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Borel measurability of extreme path derivatives

The derivative F' of any differentiable function F is a function
of Baire class one, since F' is the pointwise limit of a sequence
]

of continuous functions {n(F(n+E)-F(x))} =

n=] " A problem that dates

back to the beginning of this century is that of finding the Baire
classification of various types of extreme derivatives. Sierpinski [11]
showed that the Dini derivatives of a function of Baire class o« are
in Baire class a + 3. Banach [2] proved that the Dini derivatives
of the bounded functions of Baire class o are in Baire class &« + 2.
We have also by Kempisty [5] and Hajek [4] the successive results
that the extreme bilateral derivatives (for arbitrary functions) are
in Baire class 3 and in Baire class two. Misik [7] was able to gen-
eralize Banéch‘s result fof arbitrary functions of Baire class «.
He showed that the upper (lower) Dini derivatives of a Borel function
of Baire class a are upper (lower) semi-Borel functions of Baire class
a + 1. He also [8], [9] proved that for any ordinal number a the
upper (lower) unilateral approximate derivatives of Borel functions
of “the class o are lower (upper) semi-Borel functions of the class
a + 2.

:Bruckner, 0'Malley and Thomson [3] introduced the concept of
path derivative as a unifying approach to the study of a number of

generalized derivatives. They showed that for a system of paths

216



E = {Ex:xeR} satisfying the external intersection condition any
E-derivative is in Baire class one. We begin this paper with the
definition of a continuous system of paths, then we show that the
extreme path derivative of a continuous function relative to such
systems of paths is a function in Baire class two. Also we show that
under some added condition the extreme path derivatives of a function
in Baire class one is in Baire class four. This result does not

hold in general for an arbitrary Borel measurable function. Ipn fact
we give an example of a continuous system of paths E and a function

F in Baire class two such that ?E is rot Borel measurable. It will
also be shown that the extreme path derivatives of a Borel measurable
function with respect to a continuous system of paths is Lebesgue
measurable. We conclude the paper by briefly discussing the Borel
measurability of path derivatives and. proving that the path derivative
of a function of Baire class a is in Baire class a + 2 when the system
of path is continuous.

The continuous functions are said to be of type BO (Baire class 0)
Functions which are 1imits of convergent sequences of continuous functions
are of type B] (Baire class 1). Let Q be the first non-denumerable
ordinal number. For any a < Q if the functions of types Bs have been
‘defined for every 8 < a, then the functions of type Ba (Baire class a)
are 1imifs of convergent sequences of functions of types 8 < a. By

transfinite indyction this defines the Baire functions of all classes

a < Q.
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Let A and B be compact subsets of R (the real line). Then
dH(A,B) = inf{e: A(e)>8 and B(e)oA},

where

In the set of compact subsets of R, dH is a metric called Hausdorff
metric.

If & is a function from a given topological space X into the
space of all non-Vofd subsets of a given topological space y, then a
selection for ¢ is any function F from X into y such that F(x)€®(x) for
all x€X. A selection is called Borel measurable or measurable depend-
ing on whether F is Borel measurable or measurable.

A set £, is a path at x for x€R if E, c R, x€E , and x is a limit

point of Ex' A system of paths E, is a collection {EX: x€R}, where

(v)-
each £, is a path at x. If lim FA F(x) exists and is finite, then it
X 4 y-x y=X
yGEX

is called the E-derivative of F at x and is denoted by Fé(x). The
extreme E-derivatives are similarly defined. When we are dealing with
a specific system of paths tailored to a continuous function, we may
alter E = {Ex: x€[0,1]} to E, = {?;: x€[0,1]}, where f; denotes the
closure of EX. Throughout this paper R denotes the complement of A, N

the set of positive integers, and Q the set of rational numbers.

Definition 1: Let E = {E :x ¢ 0,11} be a system of paths, with each

Ex being compact. If the function E: x = Ex is a continuous function,
we say E is a continuous system of paths. (E with the Hausdorff metric
forms a metric space.)

Definition 2: Let E = {Ex: x € [0,1]} be a system of paths:

(i) E is said to be bilateral at x if x is a bilateral point of
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accumulation of E -
(ii) E is said to be unilateral at x if x is a unilateral point

of accumulation of EX.
Later in the paper we will obtain a generalization of the following

theorem due to Sierpinski.

Theorem 3 (Sierpinski): If F is continuous on [a,b], then each of

the Dini derivative is in Baire class 2.

Proof: We prove the theorem for D+F, a similar proof holds for
D°F, O,F, and D_F.

