
interval set E for which 0 is a right I-density point, 0 is a right I-
density point of a right interval set h(E).

ProoF. (i) follows easily from [2, Theorem 3] in density case and from [1,
Theorem 3] in Z-density case. For (ii) see [1, Theorem 3]. a

Proposition 1.2. 0 is a right Z-density point of a right interval set E if, and
only if, for every increasing sequence {tr }ren of positive numbers diverging to
infinity and every nonempty interval (A, B) C (0,1) there ezists a nonempty
subinterval J C (A, B) and a subsequence {ti,}ien such that for every i € N

JCit,E.
PROOF. See [4, Lemma 6.1(iii)). a

Proposition 1.3.  Let P C (0,1) be closed and nowhere dense and let
{die}een be a sequence of positive numbers such that limg—oo diy1/di = 0.
Then there is an open set V O | JpcndiP such that 0 is an I-dispersion point
of V.

PROOF. See [4, Lemma 2.4]. In fact, Proposition 1.3 says that 0 is a deep-Z-
dispersion point of | J, ¢y diP. a

Proposition 1.4.  Let a > 0 and let {di}ren, {ar}ren and {bi}ren be
sequences of positive numbers such that a < ap < by for every k € N and

lengo di = kl.l_.ngo[bk —ar]=0.
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Then, 0 is an I-dispersion point of

U de(ax, be).

keN

Proor. It follows immediately from [11, Theorem 2]. See also [10, Theorem
1]. o

Proposition 1.5. Leth: R — R be a homeomorphism. Ifh and h—! satisfy a
local Lipschitz condition then h and h—! preserve densily and I-densily poinis
and are densily and I-densily conlinuous.

PRrOOF. For the density case see [3, Lemma 1]. (Compare also [2, Corollary
2).) The I-density case can be found in [1, Corollary 1], [11, Theorem 26] or
(4, Theorem 5.8]. 0O

2. Density continuous homeomorphisms

In this section we prove that the sum of two increasing density continuous
homeomorphisms is density continuous.

Theorem 2.1. If f,g € Hur, then f+g € Hyr.

PROOF. Let f,g € Har and let a € R. It is enough to prove that f+ g is right
density continuous at a, as the left-hand side argument is similar. Without
loss of generality we may assume that a = f(a) = g(a) = 0. Let D C [0,00) be
a closed set for which 0 is not a dispersion point of D. By Proposition 1.1(i),
it is enough to prove that 0 is not a dispersion point of (f + g)(D).

Let Dy = {z € D: g(z) < f(z)} and Dy = {z € D: f(z) < g(z)}. Then 0
is not a dispersion point of either Dy or D,. Assume that 0 is not a dispersion
point of Dy. We may assume, without loss of generality, that D = D;. Thus,

9(z) < f(z) for every z € D.

But f € Ha and 0 is not a dispersion point of D. So, 0 is not a dispersion
point of f(D) C [0,00) and, by (2), there exist € > 0 and a decreasing sequence
{hn}nen of positive numbers converging to 0 such that

fmsup PUD) NO.h) _

n—oo hn
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Let b, = sup f(D) N (0,h,] € (0,hn], ta = f~1(h}) € D and define p, =
(f + 9)(ta) < 2f(tn). Then, lim, . pn = 0 and

m((f + ¢)(D) N (0, pn)) m((f +g)(D N(0,tn)))

lim sup = limsup
n—oo Pn n—oo Pn
: m(f(DN(0,ts)))
) S N TIOY
_ 1. m(f(D) N (0, hy))
= —]l'l"llsol:p m
- 1y m(f(D) N (0, hn))
= —lx:r-x‘solip h{,
5 Lim oy PO N (0, )
- 2 n-—»oo hn
= § > 0,

where the numerator part of inequality (3) holds, because m((f + g)(4)) >
m(f(A)) for every A € L. Thus, by (2), 0is not a dispersion point of(f+g)(D)
This finishes the proof of Theorem 2.1.

Corollary 2.2. If f,g € Hnr, then fg € Hur.

