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STOCHASTIC INTEGRALS OF ITO AND
HENSTOCK

1. Introduction

The 1td integral {4, 5] is well-known. It has been actively studied in recent
years and applied successfully to solving stochastic differential equations. The
technique used is measure-theoretic. On the other hand, the Henstock integral
[2, 7, 10] uses Riemann sums in its definition and is able to achieve such gener-
ality that it is known to include Wiener and Feynman integration. Stochastic
integrals using Henstock’s theory have been attempted by McShane [9], T. W.
Lee [8] and most recently by Henstock [3]. In this note, we shall show that
it also includes the Ito integral. This is achieved by combining the ideas of
Henstock [3] using Riemann sums and of McShane [9] using belated divisions.
Furthermore, using the stochastic integral of Henstock we obtain Ité’s formula.

2. The Stochastic integral of Ito

We give a brief description of the Itd integral, which is essential for the un-
derstanding of the next section. We follow mainly Ikeda and Watanabe [4]. A
good reference on stochastic integrals for analysts is Kopp [6]. Let W denote
the set of all real-valued continuous functions on [0,1] with a metric p given
by

pwy, wa) = sup{|wi(t) — wa(t)]; 0 <t < 1}.

The class of all Borel cylinder sets B in 1¥, denoted by C, is a collection of all
the sets B in W of the form

B = {w; (w(t1), w(ta), - ,w(l,)) € E}
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where 0 <) <ty < ---<t, <1and E is a Borel set in R" (n is not fixed).
The Borel o-field of C is denoted by B(WV), i.e., it is the smallest g-field which
contains C. Finally, let Py be the Wiener measure defined on (W, B(W)).
Then the triple (W, B(1V), Py) is a probability space with Py (V) = 1. We
remark that it is possible to develop the Wiener integral [11] using Henstock’s
general theory of division spaces [2, 7, 10], in which the Borel cylinder sets are
taken as intervals in the division space. For details, see [1, 10].

Next, let Ly = La(1V,B(1V), Pw) be the space of all random variables ¢
(real-valued B(W)-measurable functions on W) such that

lall3, = /W lg(w0) 2Py () < +00.

Since B(W) is separable, so is La. That is, there is a countable dense set
{q1,92,---} in L. This fact will be used later in Section 2.

Let X = {X(t,w)}o<i<1 be a Brownian motion (or Wiener process) so
that X (t,w) = w(t) for w € W, t € [0,1], and X (¢, w) is adapted to {B;;0 <
t < 1}. That is to say, X(f,w) is B;-measurable for each t € [0, 1], where
By = o{X(s,w);s < t} is the smallest o-field generated by {X(s,w);s < t}.
Here X (, w) is called a canonical Brownian motion of (W, B(W), Pw; {B:;0 <
t < 1}). We denote by L the space of all measurable processes {¢(t, w)}o<i<1
defined on (W, B(W), Piy) (¢ is a measurable function on [0, 1] x W), adapted
to {B;} such that

1
leliz, = [ letew)lfdPwiwla < +e.

For convenience, we write

E(Qw)) = /W Q(w)dPy (w),

where E is called the expectation of a random variable Q with respect to Pw,
and

1
lellz, = /0 E|p(t, w)[?dt.

We may regard a process as a family of random variables. We can construct
a dense set in L3 as follows. Let Lo be the set of all step processes (t,w)
satisfying the following conditions :

(i) there is M > 0 such that |p(t, w)| < M for t € [0,1], w € W;

(i1) there are a finite sequence of points tp =0 < ) <la < .- <1y <
tay1 = 1 and a finite sequence of random variables fi(w), i = 0,1,2,.-- ,n,
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such that ¢(0, w) = fo(w) and

e(t,w) = Zf,'(w),\‘(,'.,,,“](t) for t € (0,1]

i=0

where x denotes the characteristic function of (1;,t;41] and f;(w) is measurable
with respect to By, for i = 0,1,.-.,n.

Then we can prove that Ly is dense in La. More precisely, for every ¢ € £,
there is a sequence {¢), 2, ---} in Lo such that

llm — @llc, — 0 as m — co.

If ¢ € Lo is a step process as given in (ii) above, then we define the Ito integral
of ¢ to be

n
I(e)(w) = Y filw)[w(tis) = w(t;)].
i=0
Note that I(¢) € La. In general, whenever ¢ € L2 there is a sequence
{#1, ¢2, ---} in Lo such that |l¢m — ¢|lc, — 0 as m — oo. Then we de-
fine the It6 integral I(¢) of ¢» to be

I((P) = n}l—n;o I((Pm) in Lo,

that is,
/ 1 (om) — I(‘P)Pde — 0 as m — 0.
w

We can prove that the It6 integral I(¢) is uniquely determined in L,.

