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A set-valued map F, from a topological space X into a locally convex space
Y, is said to be convex usco if it is upper semicontinuous and takes convex compact
nonempty values; it is minimal convex usco if there is no other convex usco map
whose graph is strictly contained in the graph of F. In the following paper,
minimal convex usco maps are studied and it is shown that usual multivalued Namioka
type thoerems extend to such maps.

The paper was written at the end of 1986 but remained unpublished. 1In
the meantime L. Jokl's paper (Minimal convex-valued weak*-usco correspondences
and the Radon-Nikodym property, Commentationes Math. Univ. Carolinae, 28, 2(1987)
353-376) appeared, in which most of our results were obtained independently.
However, we believe that many readers will find our approach to be more efficient
and more readable than Jokl's. Let us mention, that it was our approach that was
partially adopted by R. R. Phelps in his 1988 University of Washington Lectures
(Convex Functions, Monotone Operators and Differentiability, Lectare Notes in Math-
ematics 1364, Springer 1989).

In view of the circumstances under which the paper is being published, we
thought it appropriate to keep its form intact and, accordingly, what follows is
the original paper without any change.

1The paper was written while L.D. was a visiting professor at the Department
of Mathematics, University of South Carolina, Columbia, S.C. 29208,

2The research was partially done while I.L. had a S.E.R.C. grant at the
Department of Mathematics, University College London, Gower Street,
London WClE 6BT, U.K.
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1. Introduction.

Here we explain the terminology used in this paper, discuss some multivalued
Namioka type results that motivate our research and, finally, outline the contents
of the paper.

Our main convention is that the term "map" will be used throughout as a shorthand
for "set-valued ‘map".

Let X be an arbitrary topological space, Y = (Y,p) a Hausdorff space, and let
F:X > Y be a map. The following terminology is standard.

F is upper semicontinuous at a point x of X (usc at x) if for every open set V
containing F(x) there exists a neighborhood U of x such that

F(U) =J{F(u): ue U} V.

F is uppen semicontinuous (usc) if it is usc at each point of X. F is usco if it is
usc and takes only nonempty compact values. The graph of F is defined by

Gr(F) = {(x,y) ¢ Xx Y: y e F(x)}.

Given another map G:X + Y, we say that G {8 contained in F, and write G c F, if
G(x) < F(x) for each x in X; equivalently, if Gr(G) < Gr(F). The map F is said to
be minimal usco if it is usco and does not contain properly any other usco map from
X into Y. (Likewise, given a family F of maps from X into Y, we may speak of. maps that
are minimal 4in F.)
For future reference, we record here a useful result from [2] (cf. also [4]),

and two of its easy consequences.

1.1 PROPOSITION. 14 a map F:X + Y {8 usc and compact-valued, then its graph is
a closed subset of X x Y, and every map G:X + Y contained in F and having a closed
grnaph 48 usc and compact-valued.

1.2 COROLLARY. I§ a map F:X +~ Y has a closed graph and every point x 4in X has
a neighborhood U such that F(U) {8 a relatively compact subset of Y, then F 48 usc
and compact-valued.

1.3 COROLLARY ([21,[6]). Every usco map F:X + Y contains a minimal usco map G:X -+
Given a map F:X »+ Y, we define
E9(F) = Eq(F;p) = {x ¢ X: F(x) is a singleton and F is p-usc at x}.

It is easy to see that if the topology p of Y is metrizable, then E3(F) is a 66
subset of X. [In fact, if d is a metric consistent with p, then for each n the set
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Gn = {x: d-diam(F(U)) < 1/n for some neighborhood U of x} is open in X, and 2o (F)
=Nec._.]
n

By a (multivalued) Namioka type theorem we shall mean any result stating that,
under some appropriate assumptions about X, Y, and a given family F of maps from X

into Y, every map F ¢ F satisfies the following condition:
(N Eg(F) is a dense subset of X.

Evidently, if (N) holds for a map F, then it also holds for any map G < F such
that G(x) # @ whenever F(x) # @; thus, for a map F to satisfy (N), neither the
global upper semicontinuity with respect to some other topology on Y, nor any sort
of "regularity" of its values F(x), are really necessary. Nevertheless, it appears
to be highly plausible that the most natural setting for a Namioka theorem is when
a bitopological space (Y,t,p) is given (where the topology T is usually weaker than
p), and F consists of maps that are t-usco and are a priioidl known to be "small", in
one sense or another. In fact, all the general Namioka type theorems known at the
moment fit into this natural scheme and, actually, deal exclusively with minimal
7-usco maps. We refer the reader to [10] for an up-to-date account on this topic,
and recall here only the Namioka type result of Christensen and Kenderov ([3], 1.6)

which is relevant to our research.