For each positive integer n let

'= F(t -F(X . ] ]—1
Fo(x) tZEz b]{ o Xt mr <t <x v b

Since F is continuous, each function Fn is also continuous. It is

easy to verify that D+F(x) = 1im sup Fn(x). But an upper limit of a
n=c

sequence of continuous functions is in Baire class 2.

Example 4 ([3], Theorem 3.1 page 100): There is a continuous function
F such that, given any function f on R, a system of paths E =
{E,: x € R} can be found so that F. = f.

Example 4 implies that the extreme path derivatives of a continuous
function could behave badly. So in order to have a nice extreme path
derivative we should have some restriétions on the system of paths

as well as the function.
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Main theorem 5: let E = {Ex: x€[0,1]} be a continuous system of paths,

F(x) a continuous function defined on [0,1].

(a) If F'is E-differentiable, then Fé(x) is a function in Baire class

one.
(b)'fé and Fg are functions of Baire class two.
In order to—;Fove theorem 5, one would 1ike to imitate Sierpinski's
proof. We have two immediate problems. The first problem is that

if we define

(y)=F(x)

F (x) = sup { V=X

n P y€E D [x + F%T’ X + %]},
then Ex n[x + F%T’ X +<%] might be empty. In that case what should
we define for Fn(x)?.

The second problem is that Ex and Ey might behave differently when
x and y are very close. In fact Example 4 illustrates that even for a
continuous function F it is possible to find a system of paths such
that ?é is not measurable. Thus, in order to achieve our aim, we will

< a

. o . -
attempt to choose a sequence of positive real numbers 3001 dn4 n

. = n r B
and Llf a, = Osuch that € 0 [x +'a_,,, x + an] # 0 for all x. The
following lemma shows that this is possible when the system of paths

E = {Ex: x ¢ [0,1]} is continuous. The foundations of the proof of

Theorem 5 are based on Lemmas 8 and 9.

Lemma 6: If E = {E_: x € [0,1]} is a continuous system of paths. Then

X

. © s
there exists a sequence {a_ } _; such that a_ > 0 for all n, {a:
decreases to zero, and

(£, 0 Dxsag,ys xra, (1) U (€

ML E ST I x-an+]]) # P for all x ¢ [0,1].
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Proof: Let al =1,

Define

=% inf sup{|y|: y € ((E,-x) n(0,a;)) U ((E-x) n[-a;,0D)}.

a
2 x€[0,1]

Obviously 0 < 3, < 2. Let a be defined. Inductively define

8, =% xégg’liup {yl: y € [KCE~x) n (0,8 DUCE -x) n [-a,,0])]].

Then 0 < 3.1 < 8,

We claim 3 >0 for all n. If not, there exists a natural

number n, SO that ano = 0, but a(nd_‘) >0,

%, % ;ggo,iﬁp{[y]:yﬁt(EX'X) N [O,a(no_l)]JU[(Ex'x) N [-a(no-l),OJ}.

Since zero is an accumulation point of (Ex-x),

[(Ex-x) n [0,a(n0_1)]JU[(Ex-x) ﬂ[-a(no-l),ojj # §. The number

rx = sup {'y, y € [(Ex-x) n [O’E(no-l)]]uf(gx..x) n [.a(no~1)’0]]}

is positive for every x € (0,1] and inf {rx} = 0. Thus there
x€{C,1] .

is a sequence {x }G, so that 1im r_. = 0. Since the sequence
n‘n=1 e Xn

® . . . .
{xn}n_1 1s bounded, without loss of generality we can assume that

X, converges to x . From the continuity of £ follows that Ex tends
n

to Ex
0
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This implies lim r =T < 0. But EX is the path leading tc
e  Tn 0 0

Xq and hence " cannot be zero. So a > 0 for all n. Also

0
a <% a_ <% a_, <..<@@"a ="
n n-1 n=2 1 ‘
Thus 1im a, < 1im (%)n = 0 implying a_ decreases to
e N '
zero. It is clear that (E, 0 [x +a_;, x+a JU(E 7 [x-z__..

x-an*lj) £ 8 for all x € [0,1]. The sequence {an}:zl nas all the

desired properties.