3. The stochastic integral of Henstock

A full cover A is a family of interval-point pairs ([u, v],€) such that £ € [u,v] C
(& — 8(€),€ + 8(€)) for some given §(&) > 0. We shall define a belated full
cover A, as follows. Fix a sequence of pairwise disjoint measurable subsets
My, My, - of [0,1] whose union is [0,1]. Let t; = inf{t;t € M;}. Define
8(&) > 0 so that t; < & — §(&) whenever £ € M\ {tr}. Obviously, the family
A of all interval-point pairs ([u, v],§) satisfying € € [u, v] C (€ = 6(), € +8(£))
forms a full cover. Then a belated full cover A, is a collection of all interval-
point pairs ([u, v], y(§)) such that ([u, v],€) € A and y(£) is defined as follows:

(i) when £ € M. and € = {; (note that {; may not belong to M ), put
y(§) =0,

(i1)  when £ € M; \ {ti} and ([u,v]),€) € A, put y(&) € My N [te, u).
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Note that y(¢) depends on [u,v] and £ when £ € My \ {ti}. Since there
exists a division D = {([u,v],£)} of [0,1] from A, there also exists a division
(a belated division) D = {([u, v], y(£))} of [0,1] from A;. The above belated
full cover A is said to depend on {A;} and é(¢).

Given {M;} with My, M, ... pairwise disjoint and U, M} = [0,1], an-
other sequence {M[} is called a split of {AM}} if for each k, M7 C M; for
some i, My, M3, ... are pairwise disjoint and U2, M = [0,1]. A measurable
process {¢(t,w)}o<i<1 is said to be Henstock belatedly integrable or HB inte-
grable to I(p) € L if for every € > 0 there is a sequence of pairwise disjoint
measurable subsets Afy, Ma, .-+ of [0,1] with U2, M, = [0,1] such that for
every split {M}} of {My} there exist 6(¢) > 0 and a belated full cover Ay
depending on {M};} and §(€), and for any D = {([u,?],y(£))} from A, we
have E|(D) 3~ @(y(€), w)(w(v) — w(u)) = I(¢)]* < €, where (D) Y denotes the
sum over all interval-point pairs ([, v], y(£)) in D, and E the expectation with
respect to Py . We write

1
I(p) = (HB)/O o(t, w)dX(t, w)

and call I(y) the Henstock belated integral of ¢.

We shall verify briefly that the Henstock belated integral I(p) as defined
above is unique. Suppose there are I () and Ia(y) satisfying the above con-
ditions with {Af1} and { M2} respectively. Then consider My; N Mo, for all
i,k and label it {M}}. Note that {Af}} is a split of both {M1;} and {Ma}.
Hence by definition there exist §(§) > 0 and a belated full cover A, depending
on {M}} and 6(¢) such that for any D = {([u,v], y(€))} from A}, we have

ElL(p) - L(p)F < 2EIL(p) - (D) ¢(y(€), w)(w(v) — w(w))|?

+2E|(D) D ¢(y(&), w)(w(v) — w(u)) = I(p)[?
< A4e.

That is, I1(¢) = I2(¢) in La.

The idea of a split is due to Chew Tuan Seng. We remark that it helps to
prove the uniqueness of the HB integral easily and it is not used in the proof
later. In fact, we shall show in Section 4 that it can be dropped.

Theorem 1 If ¢ € L2 then for every € > 0 there exists a belated full cover
Ay such that for any division D = {([u, v),y(€))} from Ay we have

1
[ EIDY S ptal€) vt = et wlde < e,

where (D) 5" sums over all interval-point pairs ([u,v),y(€)) in D.
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Proor. First, fix a countable dense set {q1,q2.---} in L. Let 0 < e< 1/4
and define O(e) = {¢ € L2; |l — qillz, < €/2}, for k = 1,2,---. Since
{91,92,---} is dense in L, we have |, Ok(¢) = L2. Next, define

My = {te[0,1]; ¢(t,-) € Oi(e)}).
k=1
My = {te(0,1); ¢(t,-) € Ou(e)\ | O5(e)},
Jj=1
k = 2,3,---. Note that Uz‘;l M, = [0, 1], Let = E?;x e with g <