1.4 THEOREM. Let X be a Bainre Apace, and Let Y = (Y,p) be a Banach space with
the Radon-Nikodym property. Let t denote the weak topology of Y, on the weak® topo-
Logy 0 Y 4in case Y 44 a dual Banach space. Then every minimal t-usco map F:X > Y
satisgies condition (N).

The proof of this theorem in [3] followed an idea employed earlier by Kenderov
[9] in establishing a similar result for monotone maps. We recall (see [11] for more
information) that if X is a Banach space and D € X, then a map F:D + X* is said to be
monotone if

<X — y,x* - y* > 0 for all (x,x*) and (y,y*) in Gr(F).

If, in addition, any monotone map G:D » X* such that F € G coincides with F, then F
is called maximal monotone (over D). We will say that F is w*-usc [w*-usco] if it is
usc [usco] when D is considered with its norm topology and X* with its weak* topology.
By the Kuratowski-Zorn Principle, every monotone map F:D + X* is contained in a maxi-
mal monotone map M:D -+ X*,.

Kenderov's result can be now formulated as follows.
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1.5 THEOREM. Let X be a Banach space whose dual X* has the Radon-Nikodym property,
and Let D be an open subset of X. 14 F:D -~ X* {5 a monotone map assuming only non-
empty values, then the set of points x e D such that F(x) 45 a singleton and F 4is
nonm-to-norm usc at x 45 a dense G subset of D.

Of course, this is a Namioka type theorem agaih. Moreover, since it is enough to
have it proved for max{mal monotone maps, and these are known to be w*-usco [8],
‘thus modified it seems to be just another instance of the general scheme described
above. Except that we don't know yet in what sense such maps are '"small". Anyway,
even in the one-dimensional case,.a maximal monotone map need not be minimal w*-usco!
Indeed, if f:R > R isva discontinuous iﬁcreasing function, then the map M:R > R* =R
defined By M(x)_= [f(x-),f(x+)] is maximal moﬁotone and usco, but it is not minimal
usco. _ .

In spite of these obstacles, one tends té have a feeling that Theorem 1.4 is
"more general" than Theérem 1.5. As a matter of fact, the present paper has originated
from an attempt fo make this vague idea precise. We accomplish this via the concept
of minimal convex-usco maps.

Let, as before, X be a topological sﬁacé, and let Y be a Hausdorff locally convex
space. A map F:X > Y is convex usco if it is usco and F(x) is convex for each x e X§
F is minimal convex-usco if it is convex usco and does not contain properly any other

convex usco map‘from X into Y. Evidently, the following analog of Cor.l.3 holds.

1.6 PROPOSITION. Every convex usco map F:X > Y contaLnA a minimal convex usco
map G:X > Y.

We investigate minimal convex usco maps in Sections 2 and 4. In Section 2 we show
-that, roughly, they arise as "convexifications" of minimal usco maps. From this we
deduce easily that, under very mild assumptions, a multivalued Namioka type theorem
holds forn minimal convex usco maps L4 At holds for minimal usco maps. In particular,
we have an exact analog of Theorem 1.4 for minimal convex usco maps.

In Section‘3, devoted to monotone and ﬁaXimal monotone maps with an open domain D,
we first reprove quickly a few essentially known results about such maps, in the form
that suits our purposes. We proceed then to show that ‘a maximal monotone map containing
a given monotone map is unique. Also, which is more important for us, we show that
maximal monotone maps are minimal convex wk-usco, and so Kenderov's result can be
readily derived from the (convex version of the) result of Christensen and Kenderov.

Finally, in Section 4, we give some characterizations of minimal convex usco maps.
In particular we show that a map F is minimal convex usco iff all its compositions

y*F with continuous linear functionals are minimal convex usco.
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2. Minimal convex usco maps as convexifications of minimal usco maps.

