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AN INTRODUCTION TO SHELL POROSITY*

Abstract

Porosity and several different variations of porosity have been used
to describe small sets for some time. A common link between these
notions is that off of the real line these small sets are not necessarily
disconnected. In this paper, shell porosity is introduced and some prop-
erties of shell porous sets are investigated. This includes the fact that
in a complete metric space, any closed set which may be expressed as a
countable union of shell porous sets must be totally disconnected.

1. Introduction and Historical Remarks

Porosity, under different names, has been used by analysts since the early part
of the twentieth century. In 1920, A. Denjoy [5] used a notion similar to what
is now called the porosity index in his study of properties of trigonometric
series. A. Khintchine [14], in 1924, used porosity for describing arguments
involving density. E. P. DolZenko [7] gave us the current nomenclature in
1967. He needed porosity to describe a subset of the measure zero, nowhere
dense sets.
We begin with some definitions.

Definition 1.1 Let E be a set inRandleta < b. Define A\(E;a,b) = A(E;b,a)
as the lenglh of the largest subinterval in (a,b) N E¢, where E¢ denotes the
complement of E. If z is any point in R, we define the right hand porosily of
E at z as
p¥(E;z) = limsupM.
he0+ h

*Many of the results presented here are from the author’s Ph.D. dissertation written
under the direction of Michael J. Evans
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Stmilarly, the left hand porosily of E atl x is given by

cer = h. 2
p~(E;z) =lim supM.
h—0+ h

Finally, the porosily of E al x 1s

.« /
p(E;z) = limsup ’\(—Eﬁiﬂ = max{p*(E;z),p~(E;z)}.
h—0

Note that for any z, p(E;z) € [0,1].

Introducing some terminology associated with these definitions, we say E
is porous at z if p(E;z) > 0. If p(E;z) = 1, then E is called strongly porous
at z. The set E is called porous if it is porous at each of its points. Lastly,
the set E is called o-porous if it can be expressed as a countable union of
porous sets. While it is clear that a o-porous set must be both of measure
zero and of first category, the converse is not true. L. Zajicek [18] was the
first to construct a nowhere dense, measure zero perfect set which fails to be
o-porous.

The o-porous sets have been used to describe several types of exceptional
sets. DolZenko [7], in his study of cluster sets, showed that given a function,
f, from the half-plane into the complex plane, the set of & €Rsuch that there
exists two Stolz angles, 6;, and 6a, with C;(6,,z) # Cy(62,z) is a o-porous
set. C. L. Belna, M. J. Evans and P. D. Humke [4] have shown that for a
continuous function, f :R—IR, the set of points where f is not differentiable,
but the symmetric derivative exists is a o-porous set. Later, Evans and Humke
[8] proved that if f is monotone, the collection of points where the upper, or
lower, left and right derivatives are not equal is a o-porous set.

Some other applications of porosity include J. Foran’s construction of a
non-averaging set which is both strongly porous and of Hausdorfl dimension
one [11], and Zajizek’s [19, 20] and V. Kelar’s [13] investigations of topologies
generated by porosity and strong porosity.

It is obviously possible for a set, E, to be porous at 2 while either pt (E; z) =
0 or p~(E;z) = 0. We say a set is bilaterally porous at a point if both
pT(E;z) > 0 and p~(E;z) > 0. Still, this does not guarantee us any relation-
ship between the location of the gaps in E to the right of  and the gaps to
the left of z. To counter this we bring in the notion of symmetric porosity.

Definition 1.2 Let E C Rand let 2 be any point. For R > 0 define v(E; z, R)
as the supremum of

{h>0:3t>0, t+h < R (x=t=h,z—=t)NE = O and (z+1, x+t+h)NE = 8}.
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We define the symmetric porosily of E al x as

p*(E;z) = limsup M
R—0+ R

The definitions of strong symmetric porosity and o-symmetric porosity
follow analogously. It is this symmetric porosity which is directly related to
Denjoy’s bilateral porosity index [6]. Using symmetric porosity, Zaji¢ek [22]
improved on Belna, Evans and Humke’s result by showing the set is actually
o-symmetrically porous.

Moving on to a general metric space, porosity is defined as follows:

Definition 1.3 Let E be a set in the meiric space (X,d). By B,(r) we mean
the open ball centered at z of radius r, i. e. {y € N :d(z,y)<r}. Forz € X
and R > 0 define v(E;z, R) as the supremum of

{h>0:3z2€ X with B,(h) C B:(R)n E¢}.
Furthermore, define the porosily of E at x as

p(E;z) = '2limsupM.
R—0+ R

As with porosity in R, this general definition of porosity is blind to the
symmetry of the “holes” in E. Shell porosity is our way of incorporating this
symmetry.

First, we must define what we mean by shells. Let z € X and 0 < r; < rg.
The open shell about z of radii #; and 3 is given by

Sz(r1,72) = Ba(r2) \ Be(r1).
Now we may introduce shell porosity.
Definition 1.4 For R > 0, we define A(E;2, R) as the supremum of
{h>0:3t>0witht+h < Rand S.(1,t+h)NE =0}.

The shell porosity of E at z is given by

P (E;z) = limsup M
R—0+ R

Note that this is not abusive notation for if X' = [, then shell porosity is
symmetric porosity.
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The purpose of this paper is to introduce shell porosity and discuss several
of its properties. To begin with, we will show that, in the space of compact
sets from a complete metric space endowed with the Hausdorfl metric, strongly
shell porous sets are typical. That is, they form a dense Gy set. Next, we
will compare shell porosity with the definition of porosity in a general metric
space. Several properties of porous sets do not apply to shell porous sets but
shell porosity also has some features lacking in porous sets. We will then
conclude with comparisons and contrasts with two other definitions of porous
sets: hyperporous and totally porous.

2. The Abundance of Shell Porous Sets

Many papers have been published, showing that in a certain sense the “typical”
set encountered in many situations is either porous or o-porous; e.g., see [3],
(4], [8], [16], [17], and [21]. This section contains another such result. We show
that the typical compact subset of the real line Ris shell porous. Actually, we
shall show more, but before we state the precise result, some definitions and
terminology are in order.

Let (X, d) be a complete metric space and recall that a set A is called shell
porous if it has positive shell porosity at each of its points. We shall say A
is n-shell porous if it has shell porosity at least 5 at each of its points. Our
main goal here is to show that the “typical” compact set in .X is strongly shell
porous, i.e., is 1-shell porous. We shall now clarify what we mean by “typical.”

