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THE LATTICE GENERATED BY DIFFERENTIABLE FUNCTIONS

The purpose of the present paper is to describe the lattice generated by
the family of all differentiable functions. It answers a question posed by Z.
Grande in [1].

Let us establish some of the terminology to be used. R denotes the real
line. For every function f R ‘R N(f) denotes the set of all points at
which f is not differentiable.

The symbol O stands for the family of all differentiable functions. The
symbol ® denotes the family of all continuous function f R 2 R with the
following properties:

(1) the set N(f) is a finite union of discrete sets,

(2) for every x € R the right-hand derivative f.;.(x) and the left-hand
derivative fl(x) exist at x.

Observe that o8 < R,

A family d of real functions is a lattice iff max(f,g) € 4 and
min(f,g) ¢ @ for f,g e Q. If B is a family of real functions, then £(B)
denotes the lattice generated by B, i.e., the smallest lattice of functions
containing B.

The following question was posed in [1].

"Problem 7. What is the smallest lattice of functions containing all
differentiable functions? Is it the family_ of all continuous functions

differentiable at every point except perhaps at the points of a set which is a
finite -union of discrete sets?"

In this paper we shall prove that the lattice £(8) generated by the
family of all differentiable functions is equal to the family ®.

Theorem 1. The family ® is a lattice of functions.
Proof. Let f,g ¢ R. We shall prove that ‘h = max(f,g) belongs to ®.

First, we shall verify that the set M = N(h) \ (N(f) v N(g)) is discrete and
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consequently, N(h) is a finite union of discrete sets.
Notice that h(x).= f(x) = g(x) for every X e M. Let x e M. Suppose

that there exists a sequence {xn}neN with xpeM (n=12,...,) and
lim xp = x. Then f(x) = g(x) and f(xp) = g(xp) for n=1,2,... . Since
nro .

the functions f and g are differentiable,

£'(x) = lim f(xp) - f(x) - 1lin g(xp) — g(x) - ).
— Xp — X - Xp — X
Thus the function h is differentiable at x and h'(x) = f'(x) = g'(x),
contrary to x € M. Hence for every x ¢ M there exists a neighbourhood U
of x such that U n M = {x}. Therefore the set M is discrete.

Let x ¢ N(h). We prove that hi(x) and h;(x) exist. If f(x) > g(x)
(f(x) < g(x)), then there exists a neighborhood U of x with hjy = fly >
gly (fly < gly = hly). Hence h.(x) and h4(x) exist, h.(x) = f_(x)
(h2(x) = g_(x)) and hi(x) = f4(x) (he(x) = g4(x)).

Assume that f(x) = g(x). There are two cases.

1. If f.(x) = g.'.(x), then h_.(x) = f_(x).

2. If f.(x) > g_.(x), then

lim 221 =f00 4, .

o= zZ - X = zZ - X

Since f(x) = g(x), we have

. £(z) - g(z)
lim g > 0.

bae 3

Since 2z-x < 0, there is an a < x such that f(z) - g(z) € 0 for every
z € (ayx]. Then hj|(a,x] = g|(a,x] and h.'..(x) = gl(x). I fo(x) < g.:.(x), the
proof is analogous.

Similarly, we can prove that h.;.(x) exists. (Notice additionally that
hi(x) = min(f2(x), g-(x)) and h4(x) = max(f4(x), g+(x)).)

Thus, max(f,g) ¢ R and similarly we can prove that min(f,g) ¢ ®

For A € R iet. der(A) denote the set of all accumulation points of A
which belong to A. Also, let der®°(A) = A and derk+1(A) = der(derk(a)).

248



Lemma 1. (See [2], Lemma 2, pages 17-20.) For every C ¢ R and for
every n = 1,2,... the following statements are equivalent:

(i) C 1is a union of n discrete sets.

(ii) derR(C) = o.

Proof. If C is discrete, then der(C) = ¢. Assume that derR(C) = ¢
whenever C is a union of n discrete sets.
Let C be a union of n+l discrete sets A,;, AjycecyAn4+y. Observe that

n+l n+l
der®*1(C) ¢ U [Aj n der?( U Aj].
i=1 J=1,j*i

Hence dern*!(C) = ¢, and by induction we obtain that the implication (i) =>
(ii) holds for every n € N.
The implication (ii) => (i) is obvious since

n-1
C= U (derK(C) \ derk*:(C)) and the sets derkK(C) \ derk*'(C) are
k=0

discrete.

Let us define the family ®, of all functions f € R such that
der®(N(f)) = o, for n=0,1,... . Notice that R = UneN ®Rp-

Lemma 2. If f e Rp, then there exists functions ’ €1,82,h;,hy € Rp—,
such that

f = min(max(g,,4,), max(h,,h;)).

Proof. Let f e Ry and C = N(f) \ der(N(f)). Observe that the sét c
is discrete (and countable), € n cl der(N(f)) = ¢ and der(N(f)) is a union
of n-1 discrete sets. -

Let 3 : C29 N be a one-to-one function with the following properties:

- if fi(c) < f.;.(c), then s(c¢) is even,
and »

- if fl(c) > fi(c), then s(c) is odd.

Let M=3(C) and cy = s™!(m).
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Let {(am’bm)}meM be a sequence of pairwise disjoint intervals with a ¢
N(f), by ¢ N(f) and (ap,by) n N(f) = {cp} for m e M.
Let pm,i ® (am,bm] ®» R be differentiable functions with the following

properties (i = 1,2, m e M):

(1) pm,i(am) = f(ay) and pp, ji(by) = f(bp),

(2) (pm,i)+ (am) = f'(am) and (pm,i)= (bm) = f (bm),

(3) Pm,1llemcn) = flpg ooy amd Pmyzlpe oy = Tlpe b

(4) (pm,1)+ (cm) = = (cp) and (pm,a2)- (cp) = f+ (cm),

(5) pm,i(x) &€ f(x) for x ¢ [ey,by], 1i=1,2, meM, m= 2k,

and pp, i(x) » f(x) for x e [ap,bp], i =1,2, meM, m= 2k+l,

(6) Ipm,i(x) - f(x)| € min((x-ap)?, (x-bp)?) for x e [apm,bn].

Let us define the functions gj,hj(i = 1,2) such that N(gj) < der(N(f)),
N(hj) € der(N(f)) and gj,hj € Rp—, as follows:

£(x) for x £ Uy (emibn],

gi(x) = | pm,i(x) for x € [abg], m e'M and m = 2k,
Pm,:(x) for X ¢ [ag,by], me M and m = Zk+l.
f(x) for X ¢ UmeM (ag,bm],

hi(x) = { pm,i(%) for X ¢ [(apg,byp]l, me M and m = 2k,
Pm,2(%) for x € [ap,bp], me M and m = 2k+l.

Let us put k, = max(g,,g82), ka2 = max(h,,h;) and observe that f =

min(ka,ka).
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Theorem 2. We have the equality 2(0) = R..

Proof. Since 0 € R and the family ® is a lattice, we have 2.0, < R.

By Lemma 2 it follows that ®, ¢ 2(8) for each n € N. Hence R < 2(0)
and the equality &2(0) = ® is proved.

Acknowledgements. The author would like to thank the referees for their
valuable remarks which enabled him to improve this paper.

Remark. Prof. Z. Grande has remarked that in his proof of Theorem 7 [1]

the statement
(5) |hp(x)| 6 max((x-ap + rp)?, (x-ap - rp)?)

must be added.
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