In this section, X is a topological space, Y is a vector space, and 1, p are
two Hausdorff locally convex topologies on Y. In our considerations, we will be
dealing with either the locally convex spaces (Y,t) and (Y,p), or the "bitopological'
locally convex space (Y,T,p). (Usually t is weaker than p, but we do not need this
here.) We say that p is t-pofar, or that the triplet (Y,t,p) is polar, if (Y,p) has
a base of neighborhoods of the origin consisting of t-closed sets (which can be
chosen to be absolutely convex as well). We say that the space (Y,t) or (Y,t,p)
has property (C) if the t-closed convex hull o' K of every t-compact set K CY is
T-compact. (We omit the superscript 1, and write simply EG'K, when there is no risk
of ambiguity.)

Given a map F:X + Y = (Y,T), we define its convexification co F = CoF:X > Y
pointwise by

(co F)(x) = co F(x).

2.1 PROPOSITION. Suppose that (Y,t,p) 48 polar.
1§ a map H:X > Y 48 p-usc at a point x € X, F = Co'H and F(x) 48 p-compact, then
the map F 48 p-usc at x.

PROOF. Since p is t1-polar, the locally convex vector topology v = inf{t,p} is
Hausdorff, v £ p, and p is easily seen to be v-polar. Since v ¢ 1, F = Co'H c co'H
= G; moreover, F(x) = G(x)‘by‘the p-compactness of F(x). Hence if G is p-usc at x,
so is F. In what follows we may therefore assume that T < p.

Let U be a base of t-closed absolutely convex neighborhoods of 0 in (Y,p). Since
F(x) is p-compact, the sets F(x) + V ( = § if F(x) = @), where V ¢ V/, form a base
of p-neighborhoods of F(x). Now, as H is p-usc at x, for each V ¢ V there is a
neighborhood U of x such that for all u e U,

H(u) CH(x) + VCF(x) +V
and hence, since F(x) + V is 1-closed (because Tt g p) and convex,
F(u) = co'H(u) c F(x) + V.
Thus F is p-usc at Xx.
Applying the above proposition with T = p, we obtain the following two results.

2.2 COROLLARY. I{ a map F:X >~ Y = (Y,t) 44 minimal convex usco, then F = co H
fon every usco map H:X + Y contained 4in F.
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2.3 COROLLARY. I4 Y = (Y,t) has property (C) and a map H:X + Y 45 usc and compacy
vaued, 80 44 it4.convexigication F = co H.

In: thenext result; "minimal [convex] usc" means "minimal in the class of usc
maps from X into Y which assume nonempty closed {and convex] valués".

2.4 PROPOSITION. Let Y = (Y,7). If @ map H:X > Y i4 minimal usc, and the map

F = co H 44 usc, then F is minimal convex usc.

PROOF. Suppose it is not.so. Then there exists, a convex nonempty-set-valued usc
map G .CF suych that G(x) # F(x) for some x in X. By the Second Separation .Theorem
for convex sets ([7},7.3.4), there.exists a continuous .real-valued linear functional

y* on Y such that for some r,

(1) sup y*(G(X)) < 't < sup y*(F(x)).
Denote L = {y: y*(y) < r} and M = {y: y*(y) > r}. Then
(2) H(x) "M # 9;

otherwise H(x) € L, hence F(x) = co H(x) < L, contradicting (1).
On the other hand, as G(x) € L and L is open, there is a neighborhood U of x
such that

(3) G(U) < L.

Now, since H is minimal usc, (2) implies that H(u) < M for some u.e.U (see [4],
Prop. 4.6 and Remark.4.7). It .follows that F(u) = co. H(u) < M, which contradicts (3)

2.5 PROPOSITION. I§ 'Y = (¥,7) has property (C) and a map H:X > Y is minimal usco,
then the map F = Co H is minimak convex usco.

PROOF. Apply Cor. 2.3 and Prop. 2.4.

For a topological space X and a triplet Y = (Y,7,p), let N(X;Y) [resp., NC(X;Y)]

denote the following condition (cf. Introduction):
For each minimal t-usco [resp., minimal convex t-usco] map F:X = Y, the set
Eo(F) = E9(F3;p) = {x € X: F(x) 'is a singleton and F is p-usc at x}
is dense in X.
2.6 THEOREM. Let a.topological space X and a tniplet Y =.(Y,1,p) be:given.
(a) 14 Y 48 polar, then N(X;Y) = N (X;7).
(b) 1§ Y has property (C), 2zhen N (X;Y) = N(X;Y).
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PROOF. Let F:X - Y.

