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POROSITY, J3-DENSITY TOPOLOGY AND ABSTRACT DENSITY TOPOLOGIES

Introduction.

The present article contains proofs of some results presented in my
lecture on Scuola di Analisi Reale, Ravello 1985.

W. Wilczynski [13] defined the J3-density topology on R which is in a
sense a category analogue of the density topology on R. The properties of
the 3-density topology and its generalization to RI! were investigated in
several articles (cf. [14]).

The Jd-density topology was defined by W. Wilczynski as a topology
determined by a special "lower density in the category sense". Topologies
which are determined by an arbitrary "lower density in the category sense"
(abstract category density topologies) are investigated in [6] simultaneously
with the usual abstract density topologies (defined on measure spaces, cf.
[12]) from an abstract point of view. In the first part of the article we state
some basici results on abstract density topologies from [6] and describe a
general, simple construction of abstract 'category density topologies. For
example, to the a.e.-topology and r-topology (defined by R. J. O'Malley in [7])
there corresponds by this construction abstract category density topologies
a¥ and r¥. ) .

The original definition of the d-density topology uses the algebraic
structure of R but it is possible to give a definition using topological
notions and the notion of porosity only. This enables us to define in the
second part of the article a generalization of the 38-density topologyb in an
arbitrary metric space (p*-topology). We prove several theorems concerning
the p¥*-topology. In particular, we answer a question from [1] which
concerns the 3-density topology.

Since ihere exist several wvariants of the notion of porosity, we obtain
definitions of new abstract category density topologies which are very similar
to the J34-density topology. The definitions of these topologies and a
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discussion of some questions which arise naturally in the presented general

setting are contained in the third part.

1. Abstract category density topologies.
Let I be a o-algebra of subsets of a set X and let M ©< I be a

o-ideal. In the following we shall suppose that for any A ¢ X there exists a
"measurable cover" Hp such that A < Hy, Hp ¢ I and Hp \ P e T
whenever A € P ¢ I. We know only two interesting examples of such triples
(x,z,n):

1. (Measure case). (X,I,s) is a measure space with a complete, o-finite
" measure and TN is the system of all 'p-null sets. ’

II. (Category case). X 1is a topological space, I is the system of all
subsets of X which have the Baire property and TN is the system of all

first category sets. It is easy to prove that in this case we can put

Hy=Avu {xeX; AnUy is a second category set for any

neighbourhood. Uy of x}.

In the sequel we shall write A ~B if (A \ B) u (B \ A) ¢ N. The interior,
closure and boundary of a set M with respect to a topology = are denoted
by int+M, @M and M.

Now we shall state three results from (6].

Theorem A. Let L : I 2 I have the following properties:
(i) L(A) ~ A,

(ii) A ~ B => L(A) = L(B),

(iii) L(®) = ¢, L(X) = X,

(iv) L(AnB) = L(A) n L(B).

Then {A ¢ I; A < L(A)} = {L(B) \N; BeZI Ne and this system forms a

topology T, on X.
Any operator L : L 2 I with the properties (i) - (iv) is called a lower
density on (X,L,n) and T is called the topology induced by the lower
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density L. A topology T on X is said to be an abstract density topology
on (X,L,n) if it is induced by a lower density on (X,L,n). In the "Category
case" an abstract density topology on (X,I,l) is called an (abstract) category
density topology on the topological space X. The following theorems give

useful characterizations of abstract density topologies.

Theorem B. A toplogy * on X is an abstract density topology on
(X,£,n) iff the following conditions hold:
(a) A e M <=> A is r-nowhere dense and rt-closed,

(b) A € L <=> A has the r-Baire property.

Theorem C. A topology T+ on X is an abstract density topology on
(X,E,n) iff the following conditions hold:

(a) A e M= A is T-closed,

(b) A eI = A\ intsA e 1,

(c) Gz¢ and G 1is T-open => G ¢ I\N.