Let C be the collection of nonempty compact subsets of .X. For A,B € C,
let

7 =inf{e>0:BC |J Bu(e).
TEA
The Hausdorff distance between A and B is
p(A, B) = max{55,73}.

It can readily be shown that K = (C,p) is a complete metric space (2, 15].
Hence, any dense Gy subset of K is residual in A'. \We shall show that the
collection of strongly shell porous compact sets in .\" is a dense G4 subset of
K. It is in this sense that we assert that strongly shell porous sets are typical.

Let P(n) = {F € C: F is n-shell porous}, and let F denote the collection

of all nonempty finite subsets of X. From the definitions, it is easy to see that
f0<a<f<1,then

P(a) D P(B) D P(1) and P(8) = () P().
<8

We also have the following elementary lemma.
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Lemma 2.1 For each n € [0,1], F C P(y), and F is dense in K.

ProoF. Clearly F C P(7) for every 5. To sce that F is dense, let ¢ > 0 and
C € C. Choose a finite subset of {B;(¢) : £ € C}, say

{Bav; (f), Ba!-'a(f)v ey BJ:..(‘)}
to cover C. Clearly, if F = {z;,22,...,2,}, then F € F and p(C, F) < ¢.

Theorem 2.1 The collection of all strongly shell porous compact subsets of
X is a dense G5 subsetl of K.

PRrOOF. For each natural number n and each 0 < 3 < 1, let

Pi(n) = {FeC:VeeF 3R, €(0,1/n),h, >0, and t, >0
such that t, + hy, < Ry, he/R: > 1, and S (1,1, + h;) C F¢}.

Choose any F € P,(n) and let z € F with h,, 1, and R, as above. Let

ry = _____h,, —21)]?: > 0.

For each y € B;(r;) let
hy = hy — 2d(z,y) >0

and
ty =ty +d(z,y) > 0.

Then we see that

ty+hy <tz +h: <R, (1)
hy _hyg—2rp _

and

Sy(ty,ty + hy) C Se(te te + hy), (3)
where this set inclusion can be seen as follows: if = € S,(t,,t, + hy), then
d(z,z) < d(z,y) +d(2,y) Sty + hy +d(xy) =1: + ha,

and
d(Z,.’L’) Z d(z!y) - (](.’L‘,y) Z fy - d(‘”\.‘/) = 1:'
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The collection {B.(r;) : z € F} is an open cover for F and, hence, there
is a finite subset {z;,z3,...,2p} of F so that the open set

P P
G = L_Jl Bl‘.’("z,-) \ L-Jls_p‘-(t_pi,t;' + Il:'-)

contains F. Now, ify € G, then thereisani, 1 < < p, such that y € B, (rz,),
and consequently, from (1), (2) and (3) we know that there exist positive
numbers ty, and hy such that

1
ty+hy <R, < =

hy
>,
R, "

and
Sy(ty,ty + hy) C G°.

Thus any compact subset of G is in P, (7).

Let § denote one-half the usual “distance” from the compact set F' to the
closed set G¢. So 6§ > 0, and if S is any nonempty compact set such that
p(F,S) < &, then p5 < 6, and hence

SclyB8)ca.
z€F

Consequently, S € P, (7). Therefore, P,(7) is open in K, and this is true for
every natural number n and every 0 < 5 < 1.
Now, let a € (0,1). Then since

oo (o)
P(@)= () () Pula=1/m),
n=lm=1
P(a) is a G; set in K. Thus

P(1)= ﬁ P(l1-1/n)

n=1

is a G4 set and from the lemmais also dense in K. Hence, our proof is complete.

After obtaining this result we discovered that P. M. Gruber [12] had inde-
pendently proved virtually the same observation in 1989. He did not introduce
a nomenclature for shell porosity, but a careful reading of his work shows that
he has indeed obtained Theorem 2.1.
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Applied to Rwith the usual metric, this result yields the fact that the
collection of strongly symmetrically porous compact subsets form a dense G
in the space of compacta of Rwith the Hausdorlf metric, and, consequently,
the larger collection of compact sets in which are bilaterally strongly porous
is also residual in the same space. This latter result was originally announced
by L. M. Larson at the Summer Symposium on Real Analysis in Esztergom,
Hungary, August, 1987 2 and the proof presented here is modelled on his
original argument.

3. Comparisons of Porosity and Shell Porosity

In this section we shall compare and contrast the notions of porosity and shell
porosity. We shall do this for sets in R™ and in the more general setting of a
metric space.

First, in Rit is fairly easy to construct a set which is bilaterally strongly
porous at one point, but which is not symmetrically porous at that point. A
deeper concern would be whether a set which is bilaterally strongly porous
at each of its points could fail to be a symmetrically porous set, or even a
o-symmetrically porous set. Recently, Evans, Humke and K. Saxe [9] have
shown that the latter situation is possible: that is, they constructed a sym-
metric Cantor set in Rwhich is bilaterally strongly porous and showed that
this contains a residual set which is not o-symmetrically porous. Thus, in
contrast to the abundance of symmetrically porous sets set forth in the previ-
ous section, this reult seems to indicate that the symmetrically porous sets in
RRare in some sense less populous than the porous ones.

This view of symmetric porosity as being more restrictive than porosity is
further enhanced by another example constructed in [9]. Specifically, Zaji¢ek
[21] had observed that given any 0 < ¢ < 1 and any o-porous set A in R,
A can be expressed as the union of a sequence of sets, A,, such that the
porosity of each A, at each of its points is at least ¢. Evans, Humke and Saxe
showed the existence of a symmetrically porous set which cannot be expressed
as a countable union of sets, each having symmetric porosity greater than
four-fifths at each of its points.

Here, and in the next section, we wish to continue this comparison of
shell porosity and porosity and more general notions of porosity. In addition
to showing that analogues of the Evans-Humke-Saxe examples exist in R™
we shall compare and contrast porosity and shell porosity by examining a
space with two equivalent metrics, looking at the products of porous and shell
porous sets, utilizing the notion of very-porous and very-shell porous sets,

2See Real Analysis Exchange, Volume 13, 1987-88, pp. 116-118, for an outline of that
presentation.
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investigating what we shall call “sections” of shell porous sets, and observing
the relationships between a set being connected and its being either porous or
shell porous. Some notation and definitions will be needed for this endeavor.
We define product spaces and the product metric as follows. Given two
spaces (X,d;) and (¥, da) we denote (.X' x Y, d) as the set of all pairs (z,y)
with £ € X and y € Y along with the product, or box, metric d, defined by

d((z1, 1), (z2,y2)) = max{di(z1, z2), d2(y1,¥2)}.

