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ON BOREL SETS WITH SMALL COVER:
A PROBLEM OF M. LACZKOVICH

The following problem has been raised by M. Laczkovich [1): is it true, that
a Borel set H C R can not be covered by zero measure ¥, set (the small cover
referred to in the title) if and only if H is residual in a closed set metrically
dense in itself (i.e. every portion of the closed set has positive measure)?

In this paper we answer the above question in the affirmative, moreover
we show that the equivalence of the two properties in question holds also for
analytic sets. It remains open, how far the equivalence could be extended
to higher projective classes. As for measurable sets, the next remark was
communicated by J. Mycielski and R. Laver:

There exists a set .X C [0, 1] of measure 0 such that X cannot be covered
by an F, of measure 0 and X is not residual in any perfect set.

The same counterexample was found by one of the other referees as well.
Moreover, as it was pointed out by him, assuming the Axiom of Constructibil-
ity it follows that there are projective classes for which this equivalence fails.
Thus the question to ask is whether it is consistent with ZFC (for instance,
assuming the Axiom of Projective Determinacy) that every projective set satis-
fies this equivalence, or it is provable in ZFC that a projective counterexample
exists.

We carry out the proof for subsets of [0,1], though our theorem holds for
polish (i.e. separable complete metric) spaces replacing [0,1], and for finite
continuous Borel measures replacing the Lebesgue measure, as well. The proof
itself easily extends to the case when the underlying space is a closed subspace
of the irrational numbers. Any zero dimensional polish space is homeomorphic
to such a space, on the other hand, given a finite Borel measure on any polish
space, one can easily find a zero dimensional G5 subspace of full measure, and
hence the generalization readily follows.

Definitions and notation. The closure and the interior of H is denoted
by H, int H respectively, and A denotes the Lebesgue measure.
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to be metrically dense in itself, or briefly, P is an md set. If P is a closed set
and I N P is a portion, then TN P is called a closed portion of P.

Let C denote the family of sets of real numbers that can be covered by a
zero measure F, set. It is immediate, that C is a sub-o-ideal in the system Z
of sets of measure zero as well as in the system I of sets of first category: C
C ZnNnTI.

Sets with H ¢ C will be called noncoverable, or (NC) sets and we refer to
this relation as the (NC) property.

A set H is said to have the (RR) (relative residual) property, if there exists
a closed md set P such that H N P is a residual subset relative in P.

We use the Souslin operation to represent analytic sets in the standard
way (see [2], or [4]). N denotes the set {s} of all infinite sequences of natural
numbers. p, ¢, r denote multi-indices, i.e. finite sequences of natural numbers.
If p = (n1,...,n), ¢ = (n1, ..., 0, Neg1, ..., M), r = (My,...,mj), We write
Ipl = k, plg, pr = (n1,...,nk, m1,...,m;). For s = (ny,...,n,...) EN we put
slk = (ny, ...,n), 8% = (Nkgr, Nega,.), s = (M, .y my,my,00).

For every interval I = (z—h,z+h) and t > 0, denote tI = (z—th,z +th).

Our main result in this paper is the following

Theorem 1 Let H C [0,1] be an analytic set. If H ¢ C , then there ezist a
closed md set B and a G5 set C C (H N B) such that C is everywhere dense
in B. In particular, every analytic (NC) set contains a G5 (NC) set.

Remarks. (i) It should be noted, that the implication (RR) = (NC) is
trivial for any set H. Indeed, if P is md and F is a closed set with A(F) =0,
then F N P must be nowhere dense in P, and hence any set H € C is of first
category relative in P. Thus, having (NC) = (RR) by the Theorem, we
obtain that if H C [0,1] is an analytic set, then properties (NC) and (RR) on
H are indeed equivalent to each other.

(i¢) By (i) it is obvious, that C is a proper subfamily in Z N I which
indicates the “smallness” of its elements.

(#4¢) By Theorem 13.4 in [3], A C R is a set of first category if and only if
there exists a homeomorphism h of the real line onto itself such that h(A) € C.
This is obviously equivalent to the following statement: A C R is of second
category if and only if h(A) is (NC) for every homeomorphism A : R — R.
Hence, making use of our result, the following corollary is immediate.

Corollary 1 An analytic set A C R is of second category if and only if h(A)
has the (RR) property for every homeomorphism h : R — R.

Lemma 1 Lc;i the sets F,, be (relative) open in F,. Then F =NF, is a Gs
set in P = NF,. In particular, if F is dense in P, then il is a dense G sel in
P.



