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 Peano curves and continuous functions whose all

 level sets are perfect

 In the present paper we give an analytic representation of

 the Peano curve (see fig* 1) and we prove that its graph fills a

 square and its components are continuous functions whose all level

 sets are perfect. These two components seem to be simpler than the

 example given in [¡2ļ(p.223). Note that in 1930» Nina Bary ([l'], p.
 640) mentioned the existence of functions whose all level sets are

 perfect: "On obtient de telles fonctions en considérant l'une des

 composantes d'une courbe péanienne convenablement construite"*

 In 1939 Gillis [3] constructed a nonconstant continuous function

 on [o,l] with the property that every level set is perfect, but
 the author has not seen bis paper (see [2],p.214).

 Let f^,f2*lp»ll - *[o,l] be two continuous functions defined

 as follows: for each t€[o,l], t = ^ t^/3* , t^G £0,1,2}, tQsO,

 fļ(t) = 8ļ/3 + 2 * bCtïg) * • • • # ^(1*2 * ( fi ^ (s66 fig «2)
 i- 2

 f2(t) s b^/3 + h( ) • fa("b • • • • ^ (s66 fi-E»3)î
 i« 2

 where ax s tŁ; = t¿ if tļmml is even; a± = 3-t Ł if t±mļ is odd;

 h(tļ) = +1 if tt is even; h(tŁ) = -1 if t^ is odd.
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 Let F : [o , lļ - *-[o,l]v [o,l] , F(t) = (f1(t),f2(t)). From fig. 2 and
 fig #3 we can see that F is in fact the Peano curve of fig.l*

 Let A(t) = {I : ^»21-1 Î = 1 • ^k^ ^"k+1 • ^ s

 1,2,.«« , Ìq = 1. If i G { 1 , 2 , . . . , ijL-1} U Í ik+l , . . • , ifc+i"1} » ^ =

 1,2,..., then t2i-1 is even, bence a2i s t2i and h(t2j^,ļ) = +1«

 Also, a2^ = 5""^2i an^ *^2i We have le le k

 ^ t ik+l Ą ^ ik+l*1 Ą
 f2(t) ¿ = ^ 2 (-1)* t 2 a2i/3 Ą = 2 (-1)K ^ ( 2 W3l Ą ♦
 ¿ k i-ifc+1 * ^k*1

 *1 i. ik+l"*1 Ą t ii_ fc+1 -i - 1
 (3-t2i ¿11 )/3 X) = 2 (-l)fc i. 2 W3l Ą ♦ 2 (-1) t (1/3 fc+1 -i ) « ¿11 le i=ik k

 W'1 i W"1 i S t2i/3 + 2 (2-t2i)/3l i .
 i=1P i=iP
 p=even p=odd

 Let B(t) = ^i : ^2± 1= £Ö2.*^2*^3 ^k^^k+l * ^ Ä
 1,2,..., j0 = O. Then by an analogous argumentation we have:

 W ± Vi i
 W) ' ,2. , ^i.x/31 ± * 2. , (2-t2i.l>/5 i .

 Uop+l ,
 p=even p=odd

 Theorem « a) The function F is a sur.iection.

 b) Let 3c0»y0e [0,1] . Then [t : fx(t) = x0J and [t i f2(t) = jQ]
 are perfect sets.

 0° j

 Proof, a) Let (x„,yft)€ [o,l] X [o,l] with = 2 ł/3 and o x

 OO I

 y0 = y.j/3 » xi»yi e ļp,l,2j . lat {ik}t be the increasing
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 sequence of alļ I such that = 1 and let he the increasing
 oo 4

 sequence of all i such that y 4 1 s 1, Let t_ = 2 t4/3 1 such that: 4 1 0 i=l 1

 for i 6 ÍÓp+1, ••• , ūp+x^ we have ^21-1 = xi ^ P is even and ^21-1 s

 2-x^ if p is odd; and

 for i6 {ip, • •• »ip+ļ-l I we have t2^ - y^ if p is even and 1 2^ =

 2-y^ if p is odd.

 Then A(tQ) = (i^ig,... } , B(tQ) = { d1»á2»'" 5 and F(tQ) = ( xQ,y0] .

 b) Let t06[t i f2(t) « y0}, t0 = S V31 , t^lo.1,2}.

 1) If l(t0) «{^,121...} is infinite let

 2i2n-1 , ^n+p+l"1 i2n+p+l"1 fo + w,2i
 u_ n » 2 V31 , + 2 W* ¿1 + S (2-t21)/3 fo + w,2i . n issi is2ntp ¿1 i=2n+p

 p=even i=odd

 Then A(un) » {iL, ...,i2nl, un- ► tQ and f2(un) = yQ.

 2) If A(t0) = iix» • • *»ip } let

 2V2n a 2i * +2n+l o» P1
 «n - ¿ ti/3i a ♦ 1/Í * +2n+l ♦ o» t21/3 P1 .

 Then A(un) = •••»ip»ip+n+l}, un - >t0 and f2(un) = yQ.

 By 1) anä 2), {t t f2(t) « y0} is perfect. For fŁ the proof is
 analogous*

 WO are indebted to Professor Solomon Marcus for his help in

 preparing this article.
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