The definitions of porous and shell porous can be changed to those for
very-porous and very-shell porous by replacing the lim sup in the definitions
with lim inf. Specifically, the v-porosity and v-shell porosity of a set E in the
metric space (X,d) are given respectively by

pv(E;z) =lim infw and pi(E;z) =lim ian—(fl-r’—E).
r—0+ r r—0+ r

The first way we will analyze shell porous sets is by looking at the behavior
of a shell porous set in a space X' where .\ has been given two equivalent met-
rics. Following the terminology of Barnsley [2] we shall say that two metrics
d and d* on X are equivalent if there exists m > 0 and A > 0 such that
md*(z,y) < d(z,y) < Md"(z,y) for every x and y in .X'. Unlike a porous set,
in order to be shell porous at a point with both metrics a certain condition
must be met.

Theorem 3.1 Let (X,d) be a metric space and suppose that the metric d* is
equivalent tod. Let E C X and 2 € X be such thal the shell porositly of E al
z in the d metric satisfies p*(E;2) =1 — ¢, where ¥ < m/M. Then the shell
porosity of E at z in the d* metric satisfies pi(E.2) > 1= (M/m)y.

PROOF. Since p*(E;z) = 1 — ¢, there must exist two sequences {r,} and
{R,} with
0<r, < Rn, Rp —0, Su(ra, R,) CES
and R
n —In n
—_— =1l = 1=
Ra R. ¢
Since ¥ < m/M, for n large enough we have r,/m < R, /M.
Since d(z,y) and d*(z,y) are equivalent, then for any radius r

Bi(r/M) C Bx(r) C By(r/m)

where B;(r) and B (r) are the open balls of radius r in (X,d*) and (X, d)
respectively.
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Using a large n along with », and R, from above, we know B}(R,/M) C
B:(R,) and B;(rn) C Bi(rn/m). Thus we have S;(rn/m, R, /M) C E¢, since

Bz(ry) C By(rn/m) C Bi(Ru/M) C B:(R,).
So for (X, d*), we have

‘(Eiz)> i Mo _ M wfRa=1-M
O P “wmY

A consequence of this is the following corollary, which we shall see later
does not hold when strongly shell porous is replaced with strongly porous.

Corollary 3.1 If a set is strongly shell porous at a point in one metric, then
1t will be strongly shell porous at that point in any equivalent metric.

PRrooF. This is an application of Theorem 3.1 with ¢ = 0.

If the assumption that p*(E;2) > 1 — m/M in Theorem 3.1 is omitted,
then it is possible for p*(E;z) to be positive and p(E;2) to be zero as the
following example illustrates.

Example 3.1 There is a set in the plane which has shell porosity at the origin
of 1—1/+/2 using the boz metric, and shell porosity at the origin of 0 using
the euclidean metric.
PROOF. In R? with the box metric,d, let

E = {z:v2/2**1 < d(0,2) < 1/2*, k € N}.

Using the box metric and the fact that S(o.0)(7r. 3._,4,'_5) C E°

ph(E;0) = lim F-k_ 1L
B ! -L'—oo _,\’/_Ej ﬁ

However, for the euclidean metric note that for any k value both the point
(0, %?) and the point (%, 5% ) lie on the ball centered at the origin with radius
#. This means that we cannot place a shell centered at the origin which will
not touch any point in E. Thus p°(E:0) = 0.

This idea can be extended as follows:

Example 3.2 There ezists a setl in the plane which is shell porous using the
box metric, but not shell porous in the euclidean melric.
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Proor. This example will be based on the construction in Example 3.1.
Now, however, we will have a set which consists of isolated points except for
one limit point which will be the origin.

For each natural number k, let I, = 1—,4;-, and let N, be the greatest
integer less than or equal to k(v/2 — 1), i.e. the greatest integer less than or
equal to

Define E to be the union of the four sets
Eo = {(0,0)}
Ey={($,0):k=0,1,..}
E, =02 1{(—;— 111,0) 2"0.1....,NL-}
E3 = U2 l{(—,,-,_ é;):i:U.l,....'Z"}.

We claim that E is a shell porous set in the box metric, yet fails to be
shell porous at the origin in the Euclidean metric. First, since every point in
E other than the origin is isolated, it follows that £ is shell porous at each
such point in both the box and euclidean metrics. Next, to see that E is shell
porous at the origin in the box metric again note that each box metric shell

S(0,0)( e %?) C E€ and

EN

1
. TE — GF 1
L]-l-{]go——q'-’_ =1- ﬁ > 0.
Finally, we shall show that E is not shell porous at the origin in the eu-
clidean metric. To this end let S(g,0)(t, ) denote any euclidean shell contained
in E¢. Then there is a k such that

V2 <Iz<\/‘z

seeT <M< 5

If 2 < h < &, then since S(o.0)(t,h) N Es = O, h =1 < I.. This yields

Next, suppose -;,,- <h< #; Since the circle of radius -{-,,-_ centered at the
origin contains the point (,-r, 7) € E, it follows that since S(o,0)(, h) must
miss E3, we have h—t < —;— and so

h—1 L
h 2 28 Tk
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Consequently, E has shell porosity 0 at the origin in the euclidean metric.

This behavior is in sharp contrast to ordinary porosity as illustrated by
the following theorem, which is probably quite well known. Its statement and
proof are included for completeness and to further illustrate the difference
between shell porosity and porosity.

Theorem 3.2 Let (X,d) be a metric space and assume thal the metric d* is
equivalenttod. IfEC X and z € X, then

m p
HP(E, 17) S p'(Evl)

and hence E is porous at z in one meiric if and only if il is porous al z in the
other metric.