(a) Suppose F is minimal convex t-usco, and choose (by Cor. 1.3) a minimal t-usco
map Hc F. Then F = co'H, by Cor. 2.2. Clearly, Eo(F) € E9(H). To prove the reverse
containment, let x € Eg(H). Then F(x) = H(x) is a singleton, and Prop. 2.1 shows
that F is p-usc at x. Thus Eg(F) = £¢(H), and the latter set is dense by N(X;Y).

(b) Suppose F is minimal t-usco. Then G = Co'F is minimal convex t-usco by Cor. 2.5.

Since F € G, we have £¢(G) < £¢(F); and as Zy(G) is dense by NC(X;Y), so is Eg(F).

2.7 COROLLARY. Let Y = (Y,T,p) be a Banach space [a dual Banach space] with the
nonm topology p and the weak [weak*] topoLogy t. Then, for every topological space
X, conditions N(X;Y) and N, (X;Y) are equivatent.

2.8 COROLLARY. An exact anafog of Theorem 1.4 holds for minimal convex t-usco maps.

3. Maximal monotone maps.

In the present section, X = (X,I |) denotes a real Banach space, X* its dual
space, and w* the weak* topology of X*.
We assume throughout that D is a nonempty open subset of X, and consider only maps
F:D » X* such that F(x) # § for all x in D. Recall from the Introduction that such
a map is said to be w*-usc if it is usc when D is equipped with its norm topology,
and X* with its weak* topology.

The following three results are essentially known but, for sake of clarity, we
prefer to state them here, in the form we need later, and with concise proofs.
We start with an important result due to Rockafellar [12]. Our proof of it is the
same as in Pascali and Sburlan [11], pp. 103-104, except that the Lemma, which is

a crucial ingredient of this proof, is deduced here directly from the Banach-Stein-

haus theoremn.

3.1 PROPOSITION. Every monotone map F:D + X* (s Locally bounded; that is, each
point x in D has a neighborhood U such that F(U) 48 a bounded (hence nelatively
wk-compact) subset of X*.

LEMMA. 1§ (x ) < X and (x*) < X* ane sequences such that lenll > 0 and |[x*[] » =,
then fon every r > 0 therne exists z € X with ||z|| < r, and a strictly increasing

sequence of Andices (nj) such that x* (x - z) > -»as j > .
j ]
PROOF of the Lemma. Fix r > O.
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Case 1: sup xg(xn) < o,
Since ||x*|| > o, by the Banach-Steinhaus theorem there exist z ¢ X with

3 + @ such that x* (z) > «. Then x* (x_ - 2) = x*(x ) - x* (2) »
3 "7 i3 j

Case 2: sup x:(xn) = »; by passing to suitable subsequences we may assume that

||z|| <randn

*}{’""->oo
x* ( n)

Let y* = x*/x*(x ); then lly*ll ]Ix II- + » and y*(x ) = 1. Applying Case 1 to
thé»sequences,(xh),andv(yg), we find z.with ||z|] < r and nj 4 = so that
A -7 - =00 ien: - = wk ( ‘o k| - Z). = =3
y; (x.n - z) » -o. Then x;.(xn z) x* (xn )e v* (xn Z). > =,

i i S B R

Proof of Proposition:3.1. Suppose F is urnbounded in every neighborhood of some
point x € D. Then there exist sequences (xn) < D and (x:) < X* such that X * X,
x; e F(xn)’ and ||x§|| + o, Applying the Lemma to the sequences (xn - X) and (xﬁ),
we find z € X and nj 4+ » so that y = x + z € D and <x - y,x;.> + -, Take any
y* ¢ F(y). Then 3 J

0« <xn.- y,xg.- y*> = <xn'- y,x:.> - {*h.- Vyy*> > —o;

L o 3 j 3
a contradiction.

Given a map F:D -+ X*, we denote by % the map from D into X* whose graph equals
,w*) of the graph of F. | t

3.2 PROPOSITION. 1§ a map F:D ~ X* is monatone, then the map ¥:D + X* is monotone
and wk-usco.

PROOF (Comp. [8].). We first show that if a pair (x,x*) € X x X* is such that
+) <X = Y,x* - y¥>. 3 0
for all (y,y*) e Gr(F), then (4+) holds for all (y,y*) € Gr(%)
Let (y,y*) ¢ Gr(F), and let (y ,y*) be a net in Gr(F) such that
(a) Ily - y|| > 0 and (b) y*-y~>0 (w*) .
Then

<X = y,x* - y¥> = <x - Yo s X* — y*> + <y, y,X* - y*> + <x - y,y* - y*>

where, to the right of the equality sign, the first term is nonnegatlve by our
hypothesis, the second tends to zero in view of (a) and because the net (y*) is
eventually bounded (by Prop. 3.1), and the ‘third tendsto zero in view of (b) Hence
<X = y,x* - y*> > 0, as claimed.