ProoF. By Proposition 1.5, functions exp and In are density continuous. We
show that fg is density continuous at a € R. Translating and restricting f
and ¢ to an open neighborhood of a, if necessary, we may assume that f and
g are positive. Then, In f,Ing € H s, as composition of density continuous in-
creasing homeomorphisms is a density continuous increasing homeomorphism.
Thus, by Theorem 2.1, density continuous is also

fg=exp(Inf+Ing). 0

Let us also notice that in fact we proved the following result, which is a
little bit stronger that Theorem 2.1.

Corollary 2.3. Let f and g be increasing homeomorphisms such that f(a) =
g(a) for some a € R. If g(z) < f(z) for every z > a and f is right density
continuous al a then f + g is also right densily continuous al a.

3. Z-density continuous homeomorphisms

The purpose of this section is to prove that the sum of two increasing Z-density
continuous homeomorphisms is Z-density continuous. For this we need the
following lemmas.
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Lemma 3.1. Let D € B be such that 0 is not a right I-dispersion point of D.
Then there erists an increasing sequence {tr}reN of positive numbers diverging
to infinily and a nonemply interval (a,b) C (0,1) such that

(liminftkD) is dense in (a,b).
k—o00

PROOF. Since 0 is not a right Z-dispersion point of D then, by (1), there exists
an increasing sequence {sn }nen of positive numbers diverging to infinity such
that for every its subsequence {s5, }xen

4) (liﬂilips,,,D) nO,1)¢7.

Let (pe,qs) C (0,1) be a sequence of all nonempty intervals with rational
endpoints. Let us construct, by induction on k, sequences {sX},en such that
{88}nen = {8n}nen and {sk}nen is a subsequence of {s5~1},¢n such that

(8)
either (lim sups,’iD) N(pk,qc) =0 or (li':n i£f sf,D) N [Pk, qx) # 0.

n—+00

Put t; = sf. Then, by (4), (limsup,_, t:D) N (0,1) € Z; i.e., there exists a
nonempty interval (a,b) C (0,1) such that

(limsuptkD) is dense in (a,b).
k—o0

But this, together with (5), guarantees that then also
(lim inf t;,D) is dense in (a, b).
k—o0
This finishes the proof of Lemma 3.1. 0

Lemma 3.2. Leth: R — R be an tncreasing IT-density conlinuous homeomor-
phism such that h(0) = 0 and let {tx}ren be an increasing sequence of positive
numbers diverging to infinity. Then for every nontrivial interval [a,d] C (0,1)
there ezists a nonempty interval (¢,d) C (a,b) and a subsequence {t,}ien of
{te}ren such that the limit

h(e/ts,)

imoo h(d/tr.)

ezists and is posilive.
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PRrooOF. By way of contradiction assume that it cannot be done; i.e., that

. h(e/tr)
] NC/TE)
(©) oaP Raty)
We will show that this contradicts Z-density continuity of hA.
So, let {gi: k € N} be an enumeration of Q = [a,b]NQ and for each i € N
let dy,...,d; be an increasing enumeration of q, ..., ¢;. Choose {t,}ien such
that

=0 forevery a<c<d<b.

h(b/tk.un) h(d /t")
(7) hafte) S h(g}tk.‘) .

This can be done by (6). Let

Ui = | h(d; /ts.) (1- %,1+ 1).

i
j<i

% for every j<i, i€N.

and put U = (J;¢n Ui. Then, by (7) and Proposition 1.4, 0 is an Z-dispersion
point of U. But 0 is not an Z-dispersion point of h=1(U), since for any sub-
sequence {tm}men of {ti,}ien the open set |J,,5 m, tmh=1(U) D Q is dense in
(a, b) for every mp € N, and so,

(-1,1)Nlimsup(tmh=*(U)) ¢ Z.

This finishes the proof of Lemma 3.2. O

Lemma 3.3. Leta < b, Hy: [a,b] — R be a sequence of increasing home-
omorphisms and let us assume that there ezists a dense subset Q of [a,d)
containing a and b such that the limit H(q) = limg_ oo Hi(q) ezists for every
q € Q. If H(Q) is dense in [H(a), H(b)] and H(z) = inf H(Q N [z, 00)) for
every z € [a,b), then Hy converges uniformly to H.

PROOF. First notice that the function H(g) = limg— Hi(g) on Q is nonde-
creasing, so indeed H(¢q) = inf H(Q N [g,00)) for every ¢ € Q.