ProOF. Say p(E;z) = p > 0. So there exists three sequences {R,}, {ra},
and {z,} with R, > r,, R, — 0, such that
2r

B..(rs) C B:(R,) N E° and -ﬁﬁ — p.
%1}

With B;(r) denoting the open ball in the d* metric B (%) C B:,(rs) and
B:(Rn) C B3(52); s0

« (In w Bn
B:,(33) C (Bi(=2)N EY)

and

w/M ST Ty
™/ )=2£’- lim —'=-n—lp>0,

R, /m Mn=co R, M

p«(E;z) 2 lim 2(

yielding 53p(E, z) < p.(E, z).
Whereas strong shell porosity is preserved by equivalent metrics, strong
porosity need not be. The following simple example demonstrates this.

Example 3.3 There is a set in the plane which is sirongly porous at the origin
in the euclidean metric, bul is not sirongly porous atl the origin in the boz
melric.

PROOF. First we define two sequences. Let {h,} and {r,} be sequences with
hy,=1/nand r, = (1 - %)h,,. In B? let =, be the point (0, h,). Next, define
the open balls B, = B, (r,). Finally, take a subsequence {n;} of the natural
numbers so that for j # k, B,, N B,, = 0. Let £ =F?\ {U;B,;}. Then for
the euclidean metric,

. 2ry, o 2(1 _
p(E;(0,0)) = Jllpgoh—- lim —&- =

nj+7'n,~ n—ov 2— -
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However, using the box metric,

vaa-1) 2
: = h L = 1

We now turn our attention to products concerning porous and shell porous
sets. This first result is well known.

Theorem 3.3 Let (X,d;) and (Y, da) be metric spaces. If E C X has porosity
natz € X, then E XY has porosity at least 1) al (z,y) € (X x Y, d).

PROOF. Since p(E;z) = 1 there exists {R, }, {r,} and {z,} such that
Rn>1a >0, R — 0, BX (ra)NE =0.B} (ra) C BY (Rn),
and

21,
R,

Take (z,y) € E x Y. For R, r,, and z,, above

—n>0.

(zn,9) € BEXY)(ra) C B (1) X Y CE*x Y = (Ex Y)*

and

B (ra) € BEYY (R).

So pxxy(ExY;(z,y)) 2 limi—~ 'R"‘ =1
An easy corollary of this theorem is the following:

Corollary 3.2 If E C (X,d;) has porosity 3 at 2 € E and F C (Y,d2) has
porosilyy at y € F then

p(E x F;(z,y)) > max{n, 7).

The next example shows the sharp contrast in that shell porosity is not
preserved when taking products.

Example 3.4 We can construct a sel E CP.which is strongly shell porous at
two poinis, z and y, yel E x E is not shell porous al (z,y) using the bozx metric
on R2.

PROOF. First we define the following set in R. Let £) = {x:1/(2n+ 1)! <
d(z,1) < 1/(2n)}, n = 1,2,3,...} and E2 = {z : 1/(2n + 2)! < d(2,3) <
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1/(2n+ 1)}, n=1,2,3,...}. Define E by E =R\{E; U E,}. It is easy to see
that both
1/(2n)! = 1/(2n+ 1)! _
1/(2n)!
1/(2n+ 1) = 1/(2n42)! _ i
1/(2n +1)! -

However, E x E CR? is not shell porous at (1,3) using the box metric. If
S(1,3)(r1,72) is a shell which is in (E x E) then both

S . —_— M
P (E;1) = nlll»];‘o

and

S . -— N
p*(E;3) = nl_l_{lgo

(l=r=ro,1=r)NE=0, (14+r,l+r+m)NE=0 (1)
and
B-r—r,3=r)NE=0, 3+7r,3+nm+r2)NE=0. (})

But this is a contradiction. From (t) we can see there exists an ng, a natural
number, such that {(1—-r;—r2, 1—r))U(14+r;, 1471+72)} C {2 : 1/(2ne+1)! <
d(z,1) < 1/(2no)!}. Thissays {(3—r1—72,3—71)U(3+71,3+r1+1r2)}NE # 0.
Therefore, no shells centered at (1,3) are contained in (£ x E)¢ and

P(E x E;(1,3)) = 0.

If we wish to obtain some sort of positive result concerning the shell poros-
ity of a product, we may do so by requiring at least one of the sets to be very
shell porous.

Theorem 3.4 Let (X,dy) and (Y,d2) be metric spaces. Let F C Y have v-
shell porosityp > 0 at y €Y, and let E C X' have shell porosily ¢ > 1 —p at
z € X. Then in (X x Y,d) the set E x F has shell porosity at least ¢ +p—1
at (z,y), where d denotes the product metric.

PROOF. Let € > 0. From the v-shell porosity of F we know there exists § > 0
such that for all h, 0 < h < 6, there exists 1; and 14,0 < 1; < ts < h so the
Y-shell S} (t1,2) is in F© and 2234 > p—¢.

Also there exists 8’ such that 0 < 8’ < é and for all h,0 < h < &, there
exists hy,h2, 0 < hy < ha < h so that the N-shell SX (hy,ho) is in E€ and
ﬁ‘;;—"'- >q—¢€.

Now fix h, 0 < h < ¢ and let 0 < h; < ha < h be as above. Choose
0 <t <tz < ha such that S} (t1,t2) C F° and L= > p—e Let (s1,82) =
(t1,t2) N (h1, ha). The length of (s, s2) is at least

(ha=h)=[h2a=(ta=t1)] > [(g—€) = (1 =(p=))]h2=[p+ ¢ —1—2¢€)ha.
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This leads to =2 > 2224 > p 4 ¢ — 1 - 2¢. Note also that S} (s1,52) C
SY¥ (t1,2) and S) (s1,82) C SX (h1, ha). Hence

SEXY (s1,82) C (SF(s1,82) x Y) N (X x S (s1,52))
C (ExY)N(X x F)C(ExF).

Thus p*(E x F;(z,y)) > p+ ¢ — 1 — 2¢ and, since ¢ was arbitrary, the shell
porosity of E x F at (z,y) is at least p+ ¢ — 1.

Corollary 3.3 Let (X,d;) and (Y,d2) be complete metric spaces. Let E C X
be strongly shell porous at £ € X and let F C Y have v-shell porosity p >0 at
YEY. Then E x F has shell porosily at least p al (2,y) € (X x Y,d), where
d denotes the boz melric.

PRroor. This is an application of Theorem 3.4 with q = 1.