Applying the above fact shows that (+) holds for all (x,x*) e Gr(F) and
(y,y*) € Gr(%), and applying it once again gives (+) for all (x,x*) and (y,y*) in
Gr(%). That is, % is monotone.
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n
By definition, F has a closed graph; hence, by Cor. 1.2 and Prop. 3.1, % is

w¥-usco.
The next result is due to Browder ([1], Theorem 1.2 ; cf. also [11], p. 106).

3.3 PROPOSITION. 14 a map F:D > X* (8 monotone, w*-usc, and takes nonempty
convex wk*-closed values, then F L8 maximal monotone.

PROOF. We have to show that if (z,z*) € D x X* is such that
(1) <X - z,x* - z* » 0 for all (x,x*) e Gr(F),
then (z,z*) ¢ Gr(F), i.e., z* ¢ F(z).

Suppose z* ¢ F(z). Then, by the Hahn-Banach theorem, there exists y € X such
that if L = {y* ¢ X*: y*(y) < z*(y)}, then F(z) € L. Since F is w*-usc at z and L

is w*-open, there is a § > 0 such that if u e X and ||u|| < &, then
z+ueD and F(z + u) C L.

In particular, for all t > O such that ||ty|| < § we must have

(2) z+ tye D and F(z + ty) < L.

On the other hand, for any such t, if x* ¢ F(z + ty), then (1) implies
<(z + ty) - z,x* - 2z*> > 0, hence <y,x* - z*> > 0, and so F(z + ty) C X*\ L,

contradicting (2).
With the word "minimal" omitted, the next result can be found in [8].
3.4 THEOREM. Every maximal monotone map M:D -+ X* (s minimal convex w*-usco.

PROOF. It is easy to verify that the map co M (defined in an obvious manner) is
monotone, hence M = co M by the maximality of M; that is, M is convex-valued.
N
Furthermore, by maximality and Prop. 3.2, M = M, and M is w*-usco. Thus M is a conve:x

w¥*-usco map, and its minimality follows immediately from Prop. 3.3.

3.5 COROLLARY. For every monotone map F:D » X* there 48 a precisely one maximal
monotone map M = M_:D > X* containing F.

PROOF. The existence of at least one such map M is provided by the Kuratowski-
Zorn Principle. Suppose M;, My:D + X* are two maximal monotone maps containing F.
Then, using Theorem 3.4, Prop. 1.1, and Prop. 3.3, it is easy to verify that the map
M:D » X* defined by M(x) = M;(x) N\ My(x) is maximal monotone. Since M € M;, M,,

M; =M =M, follows by maximality.

Using the notation MF introduced in the above result, we have also the following.
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3.6. CORCLLARY. T4 F,G:D > X* are two monotone maps such that F(x) n G(x) # @
gorn all x e D, then M, = M. )
PROOF. The map H:D » X* defined by H(x) = F(x) N G(x) ( # @ by assumption) is
monotone and contained in both F and G. It follows that MﬁkchF,and?Hﬁ*S MGJ Since
all these maps are maximal monotone; they . must coincide.

We now show thatnMF;can be defined -explicitly.
3.7 THEOREM. I F:D + X* .i§ a moviotone map, then
M, = W #) D > x*
A5 a unique maximal monotone map containing F.

PROOF. From Prop. 3.2 we know that the map ¥ 1s monotone and w*-usco, and
Cor. 2.3 shows that the map M-:is wk-usco, Moreover,.:MF is convex-valued, and it

is easily seen to be monotone. Therefore, by Prop. 3.3, M is maximal monotone.

F:
Now, let M:D -+ X* be any maximal monotone map containing F. Then F¢: M M (by
Prop. 3.2) and, finally, M = %o (F)i: M because the values of M are convex and

F
w*-closed (Theorem 3.5). By maximality, MF =M.

