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On the Intermediate Value Property
of Multivalued Maps

We denote by P(R) and K(R) the families of all non empty, and non
empty and compact subsets of R respectively. For a multivalued map F' :
I — P(R) and any sets A C I and B C R we denote:

F(A) =\ {F(z): z € A}

F*(B)={z€I: F(z) C B}
F-(B)={zel:F(z)NnB# 0}

A multivalued map F : I — P(R) is lower (upper) semi continuous if for
any open set V C R, theset F~(V) (F*(V)) is open (in I). A multivalued
map F' is continuous if it is both lower and upper semi continuous. A mul-
tivalued map F' : I — P(R) is lower (upper) first class if for every open set
V C R, the set F*(V) (F~(V)) is an F,—set.

In paper [2] the following definition of the intermediate value property of
multivalued map was given

Definition 1 A multivalued map F' : I — P(R) has the intermediate value
property on I if for any distinct points z,,z2 € I and every y; € F(z;), there
exists y2 € F(z3) such that (y1,y2) C F((z1,z2)).

If we suppose that F' : I — P,(R) then the definition given above is equivalent
to that given by J. CEDER in paper [3].

The following theorem gives a characterization of compositions of contin-
uous functions and multivalued maps.

Theorem 2 Suppose f : R — R is continuous and onto. Then a multivalued
map G : R — P(R) has the intermediate value property on R if and only if
the composition G o f has the intermediate value property on R.
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The following example shows that in Theorem 2 the function f cannot
be replaced by a multivalued map F'.

Example 3 Let us define F(z) = [—z,z] and

_J 10,2, z<0
G(z)—{ [0,1), z>0

Then F is continuous and G o F(z) = [0, 2] has the intermediate value prop-
erty on R but G has not.

The following theorem generalizes a similar theorem on single-valued real
functions given by ZAHORSKI (see [1]).

Theorem 4 Suppose F : [a,b] — K(R) is lower and upper first class and
for any closed interval P, the set F~(P) has compact components. Then the
following conditions are equivalent

(1) F has the intermediate value property on [a, b]

(2) for any open set V C R the counter image F~(V) is bilaterally c-dense-
in-itself

(3) for any open set V C R the counter image F~(V) is bilaterally dense-in-
itself.

The assumption about F~(P) is not necessary to prove the implications
(1) = (2) and (2) = (3), but it is necessary to prove the implication (3) =

(1)
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