Corollary 3.4 If E C (X,d,) has shell porosily at least ¢ >0 al each of its
poinis and F C (Y, d2) has v-shell porosity at least p >0 al each of ils points
withq > 1—p then E x F is a shell porous sel in (X x Y,d), where d denotes
the boz metric.

Proor. This is an obvious consequence of the definition of a shell porous set
along with Theorem 3.4.

Corollary 3.5 Let E and F be subsels of k. If the shell porosity of E is al
least ¢ >0 at each of ils points and F is very shell porous with v-shell porosily
greater than 2 — 1//2 — q at each of its points then E x F is shell porous in

(R2,eucl.).

PROOF. The shell porosity of E x F at any point will be greater than 2—1//2
using the box metric on B2, From Theorem 3.1 we know that with the
euclidean metric on B2 the shell porosity at any point of £ x F must be
greater than zero, hence £ x F is a shell porous set in the euclidean metric.
The next comparison we’ll make deals with one of the fundamental mo-
tivations for considering shell porosity. In Rwhen a set is o-porous it is by
necessity totally disconnected. However, we shall see that this is not true for
a porous set in a general metric space. We will be able to show, however, that
a closed o-shell porous set in a complete metric space must also be totally
disconnected. We begin by noting the following well known lemma.

Lemma 3.1 If a set E is closed in a complele metric space (X,d), then any
connecled component of E is closed.
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PROOF. Assume not. Say C is a connected component of E which is not
closed. Since C is not connected there exists U and V such that UNT # 0,
VT #£0,VNnUNC =0,and C = (UUV)NC. But then UNC # 0,
VNC #£0,(UNV)NC =0, and C = (UUV)NC, which yields a disconnection
of our connected set. Thus C is closed.

Lemma 3.2 Say E is shell porous in a melric space (X,d). Let C be any
connected set with E C C. Let G be an open set with card(GN E) > 2. Then
E is not dense in GNC.

PROOF. Assume not. Say E is dense in (GNC). Let 2 € (GN E) and
y € (GN E). Since E is shell porous at z there exists an r; and an r2, 0 <
ry < rp < d(z,y) such that B;(r2) C G and Sy(ry,72)NE = 0. Then no point
in C is in Sz(r1,r2) else from the density of E in (G NC) there would be an
element of £ in Sz(ry,r2). So

C = (Bz(r2)NC)U[(X \ Bz(m))NC),

contrary to the assumption that C is connected. Thus E is not dense in

(GNC).

Theorem 3.5 If E is a closed o-shell porous set in a complete melric space
then E is totally disconnecled.

PROOF. Let D be a connected component of E. Then both D is closed and
is o-shell porous. Write D = U, D,,, where each D,, is shell porous. From the
Baire Category Theorem there exists ng such that D, fails to be nowhere
dense in D. So there exists an open set G such that DN G # 0 and D, is
dense in GN D. By Lemma 3.2 we must have card(G N D,,,) = 1. Thus
card(G N D) = 1 else we would get a second point in the dense (G N D,,,).
Hence the only connected components of E are singletons; so E is totally
disconnnected.

Corollary 3.6 Any o-shell porous set in a complele meiric space is totally
pathwise disconnecled.

ProOF. If there exists an z and y in E which are pathwise connected in E then
there exists v : [0,1] — E, with v continuous, ¥(0) = z, and ¥(1) = y. Since
7 is continuous, the image of [0,1] (call this 4]0, 1]) is closed and connected.
Furthermore, since 7[0,1] C E, it is o-shell porous. By Theorem 3.5 the
closed set 4[0, 1] must be disconnected, a contradiction. Thus there is no path
in E which connects z and y.

Example 3.5 A set can be porous (strongly porous) and connecied.
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PrRoOF. In R? any line will be a strongly porous set and obviously connected.
Another distinction between porosity and shell porosity in " can be seen
by considering sections of porous or shell porous sets as defined below.

Definition 3.1 Lel E be a set in R®. For z €R™, m < n, define the seclion
Y, as
Y: = {y € R""™such that (z,y) € E}.

Theorem 3.6 Let E C R" be shell porous and m < n. Then for all z €R™,
Y; is shell porous in R"*~™,

PRrRoOOF. If Y, = § then the claim is vacuously true. If ¥z # 0 then there exists
y € R"~™ such that (z,y) € E C R". Since E is shell porous at (z,y) there
exists sequences {Ri} and {r;} with

Ry >re>0, R =0, Sz y)(rr, Re)NE =0,

and
Ry — 1

Ry

Because this is true we must have in R*=™ that Sy(ry, Ri) NY; = 0 for all
k= {1,2,...}. Thus p*(Yz;y) > lini—oo &h‘k—"k = 7 > 0. Hence Y; is shell
porous.

The same property is not true of porous sets.

—n=p'(E;(z,y)) > 0.

Example 3.6 In R? there exist porous sets which have sections that are not
porous as a subsel of R.

ProoOF. InR?let E = {(z,y) : z = c}, ¢ some constant. For the fixed x-value,
z = c, the section Y, is the real line as a subset of Bwhich, of course in not
porous.

It has yet to be mentioned that if a set is shell porous at a point we have
no guarantee that the set will also be porous at that point. We now look for
sufficient conditions on a metric space to guarantee that shell porosity will
imply porosity.

Theorem 3.7 Let (X,d) be a locally connected meiric space which has no
tsolated points. If a set A C X is shell porous al 2 € A then A is porous al z.

ProoF. Say p*(E;z) = n > 0. Then we claim p(E;z) > 7. Since E is shell
porous at z, there exists {1, }, {rn} with

Ro>rn >0,R,,—»0,S,(r,,,R,,)nE=0
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and

Rn - 1',,
R. Ui

Since X is locally connected there is a neighborhood of z, N(z), such that
N(z) is connected. Since z is not an isolated point, pick y € N(z), y # z. Let
N be a positive integer such that Ry < d(z,y) and if n > N, Bz(R,) C N(z).
For n > N define the following:

R

tn=7'n+_""2:‘r—n(l—1/n)’ T, =R, - R

_-2-1." (1-=1/n).
Now if Sz(tn, T )NX # 0 for all n then for each n there exists =, € Sz(tn,Tn)
such that an(’iﬂ-{;—"l(l —1/n)) C Sz(rn, Rn) C E¢. Thus

p(E;z) > nlingo2l/2[R" —g,](l = 1/n) = nl_i_)l]o %(1 -1/n)=1.
Say there is an 7 such that S;(t4,T3) N X = 0. Then if U = [(X \ B:(ta)) N
N(z)) and V = [B;(Ts) N N(z)] we have

UNN(z)#0,VAN(z)#£0,UNV =0,UUV = N(z).

i. e. a disconnection of our connected set. Thus S;(1,,T,)NX # @ for all n
and E is porous at x with p(E;z) > 7.