Now &é are ready.to deduce Theorem i.S'(Kenderov's result) from Corollary_2.8
(a "convex" analog of Theorem 1.4, the result of Christensen and Kenderov): By Cor.
2.8, the assertion of Theorenm 1.5 holds for minimal convex w*-usco maps from D into
X*, In particular, in.view of Theorem 3.4, it holds for maximal monotone maps from

D into X*, and hence for all monotone maps from D into X*.

3.8 REMARK. Let A be an arbitrary subset of X, F:A = X*-a monotone map with non-
empty values, and D an open subset of A (e.g., D = Int A). Let M:A + X* be''a maximal
monotone map containing F. By Prop. ‘3:1, the map N'= M|D is locally ‘béunded: From
this it follows, as.in the proof of Prop..3.2, that Gr(M)gJ<Gr(§):is'the graph of a
monotone map from A into X*. By maximality, this last map coincides with M. Hence
the map N has a closed graph (in D x X*); therefore, it is w*—usco Moreover, since
M(x) is convex for all x in A, Prop. 3.3 implies that N is maximal monotone (over D)
In consequence, by Cor. 3.5 (or Theorem 3.7), we have M|D MF[D’ and thus M|D is
determined uniquely by F (and even by FID)

We do not know if a maximal monotone map containing a given monotone map is
always determined uniquely.

“As a corollary to the above we have the following: The restriction of a maximal
monotone map to an open set in its domain Ls maximal monotone over that set.
(0f course, if the domain is open, this follows directly from 3.4 and 3.3.)
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4. Some characterizations of minimal convex usco maps.

Here again, X is an arbitrary topological space and Y is a Hausdorff
locally convex space.

The following result is a convex analog of [4], Prop. 4.6 + Remark 4.7 (note
that our space Y {4 regular). As in Prop. 2.4, "minimal convex usc" is to be under-
stood as meaning "minimal in the class of usc maps which assume nonempty closed

convex values".

4.1 PROPOSITION. For every convex usc map F:X + Y such that F(x) 44 closed.

and nonempty for all x e X, the following are equivalent.

(a) F 48 minimal convex usc.

(b) F|U 48 minimal convex usc forn every open subset U of X.

(c) Whenever U 44 an open subset of X and C is a closed convex subset of Y such
that F(x) N C # @ forn all x € U, then F(U) c C.

(d) Same as (c) with C a closed half-space 4in Y.

(e) For any x € X, a neighborhood U of x, and an open hal§-space V of Y, Aif
F(x) "V # @, then F(u)c V fon some u e U.

(f) For each x e X, the map F {8 minimal convex usc at x; that is, forn every usc
at x map G:X + Y such that G assumes nonempty values in a neighborhood of x
and G(x) 4s closed and convex, if G< F, then G(x) = F(x).

PROOF. (a) = (b): Let U be an open subset of X, and let H:U + Y be a convex usc
map contained in F|U. Then the map G:X + Y such that G|U = H and G|(X \ U) = F|(X \ U)
is convex usc and G < F. Hence G = F and, consequently, H = F|U. Thus F|U is
minimal convex usc.

(b) = (c): The map U » x - F(x) N C is convex usc and takes nonempty values,
hence (b) implies that F(x) 1 C = F(x), i.e., F(x) <« C for all x e U.

(¢) = (d): Obvious.

(d) = (e): Suppose F(u) n (YN V) # @ for all u € U; then (d) (with C = the
closed half-space Y\ V) implies F(U)< Y \ V, contradicting the assumption in (e).

(e) = (f): For a map G as specified in (f), suppose that G(x) # F(x). Then,
by the Second Separation Theorem for convex sets ([7], 7.3.4), there exists a con-
tinuous real-valued linear functionmal y* on Y such that for some r,

sup y*(G(x)) < r < sup y*(F(x)).
Denote W = {y: y*(y) < r} and V = {y: y*(y) > r}. Since G is usc at x, we can find a
neighborhood U of x such that @ # G(u) © W for all u ¢ U. But G F, so there is no
u e U for which F(u) <« V. However, F(x) n V # #, and we have a contradiction with (e).
(f) => (a): Obvious.
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Of course, a result similar to the above holds for minimal convex usco maps.

Our next goal is to characterize minimal convex usco maps F in terms of their
compositions y*F with continuous linear functionals y* on the range space Y. We

first prove a convex analog of Lemma 1(a) in [5].