The simplest and the most important example of an abstract density
topology in the "Measure case" is the ordinary density topology on the real
line. |

Let (P,p) be a topological space. Using the well-known Kuratowski
theorem which asserts that a set N ¢ P is of the first category whenever it

is of the first category at all its points, it is easy to prove that the system
{G\N ; G 1is p—open and’ N is a p-first category set}

forms a topology (See, for example [8], (4] and [6].) which will .be labelled ox.
Theorem C easily implies that o*¥ is a category density topology on (P,p)
iff (P,p) is a Baire space (i.e., any nonempty open subset of P 1is a second
category set). In this case p¥ is obviously the coarsest category density
topology on (P,r) which is finer than p. If (R,e) 1is the Euclidean line,

the topology e*

is the simplest category density topology on (R,e). A more
interesting example of a category density topology on (R,e) is the J4-density
topology.

We shall need the following simple theorem which was proved in [4] in
the case when (P,r) is a T,-space which is p¥-dense in itself and in [6] in

the full generality. We shall essentially reproduce the proof from [6], p. 27.
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Theorem D. Let (P,0) be a Baire space and let f be a real function on

P. Then f is p¥-continuous if and only if it is p-continuous.

Proof. At first we shall show that for any M ¢ P there exists a p-open
set Gq such that in};* Mc<c Gy < Cep*M. In fact, intp*M = H\N, where H
is a p~open set and N ¢ H 1is a p—first category set. Since (P,p) is a
Baire space, we easily see that H < CCP*M and therefore we can put Gy = H.

Now suppose that f is p¥-continuous. Then for any a ¢ R we have

{x; f(x) > a} = U GMn where Mp = {x ; f(x) > a+tn™?!}
© n=1

and therefore ({x ; f(x) > a} is p—open. Similarly we obtain that

{x : f(x) < a} 1is p—open and thus f 1is p—continuous.

In the sequel it will be useful to use the following terminology intro-—

duced by A.R. Todd (11].

Definition. Let 7, and T, be topologies on a set X. We shall say
that 7, and 7, are S-related if for any set A < X, int-,-1 A=¢g iff

int-rz A * 2.
We shall need the following simple lemma. (See [11] and [6].)

Lemma 1. Let 7, and T, be S-related topologies on a set X. Then
for these topologies the notions of dense sets, nowhere dense sets, first
category sets and sets with the Baire property coincide. Moreover, (X,7,) is

a Baire space iff (X,7,) is Baire space.
An immediate consequence of Lemma 1 and Theorem B is the following fact.

Proposition 1. Let 7, and T, be S-related topologies on X. Then a
topology T on X is a category density topology on (X,r;) iff it is a
category density topology on (X,73).

316



This proposition and Lemma 1 imply the following theorem which

déscribes a simple general construction of category density topologies.

Theorem 1. Let (P,0) be a Baire topological space and let « be a
topology on P which is S-related to p. Then the topology «
category density topology on (P,e) and

»»

is a

¥ = {(G\ N; G is w—open, N is a p-first category set}.

Let a and r be the a.e.-topology and r-topology on R, which were
defined_ by R. J. O’Mailey in [7]. Recall that G < R is a—open‘ iff it is open-
in the density topology and G\int G is a Lebesgue null set. The r-topology
has a basis of r-open sets which consists of all sets which are open in the
density topology and are simultaneously Ggs and Fg. Since both a and r
are S-related to the Euclidean topology on R (See [7] or (6].), we obtain as
a consequence of Theorem 1 the following corollary.

Proposition 2. T.he topologies a¥ and r¥ are category density
topologies on R and G © R is a*-open (r*-open, respectively) iff it is of
the form G = H\N where H is a-open (r-open, respectively) and 'N is a
first category set.