332 GY. PETRUSKA

ProoF. We have F,, = G,, N'F,, for some proper open sets G,,.

F = ﬂF = Ol(Gnn?:)z'(OlG”)n(n-F—"‘-):Pn QG"’

n=1 n=1

showing that F is indeed a G5 subset.

Lemma 2 For an arbitrary X C [0, 1] denote
X*=X \U{I: the portion INX € C}.

Then

(5) X* = X\U{I : I is a rational interval and IN X € C};

(1) X \ X* € C, X* is relative closed in X; X €C = X" =0;

(iii) if X € C, then for every portion I N X* ¢ C; in particular, X* is md or
emply; -

(iv) if X =Uj2, X; then U5z, X; C X* ¢ X~ c U2, X;-

ProoF. All the statements are trivial. Let us verify X* C |J;2, X} only.
Suppose z ¢ |J;Z, X;. Then there exists a neighborhood z € I such that
If'\(Uj,-"_l.1 X:) = 0, and hence INX; =0, j=1,... Thatis, INX; €C, j=
1,... Thus INnX = |J;2,(IN X;) € C proving z ¢ X*.

Lemma 3 Let A,, n = 1,2,... be a sequence of perfect seis, denote U =
Unzi4n, F = U. Lete > 0, n > 0, and finitely many open intervals
J1,J2,...,JN be given. Then there ezist pairwise disjoint closed setls Ci C Ag
such that

(1) C =X, Ck is a dense open set in B =Jpo, Cx =C;

E)MBNI) > (A =MFNT) (k=1,...,N);

(i11) if Cp # 0, Ci. consists of finitely many closed portions of Ay, such that
the measure of each portion is at most n and the end points of the underlying
interval are not isolated poinis of the portion ;

(iv) if A is an md set for k=1, ..., then B is md as well.

ProoF. The sets C) will be defined by induction. We put C; = A;. Note
that, if I N D is a portion of a perfect set D, then TN D =T'N D is a closed
portion of D (not necessarily equal to TN D) such that the end points of I’ are
never isolated points of 7 N D. Choose now an integer K > %, let the closed

intervals I} be defined by I} N F = (%2, &) NF, and put

N
A=JInF

i=1
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Thus F; consists of nonoverlapping closed portions of F, and each one of these
portions is a perfect set.

Suppose that the closed sets Fj and Cj C (Aj N Fj) have been defined for
j=1,..,nand for 2 < j < n they satisfy the following properties:

(1) F;nCjo1=0, Fj C Fj-y,

(@) ME UGN 2 (1= AF N (k=1,..,N),

3) F =)@ nR,
=1

where I{ are nonoverlapping closed intervals for every fixed j such that the
endpoints of I;-i are not isolated points of the closed portion I;-i N Fy. The
intervals I/ are called the main intervals of F;. Now the induction proceeds
as follows. Consider F,, = |J;2,(I? N Fy). Suppose first, that I NC, # 0
for some i, and denote shortly P = I? N Fy. Then P\ C, is open in P, thus
P\ Cn = 52, (PN I;), where I; C I} are the disjoint contiguous intervals
gf a suitable (relative in I?) open set G = U;";l I;. For a real number m > 0
enote

Im=Ln(P) = (U L\ (- DRI B).
j<m i>m

Since A(Ly,) — 0 for m — oo, we can choose m so large, that the estimates

@ MENULaPINI) 2 (1= 2AMFNT) (=1, N)
P

all hold true. Let M = {j:1<j<m, (1-%);)NP#0}andforje M
let the closed interval I;(P) be defined by I;(P)N P = ((1- L1)I;)NP. By
the remark above, the endpoints of I;(P) are not isolated points of I;(P)N F;.
Fny1 within P is defined by Fay1 NP = (Ujerr Li(P))NFa = (Ujem Li(P))N
Fy. Thus the intervals I;(P), j € M are main intervals for Fr,4;. If, on the
other hand I? NC, = 0 for some i, then I? will be preserved as a main interval
for F, 4, as well. That is

Fap=|{IPnF: IPnCa=0)u| J{Li(P)NFi: PNCa #0, j € M}.
f iP
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Thus C,, N Fy 41 = 0, showing (1) for j = n+ 1, and since (Fn \Up Lm(P)) C
(ChUFpy4y), we have

A(CaUFn)N i) > (1 - 2in),\(F,, NJk)

for k = 1,...,N, which is (2) for j = n + 1. (3) is obvious by the definition.
Now we put

Va4l

(5) Cn+1 = U An+1Nint I?'“ CAns1 N Foga.

