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 Integration of a Functional

 Let r > 0 be a real number and let T = ÏÏ&0,T' Hence, T = {i : ť h
 x(ť),ť € (0, r),x(ť) € IR}, where x(0) and x(r) are fixed real numbers. Let
 N = Xj = x(tj), x(N) = (xi,...,xn_i), T(N ) = {x(N)} =
 iR"-1, I = /[AT] = {x : x(ťj) € Ij, 1 < j < n- 1}, and I(N) = Iļ x . . . x /n_ i,
 where each Ij is an interval [uj, Vj) of JR.

 (I[N],x) is an associated interval-point pair in T if Xj = Uj or Xj = Vj for
 each j. A finite collection £ of associated interval point pairs is a division of
 T if the I[N] are disjoint and exhaust T.

 For each x, let L(x) C (0, r) be finite; for each N D X(x), let 6(x(N)) > 0
 be defined for x(N) € T(N) = iR"-1, so 8(x(N)) is a gauge in the sense of
 generalised Riemann integration in iR"-1. A gauge 7 in T is defined as

 7 = {(L(x),6(x(N)):xeT}.

 Then (/[iV], x) is 7-fine in T if ( I(N ), x(N)) is ¿-fine in JR"-1, and £ is 7-fine
 if each (/[AT], x) of £ is 7-fine.

 Given a functional h(I, x, N) of associated (/[Ar], x), we define the integral
 of h in T to be a if, given e > 0, there exists 7 such that

 l(£)2Â(J»*»-W)-al < el

 for every 7-fine division £ of T.
 In Feynman integration, the following functional occurs. Let A = fi + lv

 be a complex number and let £/(•) be a real- valued function of a real variable.

 Let n
 u(x, N) = exp(- A J2U(xj)(tj - ij- 1))

 i=i

 and, if U is continuous,

 u(x) = exp(- A [ U (x(ť))cřť), x continuous,
 Jo

 = 0 otherwise.
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 Let

 wx(I , N) = JI(N) J exp(A ¿ ^ tj ~ - XJ~^ íj_i ) Ó("f(ťi A - tj-i))-1/2dx(N) JI(N) J=1 tj - íj_i J=1 A

 We are interested in the existence of /y u(x, N)w'(I , TV) and /r u(x)w'(I, N),
 which we write as fT u(x, N)dw' and fT u(x)dw' , respectively.

 Let

 Tj = 2m ' ^ ^ Vj = M = {Tj, . . . ,
 y = ( ) G HF1-1.

 Then M is fixed (unlike N), u(x, M ) is called a cylinder functional , and
 we have

 J ^ u(x , M)dw' =

 = / «(yi,...,ym-i)exp(A¿í^ - ;=i Ti-Ti- 1 j=i A
 provided

 • /* 5! 0, I/ > 0, /¿, J/ not both zero,

 • {/ is continuous (except, perhaps, for a null set of reals), and

 • the finite-dimensional integral exists.

 If, in addition,

 • the sequence of finite dimensional integrals converges to a as m - ► oo,

 then

 J u(x, N)dw', J u(x)dw' both exist and equal a.
 The proof uses Henstock's criteria for limits under the integral sign ([2],
 120-125).
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