Let us fix € > 0. For z € [a, b] choose distinct ¢1,92 € Q, 1 < z < ¢, such
that ¢; < z < g2 for z € (a,b) and

|H(q2) — H(q1)] < €/5.
Let N, € N be such that
|H(gi) — Ha(gi)l <€/5
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for every n > N; and i = 1,2. Put U; = (qi,¢2) for z € (a,b), U: = [q1,92)
for z = a and U; = (q1,q2) for z = b. Thus, U, is an open neighborhood of =
in [a, b] and, for every y € U; and n > N;,

H(q1) < H(y) < H(q2) and Hqa(q1) < Ha(y) < Ha(q2),

so that

|H(y) — Ha(y)l < |H(y) - H(g2)| + |H(g2) = Hn(2)| + [Hn(g2) = Ha(y)]
< |H(q1) - H(q2)| +€/5+ |Hn(g2) — Ha(q1)l
< €/5+¢/5+
|Hn(g2) — H(g2)| + |H(g2) — H(q1)| + |H(q1) — Hn(q1)|
< €/5+¢€/5+¢e/5+¢€/5+¢e/b=c¢.

Choose a finite subcover {Us,,...,Us,} of the open cover U = {U:}:¢[a) Of
[a,b] and put N = sup{N;,,..., Nz, }. Then we obtain

|H(y) - Ha(y)l < €
for every y € [a,b] and n > N. This finishes the proof of Lemma 3.3. O

Lemma 3.4. Let h: R — R be an increasing I-densily continuous homeo-
morphism such that h(0) = 0 and let [a,b] C (0,1) be a nontrivial interval.
If {sk}ren and {tr}ren are increasing sequences of positive numbers diverg-
ing to infinity such that Hi(z) = sph(z/ti) € [0,1] for every z € [a,b), then
there ezist a nonempty interval (¢,d) C (a,b) and a subsequence {Hy,}ien of
{Hi}ren such that the sequence Hy,|ic,q) converges uniformly to a function
H:[e,d]— [0,1].

Moreover, if liminfy Hi(a) > 0 then we can assume that the function H is
one-to-one.

PRroOOF. First notice that functions H} are increasing.

Let Q = {gi: i € N} be a dense subset of [a,}] containing a and b. The
functions Hi|q are elements of a compact metric space [0, 1]9. So, there exists
a subsequence {Hy,}ien of {Hi}ren that converges in [0,1]9; i.e., such that
for every j € N there exists H(g;) € [0,1] with the property that

Jim Hi.(g5) = H(qj)-

If H(g,) = 0 for some g, € (a,b) then, by Lemma 3.3, interval [c,d] =
[a,gr]) and the function H(z) = 0 for every z € [c,d] work. So, decreasing
[a, b], if necessary, we can assume that H(a) > 0. This is also the case when
liminfi Hi(a) > 0.
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We prove that
(8) P=c(H(@Qn[d',b])) C(0,1]

is not nowhere dense for every nonempty interval (a’,4’) C (a,b) such that
a',b’ € Q. Notice that this will finish the proof, because it implies existence
of a nontrivial interval [¢,d] C [a,}], ¢,d € Q, such that H(Q N [c,d]) is dense
in [H(c), H(d)]. So, Lemma 3.3 gives us the desired uniform convergence.
Moreover, condition (8) guarantees also that H will be one-to-one on [¢, d].

By way of contradiction let us assume that condition (8) fails; i.e., that P is
nowhere dense for some nonempty interval (a’, ') C (a,d) such that a’, ¥’ € Q.
Choosing a subsequence, if necessary, we can assume that

o= g1
‘]_12': Stop /5%, =0

Then, by Proposition 1.3, there exists an open set W D [ J;n s;',lP such that 0
is an Z-dispersion point of W. We will construct a set V such that 0 is not an
Z-dispersion point of V, while h(V) C W;i.e., h(0) = 0 is an Z-dispersion point
of h(V). This will contradict the assumption that h is Z-density continuous.