i=1

(Note that Cp41 = Apt1 N Fuya\ finite set.) Thus the sets Ci, Fi satisfy (1),
(2) and (3) by induction. In particular, C; are pairwise disjoint, (C;UC,U...U
Cj-1)NF; = 0,and Ci C Fj forany k > j. Thus |J;2; Cin(Cj-1U...UCy) = 0.
This shows that C}. is open in B, and hence C is indeed a dense open set in
B. In order to prove (ii), we show first that

(6) B=T=CU([)F\Q),

ij=1

where @, consisting of some isolated and one sided limit points of () Fy,, is
a countable set. Let first z € C \ C, then any neighborhood I of z meets
infinitely many Cj sets, thus I meets infinitely many, and hence by (1) all
the F; sets, therefore z € (\;2, Fj. On the other hand, let z € (\;2, F; such
that z is a two sided limit point of (2, F; and let I be a neighborhood of
2. We choose for every n a main interval I® of F, such that I» O Int!
and z € (I"NF,) = (I" N F1). Suppose A(I") does not tend to 0. Let
T denote the interior of the nondegenerate closed interval (o=, I”, then z
being a two sided limit point, we have § # (T'N Fy) C (I® N F,) for every n.
Since U is dense in Fj, there is an index n such that A, NT N F, # 0, say
y € A, NT N F,. This implies both y € (A4, NintI*) C C, and y € Fny,,
contradicting Fr41 N Cy, = 0. Thus we have A(I®) — 0, and we can choose
n such that I® C I and A(I"*!) < A(I™). If the main interval I" is not
preserved, then by the definition of F,,4;, we must have C, N I™ # 0. Hence
INC #0,i.e. z € B and (6) is proved. Now the statement (ii) of the lemma
follows easily. Adding A(Cj-2N Ji) to both sides of (2) we obtain

M(FjUGj-1UCj-2) N k) 2 (1= Zop)M(Fj-1UGjoz) N i)

€ €
>(1- F)(l - F)'\(Fjd N Ji),
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thus applying (2) repeatedly we get
(M
€

i1
M(F;UCj- U UGN ) 2 J:[[(l - 57)/\(1’"1 NJi) > (1 —e)MF1 N Jg).
=1

Applying (6) and (7)

ABNJi)=MCNJi)+ X ﬁ (FaNJk))

n=1

= nl!_n(;lo (A(C1U...UCh1) N i) + A(F N J1))
= nll—ngo /\([(Cl U..UCp-1)U Fn] NnJi)>(1- E)A(Fl n Jk),

and (ii) is verified. Finally, by the choice of the intervals I} the length of any
main interval is obviously at most 7, thus (7i?) is clear by (5). (iv) is obvious
by (ii7) and the non-isolated end point property of the main intervals. Hence
the proof is complete.

Lemma 4 Let H = |J, ), Hen be an analytic (NC) set in [0,1] represented
by a monotone Souslin scheme {Hp} of closed sets. Then there ezists an
analytic (NC) set A C H, and monotone Souslin scheme {Ap} of closed sets
such that A =J, ), As«n and

(2) for every p, Ap is an neighborhood set or emply;

(i) UjZ1 Apj = Ap for every p. In particular, if A, # 0, then for some
suitable j also Ap; # 0.

ProoOF. For every fixed index p denote

Ly ={J () Heiny» 4 =I5, A=J[) Asin-

s n=1 s n=1
Let L =, N, Lsjn. We show first L = H. Since L, C Hy for every p, L C H
is obvious. Let z € H. Then there exists s such that z € H,; for every
k. This means, that for a fixed k, z € H,|(14j) for every j. Denote ¢ = sk,
then s|(k + j) = (s|k)(o]j) and we obtain £ € H(sjk)(o)j) § = 1,.... Hence
z € L, for every k, and L = H follows, indeed. Since Ly C L, C Hp, we
have L_; CZI, C Hp, and hence A C H. Notice that

,Q Lyj = ,QU (ﬁ Hm‘(sm) = G U (ﬁ Hp((j:)ln))

n=1 j=1 s n=2

S

o0

() Hpsim) = Ly,
n=2

I
-C



336 GY. PETRUSKA

and hence by Lemma 2 (iv) we obtain

(2] [c<]

(8) AH=TcUL; = ULy = U4
1 ji=1

j= j=1

Thus (ii) follows, and (%) is clear by Lemma 2 (ii1).