2. Porosity topologies.

In this part (P,p) will be an arbitrary metric space. Topological notions
concerning p wﬂl be written without index (prefix) p. For example, the
boundary of a set M € P is denoted by aM. 'The open ball with center
X ¢ P and radius r > 0 is denoted by U(x,r). Let M <P, xe¢ P, R>O0.
Then we denotq the supremum of the set of all r > 0 for which there exists
vy € P such that Uly,r) €< U(x,R) \ M by 7ry(x,RM). If

‘lim sup Y(x,R,M)R™! > 0,
R0+

we say that M is porous at x. We shall need the following obvious fact.
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Lemma 2. If x is an isolated point of P, then M is porous at x iff
x ¢ M. If- x is not an isolated point of P, then M is porous at x iff
there exist ¢ > 0 and sequences of balls U(x,Rp), U(yn,rn) such that
Rn vV 0, ¥#n/Rp>c, x ¢ Ulyprn) and U(ynrn) € U(x,Rp)\M.

It is easy to see that M is porous at x iff ¥ M is. If x is not an
isolated point of P and M is porous at x, then clearly x is a point of

accumulation of P\M.

Definition. We say that E ¢ P is superporous at x ¢ P if E v F is
porous at x whenever F is porous at x. A set G € P is said to be
p-open (porosity open) if P\G is superpordué at any point of G.

It is easy to see that E is superporous at x iff @ E is superporous
at x. The system of all sets which are superporous at x obviously forms
an ideal. Therefore the system of all p-open sets forms a topology p, which
will also be called the p-topology or the porosity topology. Obviously p is
finer than the p-topology. It is easy to see that a point x € P is
p-isolated iff it is p-isolated.

Proposition 3. Let V¢ P and x e V. Then the following conditions are
equivalent:

(1) V is a p-neighborhood of x,

(ii) int V v {x} is a p-neighborhood of x,

(iii) P\V is superporous at Xx.

Proof. To prove (i) => (iii) suppose that V is a p-neighborhood of x
and \7 € V is a p-open neighborhood of x. By the definition of the
p-topology P\V is superporous at X and therefore also P\V is
superporous at x. To prove (iii) = (ii) suppose that P\V is superporous
at x. Then also U(P\V) = P\int V is superporous at X. Consequently
T := P\(int V v {x}) is superporous at x. Since T is clearly_ superporous
at all points of int V, we obtain that int V u {x} is a p-open neighborhood

of x. The implication (ii) => (i) is obvious.

Corollary. The porosity topdlogy p is S-related to the p-topology.
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Proposition 4. A set G ¢ P is p-open iff there is an open set H and
Z € 3H such that G = Huvu Z and P\H is superporous at every point of Z.

Proof. If G < P is p-open, we put H = inty G and Z = G\H Let
z € Z. Then 2z is not p-isolated and consequently by Lemma 2 ({z} is
superporous at 2. By Proposition 3, H v {2z} is a p-neighborhood of =z
and consequently P\(H v (z}) is superporous at =z. Therefore P\H =
(P\(H v {z})) v {2z} is superporous at 2z as well. Clearly 2z 1is a point of
accumulation of H and therefore z € JH. The opposite implication is

obvious.

Definition. A subset of P is said to be superporous if it is superporous
at all its points.

Proposition 3 implies that A ¢ P 1is superporous iff A is p-discrete and

contains no isolated points of P.
Proposition 4 immediately implies the following fact.
Proposition 5. If A ¢ P is p-open, then A\int A 1is superporous.

Definition. The topology p¥ will be called the p*-topology or the
*_porosity topology.

By the corollary of Proposition 3 and by Theorem 1 we immediately obtain
the following important fact.

Theorem 2. If (P,0) is a Baire space, then the p¥*-topology is a category
density topology on P, and G ¢ P is p¥-open iff G = H\N, where H is
p-open and N is a first category set.

The following immediate consequence of Proposition 4 describes. the
structure of p¥*-open sets.