€27%-3(||qk|lL, + €)~2. Using {M;} and {n:} we can choose a sequence of
open sets Gy, Ga,--- such that G D M. and |Gi \ M| < i for each k, and
choose 6§(£) such that (& — 6(€),€ + 6(€)) C G whenever € € M}, for some k.
Furthermore, write 1 = inf{t; t € M} and put . < & — §(£) whenever
& € M\ {tr} and also 6(§) < ni/2 when & = t; € M. Consequently, we define
a belated full cover A, depending on {A}.} and 8(€) with y(€) defined as usual,
ie., y(€) = 0 when £ =t € M, and y(€) € M N [te,u] when £ € M \ {ti}
and € € [u,v] c (6 - 6(6):6 + 6(6))

Then take any division D = {([u,v],y(£))} of [0,1] from A} and split D
into Dy and D5 in which D; consists of ([u, v], y(§)) such that § =t € M, for
some k and D, consists of ([u,v], y(£)) such that £ € M, \ {t+}. For brevity,
we denote by M, the set M, when £ € M. Then we have

1
| EID) S o) wincuntt) - ol wat
< (D;)Z/ E|p(0, w) — (1, w))*dt
[u.]
+(Dy / Elo(: ,w) — o, 1 2di
(D)) . lp(y(€), ©) = @1, w)|
+2(02) Y /[ Elo(u(€), w)dt

u,u]\ M,

+2(D-) Elp(t, w)|*dt
[u,v]\ M,
= Ri+R>+ R3+ Rs4.
Without loss of generality we can assume E|¢(0, w)|? < oo throughout this
paper. Since (D;)Y v —u| < Y32, m = 1 and p € L2, we can choose n;

and in fact 5 sufficiently small so that R; < £/4. When y(§), t belong to the
same M}, for some k, we obtain

lle(w©), ) — (. ML, < Hle(w(€), ) = arllea + lle(t, ) — gelles
< e
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Therefore Ra < €% < £/4. Note that when £ € A, for some k, we have

Ele(y(©), w)* < (llgrllz, +€)*.
It follows that
o
Ry < 2D (llglic, +€)*1G \ My
k=1

(o)
< 2 Z(“qk”La + €)% m < /4.
k=1

Finally, note that 377, |Gr \ Mi| < 7 and ¢ € La. Hence again for choosing
sufficiently small  we have Ry < ¢/4. Consequently, we obtain

Ry+ Ra+ R3+ Ry < «.

The proof is complete.

We remark that Theorem 1 also holds true with A, replaced by a full
cover A. However belated divisions are required later when considering the
Ito integral, hence Theorem 1 was stated in terms of a belated full cover A,.

Theorem 2 If ¢ € L2, then ¢ is HB integrable and

1 1
(#8) [ ot wiiX(ew) = (1) [ plt,w)iX(t,0)
0 0
where the right-hand side above denotes the Ité integral.

PROOF. Let I(p) € La be the Itd integral of ¢ € L3. Fore > 0, let Ay
be a belated full cover depending on {M;} and 6(£) as defined in the proof of
Theorem 1. Take a division D = {([u,v], y(£))} from A, and write

[ (0, w) when t =10
(PD(tr w) = { 99(!/(5)' w) when te€ (u, U],

for each ([u, v}, y(€)) from D. Note that pp(t,w) is a step process and therefore

its Ito integral exists. Then by Theorern 1 and the It6 isometry [4; p.48, 6;
p.15] that

1 1
El(D) /o et w)dX (1, w)f? = /o Elp(t, w)[dt
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for ¢ € L2, we have

E|(D) Y o(y(€), w)(w(v) — w(u)) ~ I(p)[?

1]

1
E|(I) /0 [on(t, )
-‘p(t’ lU)]dX(t, w)|2

1
/ Elpp(t, w) — p(t, w)|%dt
0
< €.

To prove the existence of the HB integral, let {M;} be a split of {M}. The
above proof still goes through with {M;.} replaced by {Af;}. Hence if the Itd
integral exists, so does the HB integral with the same value.