Both the local connectedness and the lack of isolated points are necessary
for shell porosity to imply porosity as the following examples illustrate.

Example 3.7 There is a complete melric space with no isolated poinis, a set
A, and a point z € A such that p*(A;z) > 0 but p(A:z) = 0.

PRoOOF. Let (X,d) be ({(0,0)}U{z € R*:d(0,z) =2"",n=1,2,3,.. .}, eu-

clidean). Let A = X. Then p*(X;0) = limy_o 222 = 172 > 0.
However, since X¢ = () we must have p(X;0) = 0.

Example 3.8 There is a locally connected complele melric space (X, d), a sel
A C X and a point z € A such that p*(A;zx) > 0 while p(A;0) = 0.

PROOF. Let (X,d) =(R?, discrete),A =R?, and 2 = 0. For positive t, h such
that t + h < 1, So(2,t + k) = {2} \ {z} = 0 which says that p*(4;0) = 1 while
p(A;0) = 0 since A¢ = 0.

At the beginning of this section we noted two examples of Evans, Humke
and Saxe [9] of sets in R. We close this section by looking for analogous
examples in R®. First we have
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Example 3.9 There is a shell porous sel A in R™ which cannot be expressed
as a union of a sequence of seis {An} each having shell porosity at least {/5
at each of its points.

Proor. Let C CRbe the example of [9] which is symmetrically porous but
cannot be written as the union of a sequence of sets {C,} each having sym-
metric porosity at least 4/5 at each of its points.

Let A = C x 0, where 0 denotes the zero vector in R"~!. Then A is shell
porous in R™ by Corollary 3.4. The conclusion follows from the properties of
C and Theorem 3.6.

Next, what is the R™ analogue to the existence of a bilaterally strongly
porous set which is not o-symmetrically porous? Clearly a line segment in
R™, n > 1, provides an example of a set which is strongly porous but not o-
shell porous, the latter via Theorem 3.5. What shall we do about the bilateral
condition? If we choose to say that a set is strongly porous at zg in R" in
every direction if its intersection with every line through z is strongly porous
at rg, viewed as a subset of R, we could then exhibit a set in R™ which is
strongly porous in every direction at each of its points, yet fails to be o-shell
porous by simply considering the graph of a parabola as a subset of R™. Surely,
something stronger can be said and indeed we shall observe this in the next
section after hyperporosity is introduced.

4. Comparisons of Shell Porosity and Other Generalized
Porosities

In Section 3 we looked at shell porosity versus porosity in a general metric
space. The purpose of this section is to look at shell porosity against other
definitions of porosity. Specifically, we shall contrast the notion of a shell
porous set with S. J. Agronsky and A. M. Bruckner’s idea of a totally porous
set [1] and T. Zamfirescu’s notion of a hyperporous set [23]. In the context
of a general metric space we can draw no implications involving shell porous
sets, totally porous sets and hyperporous sets. However, when we restrict our
space to be convex then we can show that there is a series of implications
among the three definitions of porosity.

The first new definition of porosity we will introduce is that for a totally
porous set. Agronsky and Bruckner used total porosity to show that for a
convex set in a separable Banach space there is a direct relationship between
a set being totally porous and its being locally compact. Specifically, in these
spaces local compactness can be characterized in terms of the total porosity
of the compact subsets of the space in question.
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Definition 4.1 Let (X,d) be a metric space, BC X and 2 € B. Let S be a
sphere in X such thatl z is in the boundary of S. Then B is said 1o be porous
al z with respect to S if there ezisis ¥ > 0 so that for every ¢ > 0 there erisls
spheres S; C Sa C S such that 2 € 53\ S, SN B =0 and

€ > diameterS, > y(diameterS,).

A sei B that is porous at a point z € B with respect lo every sphere containing
z in ils boundary is called totally porous at z.

The next type of porous set we will define will be a hyperporous set. Zam-
firescu, in his 1989 survey article [23], took a geometric approach to looking
at porous sets in Baire spaces. He extended the idea of a totally porous set
into what he named a hyperporous set.

Definition 4.2 A set M C (X,d) is hyperporous al £ € M if there is a
positive ¥ such that for any z # » there is a point y with d(z,y) + d(y,2) =
d(z, z) such that

By(vyd(z,y)) N M = 0.

For a fized z we say
sup{y : 3y with d(z,y) + d(y, z) = d(z, z) and By(yd(z,y)) N M = 0}

is the hyperporosity at & with respect to z. The hyperporosily of M al z is
then the infimum over all z € X of the hyperporosity with respect to z.

Although the idea for a hyperporous set grew from the definition of a
totally porous set, the two definitions are different (not when X =R, where
they are both equivalent to the notion of bilateral porosity). The following
examples show that hyperporous sets and totally porous sets are two different
types of sparse sets outside of R.

Example 4.1 In (R?, euclidean) let E be a line. Then E is a totally porous
set which is not hyperporous.

PRrROOF. Let £ = (z1,z2) be a point in E and let the sphere S be such that
z € S\ S. Given ¢, greater than zero and less than the diameter of S, let
Sy be the sphere of diameter € contained in S and with 2 in its boundary. If
SoNE =0 thelet $; = S5. If SaN E # @ then if we consider the sphere, Sa,
as being cut into two sections by E one of the sections must be large enough
to contain a sphere of diameter €/2, this sphere will be our S;. In either case,
we found S; and S; satisfying

. N P -
€ > diameter 5| > -2-(dmmeter Sa).
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So F is a totally porous set.

However, for our given z, let z be another point in E. For any y on the line
segment between z and z and any v > 0, By(yd(z,y))NE # 0. Thus E is not
a hyperporous set. In the same vein, there exist sets which are hyperporous,
but not totally porous.

Example 4.2 Let the metric space (X,d) equal (B2, discrete). If our set E
consists of just the origin, then E is strongly hyperporous at (0,0), but not
totally porous at (0,0).