Proposition 6. A set W ¢ P is p¥-open iff there exist an open set H,
Z € 3H and a first category set N ¢ H such that W = (H\N) v Z and P\H
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is superporous at any point of 2. In particular, any p*-open set has the
Baire property.

The following simple fact follows easily from Theorem C, Theorem 2,

Proposition 6 and Lemma 2.

Proposition 7. The following conditions are equivalent:

(1) P 1is a Baire space,
(ii) any p*-isolated point is isolated,
(iii) p¥ is a category density topology on (P,p).

The followin‘g characterization of p-interior points is useful for

applications.

Proposition 8. A set V ¢ P is a p-neighborhood of a point x e V iff
the following condition (C) is satisfied.

(C) For any u > 0 there exist d > 0 and v > 0 such that whenever
U(y,r) © H(x,R) are balls for which x ¢ U(y,r), R <d and r/R > u, there
exists a ball U(z,a) < U(y,r) n V such that a/r > v.

Proof. We can suppose that x is not an isolated point of P, the
opposite case being trivial. Suppose that C is satisfied. By Proposition 3 it
is sufficient to prove that P\V is superporous at x. Let a set F ¢ P
which is porous at x be given. By Lemma 2 there exist c > 0O and
sequences of balls U(¥nirn)y U(x,Rp) such that Rp Vv O, U(¥nirn) €
U(x,Rp)\F, x ¢ U(yn,rn) and' rn/Rp > ¢. Find d > 0 and v > 0 which
correspond to u = ¢ by (C). Let Rno ¢ d. Then for any n a n,  there
exists a ball U(zp,an) € U(yn,rn) " V. such that ap/rp > v. Since Ul(zp,an)
¢ U(x,Rp), apn/Rp > c'v and U(zp,an) n ((P\A) v F) = ¢, we obtain that
(P\V) v F is porous at =x.

To prove the opposite implication, suppose that P\V is superporous at x
and (C) does not hold. Then there exist u > 0 and sequences of balls
U(¥nrn)» U(x,Rn) such that U(¥ynsrn) € U(XRp)y, Rp < 1/n, rp/Rn > u,
x £ U(yn)rn) and _

(1) there is no ball U(zp,an) € U(ypn,rn) 0 V for which an/rn > 1/n.
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-]
Put A: =P\ U U(yn,rpn/2). Since A 1is porous at x, we have that
n=1
A v (P\V) 1is also porous at x. Consequently by Lemma 2 there exists c¢ > 0

and sequences of balls U(tp,sp) © U(x,Sp) such that Sp vV 0, x ¢ U(tp,sp),

sn/Spn > ¢ and U(tp,sp) € P\(A v (P\V)) =V n U U(yn,rn/2). Find no > 2

n=1
No
such that 1/ny < ¢/2. Since p(x, U U(yn,rn/2)) > 0, there exist k and
n=1
n > ng for which tx € U(yn,rn/2). Since p(x,tk) 2 rp/2, we have

Sk > rm/2 and consequently sk > c-rp/2. If we put 2zp = ty and én =
min(rp/2,sx), we have U(zp,ap) € U(yp,rp) " V and ap/rp » min(1/2,c/2) >

1/n, > 1/n which contradicts (1).

Note. Using Proposition 8 and the characterization of 3-dispersion points
given by E. Lazarow [5] (See [14], Theorem 44.) it is not difficult to prove
that if (P,0) is the real line ‘R, then the p*-topology coincides with the
S-densit'y topology. Nevertheless, our "porosity definition" was given under
the influence of some proofs from [2] and [3] independent of (5] and [14].
Another equivalent definition of the J4-density topology will be given in a

subsequent article.

One of the most interesting facts about the J8-density topology is the
theorem °([2], cf. [14]) which asserts that any real function which is
continuous with respect to the 3-density topology is a Baire one function. We
shall prove a slightly more general theorem for the p*-topology, using a
general theorem from [6]. - We shall use the notion of the "essehtial radius
condition” from [6] which in the case P = R almost coincides with Thomson’s

"intersection condition" (See [9] or [10].) for local systems.