Theorem 3 Let ¢ € Lo. If ¢ is HB inlegrable 1o I(p) then the 116 integral
ezisls and we have

1
E(o)| = /0 Elp(t, w)[dt.

PrRoOOF. Since ¢ is HB integrable, by definition there is a sequence of belated
divisions D, = {([un, vn), y(£s))} such that

Jim E|(Dn) ) 9(u(€n), w)(w(va) = w(un)) = ()] = 0.
Alternatively, we write
1
lim E[(HB)/ wp. (t, w)dX(t,w) — I(¢)]?> = 0.
=00 0

It is clear that for step processes ¢p the HB integral and the It6 integral
coincide and the It6 isometry holds. So we have

1 1 }
E\(HB) /o op(t.w)dX(tw)? = E|() /0 op(t, w)dX (2, w)[?

]

1
/ Elep(t, w)|*dt.
0

Hence it follows from Theorem 1 that

1
Bl = Jlim EWHB) [ oo, (twhdX(t,wf

1
lim / Elep, (1, w)]%dt
=00 0

1
/ Elp(t, w)|dt.
0
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Using Theorem 3, we see that if ¢ € L2 and ¢ is HB integrable to I(p)
then I(y) is also the 1to integral of . Hence the 1IB integral has provided a
Riemann-type definition for the Ito integral.

4. The HB integral

We shall show that the use of splits in the definition of the HB integral can
be dispensed with.

Theorem 4 Let o be a La-valued measurable process. Then ¢ is HB integrable
to I(p) if and only if for every € > 0 there exists a belated full cover Ay
depending on {M} and §(€), where {M} is a sequence of pairwise disjoint
measurable subsets of [0, 1] with U, M = [0, 1],

A = sup{E|p(t,w)|* t € Mi} < 00

fork=1,2,-.. and §(&) > 0, such that for any D = {([u,v], y(£))} from A,

we have

E|(D) Y ¢(y(€), w)(w(v) — w(w) = ()]* < ¢,

where (D) Y denotes the sum over interval-point pairs ([u,v], y(§)) in D.

PrRooF.  From the proof of Theorem 1, we see that if ¢ is HB integrable
then we can choose {A} so that ) is finite for each k. Indeed, for t € M;
we have [|o(t,)llL, < €/2+llgellL, or Elp(t, w)|* < (¢/2 +|lgllL,)*. That
is, A is finite.

Conversely, suppose the condition is satisfied. Take a split {M}} of {My}.
As usual, let t; = inf{t; t € M} and define 67(§) > 0 so that t} < & — 6*(€)
whenever § € M} \ {t;}. We may assume 6*(§) < 6(§). Again, A* is a
full cover using 6*(§) and Aj a belated full cover depending on {M;} and
6*(€). Now take a belated division D = {([u,v],y"(£))} from A}. Note that
([u,v), ¥ (€)) = ([u,v),y(€)) € Ay whenever £ # 1 for all k. Let D; be the
partial division of D in which § = 1}, € M for some k. Obviously, y*(t}) = 0.
Replace D; by D; in which ([u, v], y(t})) € As. Then the division (D\D;)UDs,,
denoted by D3, comes from A, with (D)3 = (D3) 3 +(D1) Y. —(D2) ¥ and
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again by the It6 isometry we obtain

E|(D) Y (v (6), wtae(v) - () - I(g)|
< 3E|(Ds) Y e(ul€), w)(w(v) - w(w) - I(e)||
+3E I(Dl) Z ¢(0, w)(w(v) — w(u))|2
2
+3E|(D2) 3 wlu(€), w)(w(v) - w(w)|
3e + 3E|(Dy) z /" (0, w)dX (t, w)|?

IN

RED) Y. [ @), )X (e, w)f

IA

3c+3(Dy) ) / ’ E|p(0, w)|dt
4300 Y. [ Bletute),wlat.

In fact, the last two terms are

3(D1) Y Ele(0, w)|*(v — w) + 3(D2) Y El(u(€), w)[*(v - u).

Write u;, = 26(t}). It is easy to see that by choosing 7 so that

oo
3> Elp(0,w)]’n; < ¢
k=1

we have v
3(D1)Z/ E|p(0,w)|%dt < .

Further, write ni = " 57 in which the sum is over all t; € M;. Choose 7}
and consequently 7; so that ZZ‘;I A < €/3. Note that when tf € M, we
have y(t7) € Mi and E|e(y(€), w)|?> < Ax. Then we obtain

(0% [ Eletwle) widt < e.

Hence the proof is complete.

In view of Theorem 4, the condition there can be used as an alternative def-
inition of the HB integral, and furthermore the integral so-defined is uniquely
determined.
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5. Itd’s formula

This is one of the most important tools in the study of stochastic integrals.
We shall show that it can also be verified using the HB integral.