It remains to verify, that A is indeed an (NC) set. Let z € H \ A, or, by
L =H,z € L\A. Then there exists an infinite sequence s such that z € L,
for every n, and there must exist a j such that z € A,);,i.e. £ € (Ly);\ A,;) C
(Ls1j \ Lj);)- This shows

(H\A) c L\ ;) ecC
14

by Lemma 2, and hence A is (NC) as stated.

ProOF. (of the Theorem) Let H be an analytic (NC) set. Referring to
Lemma 4 we take an analytic (NC) subset A = |J, [, Asjn C H such that the
Souslin scheme {A,} satisfies the properties (i) and (i7) of Lemma 4. Since A
is (NC), we may assume without loss of generality, that A,, still satisfying (%)
and (ii) of Lemma 4 are perfect sets (replacing A, by its perfect kernel in the
Souslin operation, we only lose countably many points of A). Using induction
we define a new Souslin scheme {C,} by applying Lemma 3 on the systems
{4p, Ipl = j}, j = 1,... as follows. Put By = Jpz; A, and let Cy,Cy, ...
defined by Lemma 3 applied on the sets A;, As,... with np = 1, € = %, and
J1 = (0,1). Suppose that for 1 < j < n and |p| = j the closed sets C, C A,
and Bj = |J,)=; Cp have been defined with the following properties.

(i) If Cp is nonempty, it consists of a finite number of closed portions of A4,
called the main portions of Cj:

1

9) C,=J Limna,, M) < i

i=1

where the end points of the closed intervals I;(p) are not isolated points of the
main portion I;(p) N Ap;

(10) (ii) Cp are pairwise disjoint for fixed j, |p| = j, and Cy C G, if plg;

(iii) if J is a rational interval, and the denominators of the end points are at
most j, then

(11) MB; NJ) 2 (1= )NBj1 n).
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We consider now the closed sets D,; = Cp N Apj for every |p| = n and
j =1,2,... such that int I (p) N Ap; # O for some k. Since | J;2, Ap; is dense
in A, and C, consists of portions of Ay, also the set | J;2, Dp; is everywhere

dense in Cp. Therefore | J, ; Dpj = Ba. Note that
Dy N Ik(p) = I(p) N Cp N Apj = Ii(p) N Ap N Apj = Ix(p) N Ap;

are perfect sets. Let n = lﬂl-_ﬁ’ € = g4 and let Ji, ..., N be the system of
rational intervals such that the end points have denominators at most n + 1.
Now we apply Lemma 3 with these parameters for the perfect sets Dp; N Ix(p)
for k = 1,...,vp one after each other and denote the union of all the resulting
sets by Cpj. Properties (9), (10), (11) are immediate by Lemma 3. Since
we apply Lemma 3 on the main portions one by one, for every main portion
I (p)N A, of Cp # 0 there exist j and I such that the main portion Ii(pj) N Apj
of Cp; # 0 satisfies

(12) Ii(pj) N Ap; C Ik(p) N Ap.

Notice that |J, = Ap is an F, cover of A for every fixed k, thus A(U)pj=¢ 4p) >
0. Therefore by (9), the nonempty C,, sets are neighborhood sets. Hence By, is
neighborhood for every n. Denote B = () By, B is obviously closed. We show,
that B is an neighborhood set. Let J be a rational interval, let n be the greater
of the denominators of the fractions at the end points. If B, N J = @, then
BNJ=0.1f B,NJ # 0, then A(B, NJ) > 0 because B, is an neighborhood
set. Thus by (11) we have

AB; 002 T] (-2 2 2xBan),

I=n+1

and hence by the limit with j — co we obtain
MBNJ)> %A(B,. nJ)>0,

showing that B is indeed an neighborhood set. By Lemma 3, UJ;pj= Cp is 2
relative open set in B, and hence by Lemma 1, C = 37; U|pj=n Cp is 2 G5
in B. We prove, that C is also dense in B. Let z € B fixed, I = (z — ¢,z +¢).
Choose n such that % <3 Since z € B,, and Ulp|=n Cp is dense in By, there
exists p,[p| = n and y € Cp with |z — y| < §, and hence a main portion
Qn of Cp such that Q, C I. Thus by (12) there exists a sequence s and a
sequence of main portions Qr = I;, (s|k) N A, such that Qr4y C Qi and
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0 # N @« C (INC), showing that C is indeed dense in B. Thus C is a
residual G5 in B. But {C,} is a disjoint Souslin scheme, thus

)
C=ﬂl'p Cp=UnCs|ncunAsln=AcH)
n=1|p|=n s n s n

and hence H N B is residual in B, making the proof complete.
Acknowledgment. The author is indebted to the referees and to M.
Laczkovich for their valuable comments.
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