So, let us choose a countable base {I;}ien of [a’,b’] and for every i,j €N,
Jj £1, choose ¢; j,q} ; € Q such that ¢;; < ¢} ;, [¢ij,9} ;] C I;, and

) H([g:,9i,]) C 1. W.

This can be done, since P C sy, W, so the distance d; between P and the
complement of s¢, W is positive and any interval [g; ;, ¢f ;] for which H(g{ ;) —
H(gij) < d; satisfies condition (9). In addition, choosing subsequence of
{ki}ien, if necessary, we can also assume that for every i,j € N, j < i,
Hi,(9i,;) and Hi,(g} ;) are closer to H(gi ;) then d;. This means that

(10) Hi,((4:,j,9i,7)) C se,W forevery i,j€EN, j<i.
Let V; = Ujs‘-(qg‘j,qéd) and
ieN ki

Then, by (10),

1 1 1 1 1
’ (ﬂ—v) = (;V')] = A C W] =W

for every i € N and, indeed, h(V) C W.
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On the other hand, 0 is not Z-dispersion point of V, since for any sub-
sequence {tk, }, N of {tr.};eN the set Uy, tei,V O Upsp, Vi, is open and
dense in (a’,b’) for every po € N, and so,

-1,1)Nli t, V)T
(-1,1) lﬂs;gp(k, ) €

This finishes the proof of Lemma 3.4. (m]
Theorem 3.5. If f,g € Hz, then f+g € Hz.

PROOF. Let f,g € Hz and let a € R. It is enough to prove that f + g is
right Z-density continuous at a. Without loss of generality we may assume
that a = f(a) = g(a) = 0. Let Doy C [0,00) be a closed set for which 0 is not
an Z-dispersion point of Dy. By Proposition 1.1(i), it is enough to prove that
0 is not an Z-dispersion point of (f + ¢)(Do).

Let Dy = {z € Dy: g(z) < f(z)} and D, = {z € Do: f(z) < g(z)}. Then
0 is not an Z-dispersion point of either D; or D;. Assume that 0 is not an
Z-dispersion point of D;y. We may assume, without loss of generality, that
Do = Dy; i.e., that

(11) g(z) < f(z) for every z € Dy.

Let D be the interior of Dy. Since 0 is an Z-dispersion point of the closed
nowhere dense set Do\ D, 0 is not an Z-dispersion point of D. Then, by Lemma
3.1, there is an increasing sequence {t;}ren of positive numbers diverging to
infinity and a nontrivial interval [a, )] C (0, 1) such that

(12) Q= likm infte DN (a,b) is dense in (a,b).
—00

We may also easily assume that b € liminf,_ ot D; i.e., that b/t € D C Do
for almost all k € N. This, together with (11), implies that

(13) g(b/te) < f(bfty) for almost all k € N.

Now, by Lemma 3.2 used for the function f, the sequence {t; }1en and the
interval [a, b], we may find a subsequence {tx,}ien of {ti}ren, and a nonempty
interval (¢,d) C (a,b) such that lim;_ o f(c/te;)/f(d/te,) > 0. Without loss
of generality we may assume that {tx,}ien = {t}ren and [c,d] = [a,b]; i.e.,
that
lim £/t

m

dm Fe)

(14)
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Let sy = 1/(f + 9)(b/tt), Fi(z) = sif(z/t:) and Gr(z) = srg(z/ti) for
z € [0,1]. Then,

(15)  (Fe +Gi)(z) = se(f +9)(z/t:) €[0,1] for z € [a,b), k€N,
se(f + 9)(b/tx) = (Fi + Gi)(b) = 1 and, by conditions (13) and (14),
likn_l‘ngk(a) = liknlings;,f(a/t,,)

- f(a/te)
(16) = ‘L“li’lf(fw)(b/tk)
..o fla/ty)
lim inf 7(b/te)

> 0.

By Lemma 3.4 used twice, we can find a nonempty interval (¢, d) C (a,b)
and a sequence {k;}ien of natural numbers such that {F,|(c,q}ien converges
uniformly to some F and {Gi,|[c,q}ieN converges uniformly to a function G.
Moreover, by (16), we can also assume that F and F + G are increasing
homeomorphisms on [¢,d]. Without loss of generality we may assume that
[c,d) = [a, ).