Theorem 5 Suppose that

(i) F(y,w), =00 < y < 00, is a process defined on (W, B(W), Pw; {B;;0 <
t <1}) and the map y — F(y,w) is continuous with probability one;

(i) Fy(y,w) and F/(y,w) are bounded and both y — Fy(y,w), y —
FJ/(y,w) are continuous with probability one;

(iii) Both Fj(X(t,w),w)}oci<1 and {Fy(X(t,w), w)}ogic1 are adapted
to {By; 0 <t < 1} where X(1,w) is the canonical Brownian motion of
(W, B(W), Pw; {By; 0 <t < 1}).

Then for every T € [0, 1) we have

F(X(T,w),w) - F(X(0,w),w) = /0 ! FI(X(s, ), w)dX (s, w)

1 T
+§/ FJ/(X(s,w), w)ds.
0

To prove Theorem 5 which is known as [td’s formula, we need the following
two lemmas.

Lemma 6 Let ¢ = {¢(1, w)}o<i<1 be defined on (W, B(W), Pw) and the map
t — o(t,-) from [0,1] into Ly be continuous. Then Theorem 4 holds with
D = {([u, ], y(&))} replaced by Dy = {([u,v],u)}.

PROOF.  Suppose ¢ is HB integrable to I(yp), i.e.
1
Ie) = () [ olt,wldX(t,w)
Then for every € > 0 there exists a belated full cover A, depending on {M;}
and 6(§) such that the conditions in Theorem 4 are satisfied. Now take a

division D = {([u, v}, y(£))} from A,, replace y(€) in D by u, and denote the
new division by Dy = {([u,v],u)}. Then using the Itd isometry we have

1
EI(D1) 3 plu, w)(w(v) — w(w) - (@)|* = /0 Elpp, (t, w) - (t, w)[dt

where ¢p, is defined accordingly as in the proof of Theorem 2. We can choose
8(&) > 0 such that

lle(t, w) — p(€, w)||7, < €/4 whenever |t — &]| < §(¢).
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Consequently,

1 v
/(; Elep,(t, w) — ¢(t,w)|?dt (D‘)Z/ Elo(u, w) — ¢(t, w)|?dt

IN

200 Y [ Blotu,w) - e, w)l

+AD)Y. [ Blete w) - ettt
< S(D1)2|v—ul = ¢.

Hence the inequality in Theorem 4 holds with D replaced by D;.
Conversely, suppose the inequality in Theorem 4 holds with D replaced by

D, and I(p) by I (). Since the map t — ¢(t, -) is continuous in La, we have
ast/ —t

e, Mz = llet el < Nl ) = et e, — 0.
It fbllows that

1
/ Ele(t,w)]’dt < oo,
0

and ¢ € L£,. Then ¢ is HB integrable. Suppose

1
(HB)/; o(t, w)dX (1, w) = Ia(g).

By going through the same argument as the uniqueness proof of the HB inte-
gral, we can show that I (¢) = I;(y). Hence the proof is complete.

Lemma 7 Let ¢ = {p(t,w)}oci<1 be defined on (W, B(W), Pw) and the map
t — o(X(t, w),w) be continuous with probability one and adapted to {By;0 <
t < 1}. Further, let o be a bounded process. Then for every € > 0 there exists
a full cover A such that for any D = {([u,v],€)} from A, we replace § in D
by any €2 € [u,v], denote the new division by D*, and if

o= (D)) p(w(€), w)(w(v) - w(u))® € L
then we have

1 2
E 0’—/ (X (s,w),w)ds| < e.
0
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ProoF.  For brevity, write At = v — u and Aw = w(v) — w(u). Then we
have for D* = {([u,v],€)} and Dy = {([v,v],u)} in which D, is obtained
from D* by replacing £, € [u,v] with u

2

1
B|(0) S etwte ) wlaul - [ o(X(0),wes

3B|(D7) 3 plw(En), wllAul - (D1) Y plw(u), w)law?]

+3E I(Dl) Z p(w(u), w)(|Aw|® - At)l2

IA

2

1
+3E I(D,) > e(w(u), w)At - /0 (X (s, w), w)ds
= L+ DL+ 1k

We shall show that I}, I» and I3 are small for suitably chosen D*.
Simple calculation in probability theory (see, for example, [6; p.14]) shows
that
E|Auw|* = At and E|Aw|® = 3|At)?,

which in turn imply
E||aw]® - At]* = 2At)2.
Since ¢ is bounded, we can assume
le(y, w)| < Co for all y,w.
It follows that

L < 3C3D)Y_E|aw] - atf’
< 6C3(Dy1)Y_ At
< 605(11})@:.:( At)(Dl)ZAt
<

6C3 max At.
D,

Hence given € > 0 we can choose a full cover A with 26(¢) < €/18CZ for each
& such that for any D from A with D, defined as above, i.e., replace £ € [u, v]
in D by u, we have

I, < €/3.

