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1. Introduction

Trying to explain when a limit of a sequence of real valued continuous functions
is continuous, C. Arzela [1] introduced a new type of convergence of a sequence
of functions (which was later named quasi-uniform by E. Borel). Later on, at
least three different types of convergence were introduced for the same purpose
by several authors [5, 11, 14] . In this note, we shall compare all of them and
investigate their elementary properties.

We shall use the standard terminology and notations as introduced e.g. in
(4, 6, 10]

Let (S, <) be an (upwards) directed set. Let (X, Q) be a topological space,
(Y,U) a uniform space and f,f, : X — Y for s € S. The net {f,,s € S} is
Arzeld quasi-uniformly (ArQU, for short) convergent to f on X if it converges
pointwise to f on X and

(1) (YU € U)(Vso € S)(3S0 C S, o finite)(Vs € So)
(s 250 & (Vz € X)(3t € So)[fi(2), f(z)] € V).

The original result of [1] for a closed interval and a sequence of functions
can be easily generalized as

Theorem 1 (C. Arzeld) Let f,,s € S be continuous.
(a) If {fs,s € S} ArQU converges to f on X then f is conlinuous.
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(b) If X is compact, f is continuous and {f,,s € S} pointwise converges to
f on X then {f;,s € S} also ArQU converges to f.

PRroOOF. The proof is immediate and essentially contained in C. Arzela [1].

Later B. Gagaeff [5] investigated when a limit of a sequence of Borel mea-
surable functions of the additive class « is a function of the same class. He
modified Arzela’s notion. The net {f.,s € S} is Gagaeff quasi-uniformly
(GaQU, for short) convergent to f on X if it converges pointwise to f on X
and if

2) (YU e U)(3X,,s € S open, X = J,¢5 Xs)
(Vs)(Vz € X,)[f:(2), f(2)) € U.

Let us recall that @ C P(X) is called a o-topology on X if 8, X € O, O
is closed under finite intersections and countable unions (see [10] for details).
The at* additive Borel class is a o-topology. The main result of [5] can be
stated as

Theorem 2 (B. Gagaeff) Let (X,0) be a o-topological space, (Y, p) being
a separable metric space. Let f, : X — Y be continuous, n = 0,1,2,... and
fa — f on X pointwise. Then f is continuous if and only if {fn,n € N}
converges GaQU to f on X.

PRrOOF. The proof is essentially contained in [5].

Moreover, B. Gagaefl [5, p.187] presents a remark by M. Szpilrajn that
the GaQU convergence in Theorem 2 can be replaced by another type of
convergence which was later explicitly introduced by H. Poppe [13]. The net
{fs,s € S} is Szpilrajn-Poppe quasi-uniformly (SPQU, for short) convergent
to f on X if it is pointwise convergent to f on X and

(3) (VU € U)(Vz € X)(Vso € S)(3s > so)
(3V, neighbourhood of z)(Vy € V)[f:(y), f(y)] € U.

Evidently, SPQU implies GaQU.

Finally, M. Predoi [14, 15] has introduced a strongest notion. The net
{fs,s € S} is Predoi quasi-uniformly (PrQU, for short) convergent to f on X
if
() (VU € U)(Vz € X)(Is0 € S)(Vs > s0)

(3V, neighbourhood of z)(Vy € V)[f:(y), f(y)] € U.

Of course, the PrQU convergence implies both pointwise and SPQU ones.

Let us remark the essential difference between the ArQU convergence and
the others: in conditions (2), (3), (4) the topology of .X' is strongly involved,;
it is not involved in (1).
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2. Comparison of quasi-uniform convergences

We start with a mixing of nets. Let (S, <) be a directed set. Let S = S; U
S2,51 NS = B and both S;, S, being cofinal in S. Further, let {g,,s € Si}
be a net of functions from X into Y. Let f,g: X — Y. We set

fa=g: fOI'SESh
(5) fs=g9g for s € Ss.

If the net {g.,s € S;} uniformly converges to f and f # g, then the net
{fs,s € S} satisfies the conditions (1)-(3) and does not converge pointwise
to f on X. We show, for example, that {f,,s € S} satisfies (2). Let U € U.
Since {gs,s € S1} uniformly converges to f, there exists an sp € S; such that
[9:(2), f(z)]) € U for every s € S1,s > so and every z € X. Set

X=X for s € S1,s 2 so,
X, =90 otherwise.

Thus none of the conditions (1)-(3) implies pointwise convergence.

We present four examples which show that the implications PrQU =
SPQU, SPQU = GaQU are the only true implications between the four
investigated notions of quasi-uniform convergence.

Example 1  Let f,(z) = z" for = € (0,1).Then {fn,n € N} converges
GaQU, SPQU and PrQU to the zero function on {0,1) but not ArQU.

Example 2 Let fo,(z) = 2® and fon41(z) = 1/(n+ 1) for z € (0,1), and
fm(1)=1,n=0,1,2,.... Let f(z) =0 forz € (0,1) and f(1) = 1.