Let (A, B) = ((F+G)(a), (F+G)(b)) C (0,1]. By (12), the set (F+G)(Q)
is dense in (A, B). But if ¢ € Q then, by (12), ¢/t; € D for almost all k € N.
So, for every sequence {k;}ien of natural numbers and every j € N,

Y

(F +G)(g) = lim si,(f +9)(g/tr.) €l (U se(f + y)(D))

i3
which implies that the set ;5 ; sk,(f + 9)(D) is dense in (4, B). Thus, the
G set -

(=L, 1) Nlimsupse,(f +9)(D) = (=1, )N (| J sx.(f +9)(D) ¢ T;

JENi2j
i.e., 0 is not an Z-dispersion point of (f + ¢)(D). This finishes the proof of
Theorem 3.5. a
Corollary 3.6. If f,g € Hz, then fg € Hz.
PROOF. Same as for Corollary 2.2. a

Let us also notice that the previous proof works also for the following result,
that is a little bit stronger that Theorem 3.5.

Corollary 3.7. Let f and g be increasing homeomorphisms such that f(a) =
g(a) for some a € R. If g(z) < f(z) for every z > a and f is right I-density
continuous al a then f + g is also right T-densily continuous at a.
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4. Homeomorphisms that preserve I-density points

In this section we prove the theorem that f + g preserves Z-density points
provided f and g are increasing homeomorphisms preserving Z-density points.
For this we need the following lemma analogous to Lemma 3.4.

Lemma 4.1. Let h: R — R be an increasing homeomorphism preserving I-
density points such that h(0) = 0 and let {si}ren and {tr}ren be the in-
creasing sequences of positive numbers diverging to infinity such that Hi(z) =
sth(z/t;) € [0,1) for every z € [0,1). Then for every nontrivial interval
[a,b] C (0,1) there ezists a nonemply interval (c,d) C (a,d) and a subsequence
{Hx,}ien of {Hi}ren such that the sequence Hy |[c.q) converges uniformly to
a function H: [c,d] — [0,1].

Moreover, if limsup, (Hi(d) — Hir(a)) > 0 then we can assume that the
function H is one-to-one.

PROOF. Let Q = {g;: i € N} be a dense subset of [a,}] containing a and b.
Functions H}|q are elements of a compact metric space [0, 1]9. So, there exists
an increasing sequence {k;}ien of natural numbers such that Hy,|q converges
in [0,1)9; i.e., that for every j € N there exists H(g;) € [0, 1] such that

Jim Hy,(¢;) = H(gj)-
Moreover, if lim sup,(H(b) — Hi(a)) > 0 then we can also assume that
H(a) < H(b).

If H(a) = H(b) then, by Lemma 3.3, interval [c, d] = [a, }] and the function
H = H(a)X[c,q) work. So, we can assume that H(a) < H(b).

By Lemma 3.3 in order to prove the first part of Lemma 4.1 it is enough to
show that H(Q) is dense in [H(a), H(})] C [0, 1]. So, by way of contradiction,
assume that H(Q) is not dense in [H(a), H(})). Then, there exists a nonempty
interval (A, B) C [H(a), H(b)] such that H(Q) N [A, B] = 0, and we can find
a;,b; € Q, 0 < b; —a; < 1/i, such that H(a;) < A < B < H(b;) for every
i € N. Now, taking subsequence of {k;}ien, if necessary, we can conclude that

se.h(aifty;) = Hi,(ai) < A < B < Hi (b)) = st h(bi/ts,)
for every i € N.
Let U = (J;enti (ai, b;). Then, by Proposition 1.4, 0 is an Z-dispersion
point of U. But,

[A’ B] C (Hk.'(a")v Hk.‘(bi)) = si,h (t;.l(aivbi)) c s‘-‘-‘h‘(U)
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for every i € N. So, by (1), 0 is not Z-dispersion point of h(U). This contradicts
the assumption that h preserves Z-density points.

To prove the additional condition let us assume, by way of contradiction,
that H is not one-to-one on any nonempty interval (¢,d) C (a,b). Then, the

set
U =|J{(c,d) C (a,b): H(c) = H(d)}

is dense in (a,b) and the set H(U) is countable. In particular, the set P =

[a,b) \ U is nowhere dense in [a,b], while H(P) is dense in [H(a), H(b)]. We

will show that this implies that h does not preserve right Z-density at 0.
Choosing a subsequence of {k;};en, if necessary, we may assume that

RS B S
.-l_ggtki-u/tki =0.