4.2 PROPOSITION. Let ¢ be a continuous affine mapping from a convex subset C
0f the Locally convex space Y into a Locally convex space Yi.
1§ a map F:X > Y 48 minimal convex usco and F(X) < C, then also the map

Fy = ¢F:X > Yq
defined by

F1(x) = ¢[F(x)]
i4 minimal convex usco.

PROOF. It is easy to verify that Fy is convex usco. Now suppose Gp:X + Yq is

convex usco and Gy € Fy, and consider the continuous mapping

Y:Gr(F) » Gr(Fqp); (x,y) > (x,6(x)).

Since Gr(Gy) is a closed subset of Gr(F,) (by Prop. 1.1), w~I[Gr(G1)] is a closed
subset of Gr(F). Moreover, w-i[Gr(Gi)] = Gr(G), where G(x) = F(x) N ¢_1[G1(x)]

for all x € X. By Prop. 1.1, G is usco, and since it is evidently convex-valued

and G C F, we must have G = F. In consequence, Gy = ¢G = wF = Fq, which proves that

Fq is minimal convex usco.

4.3 THEOREM. Let F:X > Y be a convex usco map. Then the foflowing are equivalent.
.(a) F 45 minimak convex usco.
(b) y*F 48 minimal convex usco §or every y* e Y.

PROOF. (a) = (b): Apply Prop. 4.2.

(b) = (a): If Y is a complex vector space, then from (b) and'Prop. 4.2 it follow
that (Re y*)F:X + R is minimal convex usco for all y* ¢ Y*. We may therefore assume
that Y is a real vector space. Suppose that there exists a convex usco map G:X + Y
such that G c F and G(xy) # F(xg) for some xy € X. Then we can find y* ¢ Y* so that
sup y*G(xg) < sup y*F(xp). It follows that y*G is a convex usco map contained in

y*F and y*G(xp) # y*F(xp) so that y*F is not minimal, contradicting (b).

The implication (a) = (b) in the above theorem holds true also in the non-convex
case, i.e., for minimal usco maps (by [5], Lemma 1(a)), but its reverse is in genera

false in that case.
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4.4 EXAMPLE. Let

Ar = U [2ne2n, (2041) 2], Ay = \U [(2n+1) 2n, (20+2) 27]
n=0 n=0

and

fi(x) = (sin x)xAi(x) for x
Also, let K = [-1,1] x {0} v {0} x [-1,1], C = co(K) € R2, and choose any compact
set L such that KL< C. Then define a map F:[0,»] » R? by setting

[0,2) and 1 = 1,2.

™

F(x) = {(f1(x),f2(x))} for x ¢ [0,0), and F(v) = L.

It is easily seen that F is usco; moreover, if L = K it is minimal usco. For
L # K it is therefore non-minimal usco.
Now we are going to show that for every (continuous) linear functional y¥*
= (cq,cp) € R2 = (R2)*, the map y*F:[0,»] > R is minimal usco. It is usco
by [5], Lemma 1(a). If x € [0,~), then y*F(x) = c1fq(x) + crfr(x) = cisin x for
x e A (i = 1,2); hence (y*F)((a,»)) = [-d,d] for a > 0, where d = max{|cq|,]|cp|}.

For x = o,

y*F(®) = y*(L) = y*(C) = y*[co({(#1,0),(0,x1)})]

co y*({(¢1,0),(0,21)}) = co{zey,tcy}

[-d,d].

It follows that y*F is minimal usco.

741



10.

11.

12.

REFERENCES

F.E. Browder, Multivalued monotone non-linear mappings and duality mappings

in Banach spaces, Trans. Amer. Math. Soc. 118 (1965), 338-351.

J.P.R. Christensen, Theorems of Namioka and B.E. Johnson type for upper semi-

continuous and compact set-valued mappings, Proc. Amer. Math. Soc. 86
(1982), 649-655. '

J.P.R. Christensen and P.S. Kenderov, Dense strong continuity of mappings

L.

and the Radon-Nikodym property, Math. Scand. 54 (1984), 70-78.

Drewnowski and I. Labuda, On minimal upper semicontinuous compact-valued
maps, Rocky Mountains J. Math. (1990?), in print.

R.W. Hansell, J.E. Jayne and M. Talagrand, First class selectors for weakly

upper semi-continuous multi-valued maps in Banach spaces, J. reine u.
angew. Math. 361 (1985), 201-220.

Hasumi, A continuous selection theorem for extremally disconnected spaces,
Math. Ann. 179 (1969), 83-89.