Then {fn,n € N} converges ArQU, GaQU and SPQU to f on (0,1) but
not PrQU.

Example 3 Let

fa(z) =2z for z € (0,1) NQ,
falz) =57 forz€(0,1)-Q,

for n even. For n odd we set

faz) =2 forz€(0,1)-Q,
fn(l) =1,
fa(z) =1/n for z € (0,1)NQ.

Set f(z) = 0 for z € (0,1) and f(1) = 1.
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Then {fa,n € N} converges ArQU to f on (0,1) but not GaQU, SPQU
and PrQU.

Example 4 Let f(z) = 0 for 2 € (0,1),f(1) = 1, fa(z) = 2" for z €
(0,1),n>1and fo = f.

Then {fn,n € N} converges GaQU to f on (0,1) but not SPQU, PrQU
and ArQU.

3. Sequences of continuous functions

We shall need the following

Lemma 1 Let f,,s € S be continuous. If {f,,s € S} converges GaQU to f
on X then f is continuous.

ProoF. Let W € U,z € X. Takea U € U such that U+ U+ U C W.
Let X,,s € S be such as in (2). Assume z € X,. For y € X, we have
[£:(y), f(¥)] € U. Since f, is continuous there exists an open set A 3 z
such that [f,(z), fs(y)] € U for any y € A. Then [f(z), f(y)] € W for any
y€E X,NA.

The following result is partially contained in [5, 13, 14].

Theorem 3 Let {f,,s € S} be a net of continuous functions pointwise con-
verging to a function f : X — Y. Then the following are equivalent:

(i) f is continuous;

(i1) {fs,s € S} converges GaQU to f on X;
(313) {fs,s € S} converges SPQU to f on X;
(iv) {fs,s € S} converges PrQU to f on X.

Proor. Evidently (iv) = (iii) = (ii) and by the Lemma also (ii) = (i).
We show that (i) = (iv) (compare [14]).

Let U € U,z € X. Takea W € U such that W+ W + W C U. Since
fs(z) — f(z), there exists an sg € S such that for any s > so, [fs(z), f(2)] €
W. Since f is continuous, there exists an open A 3 z such that [f(y), f(z)] €
W for any y € A. Finally, let B be open and such that [f,(y), fi(z)] € W
for y € B (B may depend on s). Then the set V = AN B is the desired one
satisfying (4).

By Example 1, the case of ArQU-convergence cannot be included in The-
orem 3.

Let us recall that a topological space X is said to be pseudocompact (see
eg. [6]) if C(X) = C*(X), i.e. if every real valued continuous function
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defined on X is bounded. We do not require that the space X is completely
regular (=Tychonoff, as it is supposed in [4]). It is well known that X is
pseudocompact if and only if from every countable cover of X by cozero-sets
one can choose a finite subcover.

The following result is a strengthening of a theorem by K.Iséki [8] (K.Iséki
assumes that the space X is completely regular).

Theorem 4 Let X be a topological space. Then the following are equivalent:

(i) Every sequence f, € C(X),n=0,1,... converging pointwise to a function
f € C(X) converges also ArQU;

(i1) X is pseudocompact.

PROOF. Assume that X is pseudocompact and f, € C(X),n = 0,1,...
converge pointwise to a function f € C(X). Let € > 0, nq being an arbitrary
natural number. We denote

An = {2 € X;| f(2) - fa(2) I< €}

Then the space X is covered by the cozero-sets A,,n > ng. The set of indices
of the corresponding finite subcover witnesses the ArQU convergence.

Assume now that the space X is not pseudocompact. Then there exists a
function f € C(X) which is not bounded. Without loss of generality we can
assume that f is non-negative. Inspired by Example 1 we set

l n
gn(z) = (l—m) ,n=0,1,...,z € X.

It is easy to see that the sequence {gn,n € N} converges pointwise to 0 and
does not converge ArQU.
Remark. 1In [3] the authors investigate spaces X in which pointwise conver-
gence on C(X) coincides with quasi-normal convergence. So according to [3],
a space X satisfying condition (i) of the theorem could be called an ArQU-
space. Thus Theorem 4 says that a topological space is an ArQU-space if and
only if it is pseudocompact.

Since a paracompact space is compact if and only if it is pseudocompact
we obtain a strengthening of a result of L.Hola and T.Salat (7, p.127).

Corollary 1 A paracompacl space X is compact if and only if pointwise con-
vergence of sequences on C(X) coincides with ArQU convergence.



326 Z. Bukovsk4, L. BukovskY AND J. EWERT

4. Some L-spaces

Directly from the definition one can easily see that every subnet of a PrQU
convergent net is also PrQU converging to the same function, i.e. PrQU con-
vergence is downwards hereditary. This is not true for any of the ArQU, GaQU
and SPQU convergences.Actually, let the net {g,,s € S;} converge pointwise
but not ArQU (GaQU, SPQU respectively) to the function f = g. Then
the net {f,,s € S} constructed by (5) ArQU (GaQU, SPQU respectively)
converges to f and the subnet {g,,s € S1} does not.