Then, by Proposition 1.3, there exists an open set V' D | J;en t;“lP such that
0 is an Z-dispersion point of V. We will show that 0 is not an Z-dispersion
point of the open set h(V).

So, let {k;}pen be an arbitrary subsequence of {k;}ien. Then, for every
z€P,

H(z) = lim Hy,(z) = lim se,h(z/tr,) € cl (rL>Jp sk,h(V))

which implies that the set J,5, se,h(V) is dense in [H(a), H(})] for every
p € N. Thus, the G set -

(0,1)Nlimsup sk, h(V) = (0,1) N ﬂ U se,h(V) €1,
p= réNp>r

because it is dense in (H(a), H(b)) # 0. Now, by (1), 0 is not an Z-dispersion
point of k(V). This finishes the proof of Lemma 4.1. o

Theorem 4.2. If f,g € H', then f+ g€ 'H;l.

PROOF. Let f,g € H7! and let @ € R. It is enough to prove that f + ¢
preserves right Z-density at a. Without loss of generality we may assume that
a = f(a) = g(a) = 0. Let E be a right interval set such that 0 is a right Z-
density point of E, let {si}ren be an increasing sequence of positive numbers
diverging to infinity and let 0 < A < B < 1. By Propositions 1.1(ii) and 1.2,
it is enough to prove that there exist a subsequence {si,}ien of {sr}ren and
a nonempty open interval J C (A, B) such that

J Csei(f +9)(E)
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for every 1 € N.
Let us define

te =1/(f+9)"1(B/st), ar=1/(f+9)"'(A/sk),
Fk(z) = skf(z/tk), Gk(z) = skg(x/t),)

and
Hi(z) = (Fx + Gi)(2) = si(f + 9)(z/ts).

Then, t; < ar, A = si(f + 9)(1/ax) and B = si(f + ¢)(1/tx). In particular,

() et (4[5

Let {k;}ien be a sequence of natural numbers such that the following limits
exist
a = lim & L elo,1),

i—00 A
F(a) = .1_1210 Fi(a), G(a) = .].'..To Gy, (a).
We will show that
(17) (F +G)(a) =

By way of contradiction, let us assume that it is not the case. We will
assume that

se(f +9)(1/ak,) = A< (F + G)(a) = lim s, (f + g)(a/tx.)-
The other inequality is similar. Let A < C < (F + G)(a). Then,

sk, (f+9)(1/ax,) = A< C < sk, (f +g)(a/tr;)

for almost all i € N. Assume that it is true for all ¢ € N. Then,

f(1/ax;) + g(1/ax;) - sk, (f +9)(1/ax,) < A <1
fla/te) + g(afte))  se(f+9)(afte)) ~C
Hence, for every ¢ € N, either 7!-((17/3'55 ﬁ%/‘“—"'ﬁ < ‘ . Without loss of

generality, passing to a subsequence, if nec&ssary, we can assume that for all

N
ne f(
f

) _ /e _ A
o) - = Fam) Sc <t

l...

l‘
'-.‘

/\o‘
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Let ug, = f (#a). Then

ie.,

o (et ()

for every ¢ € N. But, choosing subsequence, if necessary, we can assume that
lim; o0 t;‘il /t;;',1 = 0 and hence, by Proposition 1.4, 0 is an Z-dispersion point

of 1 /1
D=L (B ) .
iLG% Lk, (ak.' ¢
On the other hand, by (18),
A -
(81) custso)

for every i € N; i.e., 0 is not an Z-dispersion point of f(D). This contradicts
the assumption that f preserves Z-density points. Condition (17) is proved.

Now notice that condition (17) implies, in particular, that @ < 1, since
limj oo (Fi; + Gi;)(1) = B > A = limj oo (Fi; + Gi;)(a).