Jarchow, Locally Convex Spaces. Teubner, Stuttgart, 1981.

P.S. Kenderov, Multivalued monotone mappings are almost everywhere single-

valued, Studia Math. 56 (1976), 199-203.

P.S. Kenderov, Monotone operators in Asplund spaces, C.R. Acad. Bulgare Sci.

30 (1977), 963-964.
Labuda, Multi-valued Namioka theorems, Math. Scand. 58 (1986), 227-235.

Pascali and S. Sburlan, Nonlinear Mappings of Monotone Type. Editura
Acad., Bucuresti, Romania - Sijthoff & Noordhoff Int. Publishers, 1979.

R.T. Rockafellar, Local boundedness of nonlinear monotone operators, Michigan

Math. J. 16 (1969), 397-407.
Received MNovember 7, 1989

742



	Contents
	p. 729
	p. 730
	p. 731
	p. 732
	p. 733
	p. 734
	p. 735
	p. 736
	p. 737
	p. 738
	p. 739
	p. 740
	p. 741
	p. 742

	Issue Table of Contents
	Real Analysis Exchange, Vol. 15, No. 2 (1989-90) pp. 420-777
	Front Matter
	CONFERENCE ANNOUNCEMENTS [pp. 422-422]
	ERRATA: THE PACKING DIMENSION OF A TYPICAL CONTINUOUS FUNCTION IS 2 [pp. 423-423]
	TOPICAL SURVEY
	Porosity in Convexity [pp. 424-436]

	RESEARCH ARTICLES
	On the Maximal Multiplicative Family for the Class of Quasicontinuous Functions [pp. 437-441]
	ORDERED FAMILIES OF BAIRE-2-FUNCTIONS [pp. 442-444]
	Finite Representation of Continuous Functions, Nina Bary's Wrinkled Functions and Foran's Condition M. [pp. 445-469]
	The algebra generated by derivatives which are continuous almost everywhere [pp. 470-482]
	THE STRUCTURE OF ω-LIMIT SETS FOR CONTINOUS FUNCTIONS [pp. 483-510]
	EXTENSIONS OF DARBOUX FUNCTIONS [pp. 511-547]
	FUNCTIONS WHOSE LEVEL SETS ARE ALL PERFECT [pp. 548-558]
	ON SOME QUESTIONS RAISED BY J. FORAN [pp. 559-581]
	Darboux Functions with a Perfect Road [pp. 582-591]
	ON ω-LIMIT SETS FOR VARIOUS CLASSES OF FUNCTIONS [pp. 592-604]
	On Sets of Points of Approximate Semicontinuity in Euclidean Spaces [pp. 605-621]
	INTERVALS OF FINITELY ADDITIVE SET FUNCTIONS [pp. 622-643]
	On Functions Discontinuous on Countable Sets [pp. 644-651]
	Convexity Theorems for Generalized Riemann Derivatives [pp. 652-674]
	LOCAL CONVEX HULLS OF A CURVE, AND THE VALUE OF ITS FRACTAL DIMENSION [pp. 675-695]

	INROADS
	LIPSCHITZIAN HOMEOMORPHISMS WITH LARGE SETS OF DIRECTIONAL DERIVATIVES [pp. 696-703]
	Some Applications of an L¹ Version of the Gauss Integral Theorem [pp. 704-709]
	ON LEVINSON'S INEQUALITY [pp. 710-712]
	A FURTHER EXTENSION OF A RESULT OF BORWEIN AND DITOR [pp. 713-723]
	ANOTHER LOOK AT A CONVERGENCE THEOREM FOR THE HENSTOCK INTEGRAL [pp. 724-728]
	ON MINIMAL CONVEX USCO AND MAXIMAL MONOTONE MAPS [pp. 729-742]
	AN ANALOGUE OF CHARZYŃSKI'S THEOREM [pp. 743-753]
	ON ACG FUNCTIONS [pp. 754-759]
	A CONVERSE TO A THEOREM OF SIERPINSKI ON ALMOST SYMMETRIC SETS [pp. 760-767]
	A historical note on the measurability properties of symmetrically continuous and symmetrically differentiable functions [pp. 768-771]
	A THREE-DART RESPONSE TO AN ARGUMENT OF BAGEMIHL [pp. 772-776]

	QUERIES [pp. 777-777]
	Back Matter