Definition. A topology T on a metric space (P,0) is said to satisfy the
essential radius condition if for each x ¢ P and each t-neighborhood U of

x there is an "essential radius" r(x,U) > 0 such that

P(x,y) & min(r(x,Ux), r(y,Uy)) => Ugx n Uy = ¢
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for every T-neighborhoods Ux,Uy of Xx,y, respectively.

We shall use the next theorem which follows immediately from results of
(6] (pp. 64,66).

Theorem E. Let (P,0) be a metric space, T be a topology on P which
satisfies the essential radius condition (werite ) and f: P 2 R be a
function which is r-continuous at any point of a set C < P. Then f|gc is a

Baire one function (on the metric space (C,p)).

Note. Thomson’s Lemma 2.8. from [9] (cf. [10], p. 74) implies Theorem E in
the special case C = P = R.

Theorem 3. If (P,r) is a Baire space, then the p*-topology satisfies the

essential radius condition.

Proof. If xe¢ P and V¥ is a p¥*-neighborhood of x, then we shall
determine an "essential radius" - r(x,V¥) in the following way. Choose a
p-neighborhood V of x such that V\V¥ is a first category set and by
the condition (C) from Proposition 8, corresponding to V, x and u = 1/3 -
choose the corresponding d = d,(x,V) > 0 and v = v,(x,V) > 0. Further
with u = v,(x,V) choose the corresponding d = d,(x,V) and v = v,(x,V)
and put r(x,V¥) = (1/3) min(d,(x,V), dai(x,V)). Now suppose that V*; is a
p*-neighborhood of x, V¥*y is a p*-neighborhood of y and p(x,y) 4
min(r(x,V*x), r(y,Vy)). We can suppose without loss of generality  that
vy(x,Vg) 2 v,(y,Vy). Consider the balls U(y,{:(x,y))_ c U(x,2p(x,y)). Since
2(x,7)/20(x,5) > 1/3, x ¢ U(y,p(x,¥)) and 2p(x,y) < d,(x,Vx), we obtain that
there exists a ball U(z,p) ¢ U{y,p(x,y)) n Vx such that p/e(x,y) > vi(x,Vg) 2
v,(y,vy). If y € U(z,p), then we obtain from Proposition 3 that there exists
an open set ¢ * Hc Vyxyn Vy, If y ¢ U(z,p), then observe that U(z,p) ©
Uly,p(x,7)), p/P(X,¥) > v,(y,vy) and p(x,y) < da(y,Vy). Consequently there
exists a ball U(t,q) < U(z,p) n Vy with aq/p > va(y,Vy). In this case we
also obtain an open set ¢ = H = U(t,q) ¢ Vx n Vy. Since P is a Baire

space, we have V*; n V¥, H = ¢ . and the proof is complete.

322



As a consequence of Theorem 3 and Theorem E we obtain the following

result.

Theorem 4. Let (P,,) be a Baire space and let f: P 2 R be a function
which is p*-continuous at any point of a set C € P. Then flc 1is a Baire

one function (on the metric space (C,p)).

In the rest of this part we shall investigate relationships between
p*-continuity and continuity of real functions. The following result follows

immediately from Theorem D.

Proposition 9. Let P be a Baire space and let f be a real function on

P. Then f is p*-continuous on P iff it is p-continuous on P.

Theorem 5. Let P be a Baire space and let f be a p¥*-continuous
fu\nction. Then the set D(f) of all points of discontinuity of f is a

countable union of closed superporous sets.

Proof. Let {Bn}n:1 be a basis of open sets in R. Obviously

D(f) = U (f'(Bp)\int f~*(Bp)). By Theorem 4 f 1is a Baire one function
n=1

and therefore f~!(Bp)\int f~!(Bp) is an Fg-set for any n. By
Proposition 3 f~!(Bp) is p-open and consequently f~!(Bp)\int f~!(Bp)
is superporous for any n by Proposition 5. Now it suffices to observe

that any subset of a superporous set is superporous.