PRrooF. To show that E is hyperporous at (0,0), let z be any point in R?\ E.
For any v € (0,1), and letting y = z, we have d(z,y) + d(y, z) = d(z,2) and
By(vd(z,y)) N E = 0. Thus E is strongly hyperporous at the origin. Now
pick z # (0,0) and let S be the open sphere centered at z of diameter 2. Thus
(0,0) € S\ S. For any v € (0,1) let € < 2y. Then no ball of diameter ¢ can
contain the origin in its boundary. So E is not totally porous at the origin.

In the context of a general metric space the results involving shell porosity
are that there are sets which are shell porous at a point which are not hyper-
porous there and sets which are shell porous at a point and not totally porous
there. As far as the reverse implications go, we shall see later on that even
with convexity both hyperporous sets and totally porous sets need not be shell
porous. We begin by relating shell porosity and hyperporosity in a non-convex
space. Unlike the situation we have in Section 3 where local connectivity /shell
porosity implied porosity we have the following:

Example 4.3 There is a locally connected metric space (X', d) with no isolated
points and a set E in X which is shell porous but not hyperporous.

ProOF. Let (X,d) = (R?\ {(21,0) : =1 < z; < 1}, euclidean), and let

E be {(1,0)}. For any R > 0 and any natural number N > 1 the shell

S(1,00(R/N,R) is in E°. Letting R approach zero and N approach infinity

we see that E is a strongly shell porous set. However, E is not hyperporous

at (1,0) since (—1,0) € X but there are no points in .X" on the line segment

joining (-1, 0) and (1, 0) so the conditions for hyperporosity cannot hold.
Likewise we have the following:

Example 4.4 There ezists a locally connected metric space (X,d) with no
isolaled points and a set E C X which is shell porous al a point but not totally
porous there.

PRroOOF. First, we will define our space. Let E; C R? be defined as

Ey={zeR:2°" <2< 2" n=12,..}x {0}
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Similarly, let E; be
Ey={zeR:-(2"")<z< -(27?"), n=1,2,...} x {0}.
Finally, F3 will be the set defined as
E3={zeR?:d(0,2)=2"",n=1,2,...}.

Putting all this together to define X we let X = E; U E2U E3U {(0,0)}. Let
the set E C X be E3U {(0,0)}. From the construction of X we can see that
for all n, S(0,0)(1/2"%,1/2"~1)N E = § which leads to p*(E;(0,0)) > 1/2. Thus
we have E is shell porous at the origin.

Now we will define a sphere S with (0,0) in its boundary so that for any
€ > 0 there is no sphere of diameter € which will not intersect E thus showing
E is not a totally porous set. Let S be the sphere centered at (0, 1/2) of radius
1/2. The only points inside of S where we could center the spheres needed
are points in E. So we cannot construct the sphere S; as called for in the
definition of a totally porous set.

From this point onward, we will require the space we work in to be a convex
topological vector space over Rwhere the topology, 7, is generated by a metric
d. We shall call this space (X, d) and refer to it as a convex metric space. So
given any points z, y € X the set of points z such that z = ez + (1 — a)y,
a € (0,1) must also be in X and will be referred to as the line segment between
z and y.

In the context of this type of space we begin to have relationships between
the different notions of porosity. We now have some strict implications among
the different types of porous sets and we will begin with a relationship between
shell porous sets and hyperporous sets.

Theorem 4.1 Assume X is a convex melric space. If a set E C X is shell
porous at z € X, then E is hyperporous al z.

PRroOF. Let E C X and z € X be a point such that p*(E;z) = > 0. So
there exists two sequences, {R,} and {r,}, with

R,>r,>0, R, —0, S:(rs, R\ )NE =0
and
Ra—ry
Rﬂ
To show the hyperporosity of E at z, p?(E;z), is positive take any z € X.
For each n, let y, be the point on the line between z and z with

d(z,va) = Ro— 2212

— 1.
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Thus yn, € Sz(rn, Rn) and By, (-’1"7751) N E = 0. Finally, the hyperporosity of
E at z with respect to z is at least
R,:rn ) Ry-ry 1 . n B 1

li = lim ——=—— = 1i = .
n]_.n}” d(z‘ yﬂ) "ll:‘;’ 1{11 - ﬁn—fln' "32](1) °2 — _’?_R _nrn, 2 — n

Rp—r

From this we see that p®(E; z), the hyperporosity of E at z, is at least ._,—:’—q > 0.
So E is hyperporous at z.

This brings up a relationship between the strong shell porosity of a set and
the strong hyperporosity of that set.

Corollary 4.1 Let (X,d) be a convex meiric space. If a sel E is sirongly
shell porous at a point z, then E is strongly hyperporous al x.

PROOF. In the proof of Theorem 4.1 we found that if a set has shell porosity
n at a point then the hyperporosity of the set at that point is at least _:,—’1__;1-
Apply this result with n = 1.

Another positive implication, now that we are working in a convex space,
involves the relationship between hyperporous sets and totally porous sets.

Theorem 4.2 Let (X,d) be a conver metric space. Lel E C X and z be a
point in X such that E is hyperporous at z. Then E is totally porous al z.

PROOF. Let ) > 0 be the hyperporosity of £ at 2 and let » > 7' > 0. Let S
be a sphere such that z € S\ S and let € > 0 be given. Define the center of the
sphere S as 2z and if € < diameterS define Sy as the sphere of diameter ¢ with
z € S5\ So and center z, where d(x,2)+d(z,21) = d(2,21). If € > diameterS
then let S = Sp and z = 2;. Given this z, from the hyperporosity of E
at z, there is a y such that y is on the line segment between z and z, and
By(n'd(z,y))NE = 0. Let S, be the sphere centered at y with diameter
2d(z,y) and let S; be the sphere centered at y with diameter 25'd(z, y). Thus

::GE;\SQ, SiNE=10

and
€ > diameterS) 2> 1 (diameterSs).

Since € and S were arbitrary, E is totally porous at z.
So in convex metric spaces we have the following implications between
these three types of porous sets:

shell porous — hyperporous — totally porous. (1)

From this relationship, we see indirectly that in a convex metric space if a
set is shell porous at a point then it is also totally porous there.
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Now we show that the implications between the different porosities in (1)
are strict, that is, there exists sets which are totally porous yet not hyperporous
and sets which are hyperporous but not shell porous. Note that the former
has already been shown in Example 4.1

€ and S leaving the last thing to note as

As mentioned before, the hyperporosity of a set at a point does not mean
that the set will also be shell porous there. As the following example shows,
even in the plane a set can be hyperporous and not shell porous at a point.