Using Lemma 4.1 twice for functions Fj, and Gi,, passing to a subse-
quence, if necessary, we can find a nontrivial interval [¢,d] C (a, 1) such that
{Fi;lfc,q}ien converges uniformly to some function F and that {G,l(c,q}ieN
converges uniformly to a function G. Let us notice also that condition (17)
implies that either limsup,_ (Fr(1) — Fi(a)) > 0 or limsup;_ o,(Gr(1) —
Gr(a)) > 0, since limsupg_, o (Fr(1) — Fr(a)) + (Ge(1) — Gi(a)) = H(1) —
H(a) = B — A > 0. Thus, we can also assume that the function H = F + G
is a homeomorphism on [c, d].

By Proposition 1.2, choosing a subsequence of {k;}ien and a subinterval
of (¢, d), if necessary, we may also assume that

(e,d) C tx,E for every i €N,
which implies that

((Fe; + Gr:)(c), (Fi; + G, )(d)) (Fi; + G, )((c,d))

(Fki + Gki)(t’:iE)
su(7+9) (- 0.5))
sk, (f + 9)(E).

N
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Now, if ¢ < ¢! < d' < d then
AS(F+G)(e)<(F+G) )< (F+G)d)<(F+G)d)<B
so, J = ((F + G)(¢'),(F + G)(d')) C (A, B) and
J C ((Fr; + Gi,)(), (Fi; + Gi,)(d) C s1,(f + 9)(E)

for #'s large enough, since {Fi;, + Gi,} converges to F + G. Thus, we may
assume that
J C se,(f +9)(E)N (4, B)

for every i € N. This finishes the proof of Theorem 4.2. O
Corollary 4.3. If f,g € M7!, then fg € HI .

PROOF. Same as for Corollary 2.2. (@]

5. Discussion and examples

We start this section with an explicit statement of the density analog of The-
orem 4.2, that has been proved by Niewiarowski [7].

Theorem 5.1. If f,g € H}, then f+ g € H3 .

We are going to present examples showing that none of the Theorems 2.1,
3.5, 4.2 or 5.1 remains valid if we admit that one of the homeomorphisms is
decreasing, even when their sum is an increasing homeomorphism. Moreover,
the decreasing function can be defined by g(z) = —=z.

Example 1. There ezists h € Hz N H7' NH NC™, h: R — R, such that
f:R—R, f(z) = h(z) — z, is strictly increasing but f ¢ H UHT' UH} .

e’ z2>0
f(z)=< 0 z=0
’ z<0

PRrROOF. Let

—e—%"

It is known that f is C*, which is not Z-density continuous and does not
preserve Z-density points [5, Example 10]. (See also [4, Example 5.7).) It also
follows easily from Bruckner [2, Theorem 7] that f does not preserve density
points.

Define h(z) = f(z)+z. Then h is an increasing, C*°> homeomorphism such
that h and h~! satisfy a local Lipschitz conditions. Thus, by Proposition 1.5,
h and h-! are density and Z-density continuous. 0
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Example 2. There exists h € Hay NC*®, h: R — R, such that f: R — R,
f(z) = h(z) — z, is strictly increasing but f € Hur.

ProoF. In [3, Example 1] it is constructed a nondecreasing function f € C*
which is not density continuous. In fact, f is strictly increasing except for
the intervals forming some right interval set. It is not difficult to modify
this function to be strictly increasing C* and not density continuous. Then
function h(z) = f(z) + = works. a

Let us finish this paper with the remark that Theorem 4.2 is also contained
in Aversa and Wilczynski [1, Theorem 4).! However, their proof, considerably
shorter that the one presented in this paper, contains an essential gap. In
their proof Aversa and Wilczyniski show that for every homeomorphisms f
and g preserving Z-density points, any sequence {n:} of natural numbers and
any open set A for which 0 is an Z-dispersion point and a nonempty interval
J C (0,1) there exists a nonempty interval I C (0,1) and subsequence {ng,}
such that f(I)Ug(I) C J, and

f(I)Nng, f(A) = 0 = g(I) N ng,g(A).

From this they conclude that (f + g¢)(I) Nne,(f + g)(A) = 0. This evidently
might be false. To see this you can take, for example, f(z) = z3, g(z) = =,
ny, =8, 1=(1/3,1/2) and A = ([1/24,1/16]U[1/6,1/4])°.
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