The‘following theorem gives an answer to query c¢) of [l], p. 79. The
idea of the construction is the same as that of the proof of Theorem 5 from

(1].

Theorem 6. Let D ¢ R. Then there exists a p*-continuous function f
such that D = D(f) iff D is a countable union of closed superporous sets.

Proof. Let D = U Ap where all Ap are closed superporous sets. We
n=1
can suppose that any Ap is either a perfect set or a singleton. Suppose
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that n is fixed, Ap 1is a perfect set and {(aﬁ, bg)}kfl are all bounded
intervals contiguous to Ap. Denote by (cg, dg) the interval concentric
with (ag, bg) for which bg - ag = 2k (dﬁ - cg). Now choose a function fp

with the following properties:

(a) 0 £ f, € 3™ and f, 1is continuous on R\Ap,

(b) fp(x) =0 for xeR\ U (cg,dg ),

k=1
(c) fn((ag + bg )/2) = 3™ }or any k.

]
It is easy to prove that Ap v U (cﬁ,dg) is superporous at any point of
k=1

Ap. This implies that
(d) fp 1is p-continuous.
Obviously
(e) osc (fp,x) = 3™ for any point x € Ap.

If A, is a singleton, then it is not difficult to construct a function n

- -]
which has the properties (a), (d), (e). Now it suffices to put f = [ fp.
n=1

3. Additional remarks.

If we replace in the definition of the porosity topology and the.
*—porosity topology the notion of porosity by the notion of (g)-porosity, we
obtain definitions of new topologies: (g)-porosity topology and X_(g)-porosity
topology. We say ([15]) that a set M < (P,p) is (g)-porous at x 1if

lim sup g(r(x,R,M))-R"! > 0. Similarly we can define the strong porosity
. R0+
topology and the ¥_strong porosity topology which correspond to the notion of

strong porosity. We say (cf. [16]) that a set M ¢ P is strongly porous at

if lim sup 7(x,R,M)R™! 2 1/2. Strong porosity was considered in [{15] wunder
R0+ '
the name (x,1/2)=-porosity. Of -course, it is possible to define. other
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topologies which correspond to other porosity notions (e.g. <H>-porosity from
[15]). All such defined "*-topologies" have similar properties; in
particular, they are category density topologies. 4

An interesting question is in which sense the ordinary density topology
on R is a "canonical" abstract density topology on R. Of course, it is
possible to answer that it is canonical because it has the simplest and the
most symmetrical definition and has interesting applications. It seems to me
that there may exist a "more mathematical” answer which shows that the
ordinary density topology is canonical since it and only it has come simple
properties. I conjectured that the ordinary density topology on R 1is the
coarsest 't.opology among all (measure) abstract density topologies on R which
are translation invariant and finer than the Euclidean topology. D. Preiss in
his lecture in Ravello (1985) proved the so-called Hearts density theorem
which implies that my conjecture was false. In fact, the Hearts density
theorem implies that whenever r is a translation invariant abstract density
topology on R finer than the Euclidean topology, there exists a topology b
which has the same properties and is strictly coarser than r. It is still
possible that the above conjecture is true if we replace "translation invariant”
by "invariant with respect to any affine bijection".

A similar question arises with respect to the 3d-density topology. It
corresponds in the following sense to the ordinary density topology on R.
The original Wilczynski definition of the 3-density topology is a definition
which depends on an ideal of sets 4. It &8 is the system of all first
category sets, then the corresponding topology is the aidensity topology. If
3 is the system of all Lebesgue null sets, then the corresponding topology is
the ordinary density topology on R. It would be interesting to find some
properties of the 5-density topqlogy which show that it is a "canonical”
category density topology on R or that it corresponds in some sense to the

ordinary density topology on R.
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