Example 4.5 There ezists a set E C R? which is hyperporous at the origin,
but p*(E;(0,0)) = 0.

PROOF. Let X be the unit disk in (R?, eucl.). Define E as

{z = (z1,22) : 21,22 > 0 and 2-C**1) < 4((0,0),2) < 27", n = 0,1,.. .}
U{z:z;,z2 < 0and 2-?"+?) < d((0,0),z) < 2-C"+) n=0,1,...}.

Now, p*(E;(0,0)) = 0, but p*(E;(0,0)) > 1/3. To see the latter, let z € X
and pick y = az for some o € (0, 1) such that y € E¢ and there exists an M
with d((0,0),y) = 1(2-M+! - 2-M) 4 2-M = 3 Note: By(s53r)NE = 0.

Also note that limps— oo % = % Thus the hyperporosity of E at (0,0) with
2 1

respect to z is at least 1/3. Since z was arbitrary we have p*(E;(0,0)) > .
This last result can be strengthened to say there is a set of hyperporosity
one which is not even a countable union of shell porous sets.

Example 4.6 There ezisis a set in R™ which is strongly hyperporous but not
o-shell porous.

PRroOF. We will show the existence of this set in R2. The proof in R” is
analogous. In [9] Evans, Humke and Saxe construct in Ra symmetric Cantor
set and show that it contains a residual subset which is strongly bilaterally
porous (hyperporous) but not o-symmetrically porous (o-shell porous). Call
this subset S.

Claim: In R? the set Sx {0} is strongly hyperporous but not o-shell porous.

Pick z € S x {0} and = € R2. If z = (1,0), showing S x {0} is strongly
hyperporous with respect to z is a restatement of the strong bilateral porosity
of S in R. Without loss of generality, let z = (21,0) z; > 0 and = = (21, 22)
with z; > z;. Using the strong bilateral porosity of S at z;, given any ¢ > 0
there exists t > 0 and h > Osuch that t+ h < ¢, (z+t,z+t+h)NS =0
and H_Lh > 1—¢. Let y = (y1,y2) be the point on the line between z and
2z with y, = z; +t + h/2 (note y € B:(€)). First, note that By(d(y, (z1 +
t,0))) N (S x {0}) = 0. Secondly, since h/(t+ h) > 1 — ¢ we have the bound



SHELL POROSITY 317

t/h < ¢/(1 —¢€). To find the hyperporosity at 2 with respect to = we look at
the ratio of d(y, (z1 +¢,0)) and d(y, z). By the construction we see this ratio
must be less than one. From the triangle inequality we have that d(y,z) <
d(y, (z1 +t,0)) +d(z, (21 +¢,0)) = d(y, (21 +1,0)) + t. Thus we have

d(ys(zl+t:0))>d(y’z)'—t=1_ t >1-— t =1- 7’:
d(y,z) = d(y,2) d(y,z) = t+h/2 t+3

H

and as € approaches 0 we have the hyperporosity with respect to z approaching
one.

Since this holds for all z € S x {0} and z €R? the set S x {0} is strongly
hyperporous. Now S x {0} cannot be o-shell porous. If S x {0} was o-shell
porous, we could write S x {0} = UF,,, where each F,, was shell porous. Then
from Theorem 3.6 the set E, = {z : (z,0) € F,} would be shell porous. Thus
S could be written as

S = UE,, E, shell porous

and hence S would be o-shell porous, a contradiction.

One property which places shell porous sets apart from the three other
types of thin sets we have looked at (porous sets, hyperporous sets, and totally
porous sets) concerns the ability of a closed set to be connected, yet porous
in one of our definitions. In Theorem 3.5 we saw that a set which is closed
and o-shell porous must be totally disconnected. Also, we have already seen
a set in R? which is connected and both porous and totally porous. Namely,
a line in R? will meet these criteria. We shall next consider a set which is
hyperporous and connected.

Theorem 4.3 The classical von Koch curve is a setl in the plane which is
connected and hyperporous.

ProoF. Let K be the von Koch curve placed in the first quadrant of R?
with one endpoint at (0,0) and the other at (1,0). More specifically, we may
describe K in the terminology of Barnsley [2] as the attractor for the iterated
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function system {fi, fo, f3, fa} where

a(2)=ws

Let h: R2 — R? be the affine map

z ) _ -Vv3/2  1/2 ) 1/2
w5 )= (08 e ) (5)+ (ujivs)

that is, A may be viewed as a rotation (about the origin) %" radians, followed
by a change of scale of magnitude 1/v/3, followed by a translation sending the
origin to (1/2,1/2v/3). Note, as is obvious, that fi(K) = E = {z = (z;,22) :
z € K and 0 < z; < 1/3} is a repeat of the von Koch curve, just scaled
down by 1/3. We shall argue that K is hyperporous at each point of £ and
then appeal to the self similarity of K to conclude that K is a hyperporous
set. Toward this end we let L; denote the line segment joining (1/2,0) and
(17/48,15/48+/3). Then h(L;) is the line segment joining (1/4,1/4/3) and
(3/8,1/96v/3). We let L = Ly Uh(L,). Clearly, LN K = @ and we let
do = dist(L, K) > 0. Note that for any z € E and y € L, d(z,y) < ;. We
claim that K has hyperporosity at least 2dg at each point in E.

To establish this, fix € E. First consider a z = (2, 22) such that z; > 1/2
and 0 < argz < 7/6, viewing z as a complex number. The line segment joining
z and z must intersect L in at least one point, callit y. Weknow By (do)NE = 0
and d(z,y) < 1/2. Next, if z; > 1/2 and arg z ¢ [0, /6], then we may utilize
the large inlets that /' determines to give us the existence of a y on the line
segment between z and z such that

Bll(%d(zi y)) C Eca

and 1/4 > 2dy. Now, if z; < 1/2 we appeal to the self similarity of K and
repeat our argument, but on a sufficiently smaller scale, using an appropriately
scaled copy of L. Thus, the hyperporosity of K" at z with respect to z is at
least 2dg and it follows that K is a hyperporous set.
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