The set XR of all real valued functions defined on X endowed with any of
the investigated convergences can be considered as a convergence structure.
Let us recall that (compare [9, p.84]) a convergence structure is said to be
an L-space if every subsequence of a convergent sequence converges to the
same limit and if every constant sequence converges to its common value.
According to the preceding remarks, *R with PrQU convergence is an £-
space. However, one can easily see that in the case of the ArQU, GaQU and
SPQU convergences, it need not be an L-space.

By Theorem 3, on C(X) pointwise convergence is equivalent with any of
GaQU, PrQU, SPQU convergences. Since C(X) with pointwise convergence
is an L-space and this convergence need not be generated by a first countable
topology on C(X) (see [2]), the same holds true for C(X) endowed with any of
the mentioned three types of QU convergences. The case of ArQU convergence
is answered by the following result.

Theorem 5 For any topological space X the following are equivalent:
(i) C(X) with ArQU convergence is an L-space;
(i1) the pointwise and ArQU convergences coincide on C(X);

(i13) every sequence of continuous functions converging on X GaQU (PrQU
or SPQU) converges also ArQU;

(iv) X is pseudocompact.

ProoF. Evidently, (ii) implies (i). By Theorem 3, (ii) is equivalent to (iii)
and by Theorem 4, (ii) is equivalent to (iv). Assume (i). Let {f,,n € N} be
a sequence of continuous functions converging pointwise to f € C(X) on X.
Then the sequence

fO)fifl’f)fZ’"‘1f,fn,f,...

converges ArQU to f on X. By (i), also the subsequence {f,,n € N} converges
ArQU to f.
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5. Arzeld’s quasi-uniform convergence and compactness

The equivalence of conditions (i) and (ii) in the following theorem has been
proved by H.Poppe [11, 12].

Theorem 6 Let X be a completely regular topological space. Then the follow-
ing are equivalent:

(i) X is compact;

(ii) every net of continuous functions {f, € C(X),s € S} pointwise converg-
ing to a continuous function f € C(X) converges also ArQU;

(1i1) every net of continuous functions {f, € C(X),s € S} pointwise converg-
ing to a continuous function f € C(X) converges also ArQU provided
that | S |< Ro- | X |.

ProOF. The implication (i) = (ii) is part b) of Theorem 1. Evidently (ii)
implies (iii). We show that (iii) implies (i).

Assume that the space X is not compact. Then there is an open cover
A,JA = X such that (JAg # X for every finite Ag C A. By the axiom
of choice there exists a function A : X — A such that z € A(z) for every
zeX.

Let S be the set of all finite subsets of X ordered by inclusion. Then S
is upwards directed. Since the space X is completely regular, for every s € S
there exists a continuous function f, : X — (0, 1) such that

fs(z)=0 for z € s,
fs(z)=1 for z € X — U,e, Aly).

Let 2 € X. Denote so = {z}. Then for s € S,s 2 so we have f,(z) = 0.
Thus the net {f,,s € S} converges pointwise to 0 on X.
Take ¢ = ; and any finite set {so,...,sn} C S. Since the finite set

Ao = {A(z);z€s0U---Usn}

does not cover the space X, there exists a point 2o € X — |JAo. Then
fsi(zo) = 1for i =0,1,...,n. Thus the net {f,,s € S} does not converge
ArQU to 0 on X.

It suffices to note that | S |< Wo- | X |.

We show that the estimate of the cardinality in condition (iii) of Theorem
5 cannot be improved.

Example 5 Let a be an uncountable regular cardinal. The set W of all
ordinals less than or equal to o is endowed with the interval topology, i.e. the
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topology induced by open intervals {€ € W;& < n},{€ e W;{ < &< n},{€€
W;€ > n},( < n < a. One can easily see (compare [4, p. 174] for the case
a = R;) that W is compact.

The set X = W—{a} is not compact. We show that every net of continuous
functions {f, € C(X),s € S} pointwise converging to a function f € C(X)
converges also ArQU provided that | S |< a.

We denote W, = {£ € W;£ < n}. Then X =, ., W, and every W, (as
a closed subset of W) is compact.

We start by showing that any open cover {Ay;it € T} of X, | T | «
contains a finite subcover of X.

Let F(n) denote a finite subset of T such that W, C |J{As;t € F(n)}
(the existence follows from the compactness of W,,). Since the set of all finite
subsets of T has the power less than a, a being regular, there exists a finite
To € T and an unbounded subset Y of the set X such that F(§) = Tp for
every £ € Y. Since | J{W¢;€ € Y} = X, the finite set {A;t € To} covers X.

Now let {f, € C(X),s € S} be a net pointwise converging to f € C(X)
on X, | S |< a. For given € > 0 we denote

A, ={z € X;| fu(2) - f(z) [< €}.

Since the net pointwise converges, for any so € S the set {A,;s > so} is an
open cover of X. Since | S |< a, there exists a finite subset Sy of {s € S;s >
so} such that | J{A4,;s € So} = X.

Thus the condition (1) is fulfilled.

The authors should like to thank the referees for valuable remarks and
comments.
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