Further we define

_ | ¢(w(0),w) when t=0,
#p, (w(t), w) = { e(w(u),w) when t€ (u,v],
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for each ([u, v}, u) from D;. Put

M (u,v) = sup{le(w(s), w) - ¢(w(t), w)l; s,t € [u,v]}.

For convenience, we sometimes write M;, Aw;, At; for M(u,v), Aw, At re-
spectively where ¢ runs from 1 to n. It follows that

1 2
I; = 3F / {¢D,(X(s,w),w) — ¢(X(s,w), w)}ds
0
.
< 3E (DI)ZM(u,v)Atl
n 2
= 3E|) MAt
i=1
n
= 3E|Y MALIP+2) MiM;AtAY;
i=1 i<j
n
< 12C3 ) 1AL+ 2 (EME)AEM}) At At
i=1 i1<j
< 12C3maxAt; + 2(max EM?) ) Ati At
3 1

i<y
< 12C2maxAt; + max EM?.
1 13

Next, we shall estimate max EM? or max EM (u,v)?. Since t — p(w(t), w)
is continuous with probability one, for any £ € [0, 1] and for any ny,n2 > 0
there exists hg = ho(€,m1,72) > 0 such that whenever h < hg

Pw { sup |p(w(s), w) - ¢(w(€),w)] > m} < na.
[s—¢I<h
We may assume
m+4C2n, < % and 8(€) < min{ho,ﬁ-:-a-g}.
Then it follows that
max EM(u,v)? < 5 +4C3n..

Consequently,
€ € €
I -4+ - = =
3<§%6 "3
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Following the same argument as in the proof of I3 < €/3, we obtain
I, < ¢/3.

Hence the proof is complete.

Proof of Theorem 5. Take a division D = {([u,v],£)} of [0, T]. Write D,
when £ in D is replaced by u, and write Da when § in D is replaced by a given
& € [u, v], where &, is to be determined later. We can write with probability
one

F(w(T), w) — F(w(0), w) (D) > _{F(w(v), w) - F(w(u), w)}
(D1) ) Fy(w(u), w)(w(v) — w(w))

+3(D0) Y R (€s), w)(w(v) - w(u))?

where £, denotes some suitable value in [u,v] such that the above equality
holds. Note that £ depending on w may not be a random variable. However
the above equality shows that the sum (D2) Y does belong to L.

Since Fy, is bounded, the conditions in Lemma 6 are satisfied with ¢(t,w) =
Fy(w(t), w). Given ¢ > 0, in view of Lemma 6 there exists a belated full cover
Ay depending on {M;} and §(¢) and satisfying the conditions in Theorem 4
such that for any D = {([u, v],y(€))} from A, we write Dy = {([u,v],u)} and
obtain

T
EI(Dy) S Fi(w(w), w)(w(v) — w(u)) - /0 F!(X(s,w), w)dX (s, w)[* < .

Next, in view of Lemma 7 there exists a full cover A, such that for any
D = {([u,v),€)} from A, we write D» = {([u,v].€,)} and obtain

1 2
E (D;»)Z:F;;’(w(ﬁ,:,),w)(w(v)—-w(u))"—/0 F/(X(s,w),w)ds| < e.

We may assume A, and A; above share the same §(§) > 0. Hence combining
the above inequalities we obtain

T
EIF(w(T),w) — F(w(0),w)— /0 F(X(s, ), w)dX (s, v)

T
- .;./ FJ(X(s,w), w)ds|® < 3e.
0

Since ¢ is arbitrary, the proof is complete.
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It is instructional to go through the above proof again for the special case
when F(y,w) = -;-yz and X(t,w) is a standard Brownian motion. It can be
seen more clearly there how the HB integral is used to prove results. In that
case, Itd’s formula becomes

%B(t)2 =/0 B(s)dB(s) + %t,

where B(t) denotes standard Brownian motion.

We remark that the boundedness condition of F; and F;’ in Theorem 5

can be removed by means of the usual localization technique (see [4; Theorem
2.5.1]).
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