[>-] ®
Lemma 7: Let {gn(x)}n=l' {hn(x)}n=1 be sequences of lower,
upper semi Borel functions of the class a, respectively. If

a)  f(x) = lim gn(x) = 1im hn(x),

‘ n-x M=o
then f ¢ Ba+].
p) f(x} = 1lim sup gn(x),
© e
then f ¢ Ba+2'
Proof: (a) Suppose f(x) = 1im hh(x) = sup inf h_(x).
e n.m>n
The set
®
{x: f(x) < t1 = N {x: inf hm(x) <t}
n=1 m>n
@ o 1
= N N0 {x: inf hm(x) < t+ E}
n=1 k=1 m>n
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- @ ® 1
N N U {x: h(x)<t+ E}’ and the set
n=1 k=1 m=n m.

{x: f(x) > t} = {x: Vim g (x) 2 t} = {x: inf sup g (x) > t}

e n mn
@
= N {x: sup gm(x) >t}
n=1 m>n
-] - . 1
= N0 {x: sup g (x) >t~ 3}
=1l k=1 m>n
-] -] @ 1
=N n U {x gm(x) >t - E}‘

n=1 k=1 m=n

Since gm(x) and hm(x) are lower, upper semi-Borel function of the
class «a, respective]y,. the sets {x: hm(x) < t + 1/k}, and
{x:gm(x) > t - 1/k} are of the additive Borel class a for all t and
k. Hence the sets {x: f(x) < t} and {x: f(x) 3 t} are of multipli-

cative class a+1 for all t € R, Thus f € Ba+l‘
b) If f(x) = lim sup gn(x), then we have

(i FOO <t) = {x F) > g = U {x f(x)2t+3

-]
1]
r=1
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Hence the sets {x:f(x) < t} and {x: f(x) > t} are of the multi-

plicative Borel class o+2. Thus f € Ba+2'

Lemma 8: Let E = {Ex: x € [0,1]} be a continuous system of
paths, F(x) a continuous function defined on [0,1], and {an}::l be

the corresponding sequence as in lemma 6. Then the function

n

—~
x

N
n

sup{[F(y)=F(x)])/(y=x): y € I {x)}, where

= (EX n [X+an+1’X+an-1J) U (Ex n [x-an_l,x-an+lj) is an

—

—~
x

~
[}

upper semi continuous function.

Proof: On the contrary suppose that ?n(x) is not an upper semi
continuous function. Then there is a point Xo and a positive £, SO
that for all & = 1/m a point Ym could be found such that lym-xo| <
1/m, and Fn(ym) > Fn(xo) + eb, where

Falyp) = sup{lF(y)-F(y)/(y=ypd: y € I (yv)}. Since F(x)

is a continuous function, without loss of generality we can assume
each EX is a closed set.

F(y)-F(y,)

- is a continuous function
Y Ym

For each m the function

).

and therefore attains its maximum on the closed set In(y

So there is a z € I (y ) such that F (y ) = [F(z )-Fly )1/

@ . .
z -ym). The sequence {z_} is a bounded sequence, so it has a

“m m'm=1
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subsequence {z }c_ such that 1im z_ = z_. We have
mk k=1 . K m 0
) k

P2 ) " FOm ) R(z) - O )

= : k
Tim F (y_ ) = 1im - - , and
ks 1My k= " Im 26 7 %o
k k
z € I (y ) implying either z_ € E n ly. +a._-,
m n*om, my ymk m, n+l

y, *+a _,Jorz €E . n [y. = &a._7,Y. - a._-]. Since

m n-1 e ymk m n-1 my n+l

Yp * X, and z. >z, by the continuity of the system of paths E,
K 0 m, 0

the sequence of sets E_y n [ym * Ay Y * an_lj tends to
m k k
E i [x . +a 4, x . +a_+-],andE" A [y. =-a._q, Y. °
Xq 0 n+l’ “o n-1 ymk my n-1 Wk
an¢1] Efnds to Exo N [xo T Ay X T an-lj‘ If infinitely many

of zmk s are in Ey M [ym *e Y * an_lj for k=1,2,3,...,
me k K

then z_ € E N [x.+a_., X + a _iland Tim F (y_) =
) Xq 0 n+1’ "o n-1 ko 1My

F(zy)-F(x,)

2 =X

< Fn(xo). But Fn(ym ) > Fn(xo) * € implying
00 k :
Fn(xo) *E, < Fn(xo) which is impossible.

Similarly if infinitely many of z_ are inE N [y - a__,,

Yo an+l],then Fn(xo) + so’g Fn(xo) which is impossible. So the
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function Fn(x) is an upper semi continuous function.

Lemma 9: . Let = = {Ex: x € [0,1] be a continuous system of
paths, F(x) a continuous function defined on [0,1], and {an}:=1
the corresponding sequence as in lemma 6. Then the function

F(y)=F(x

Frlx) = sup {==

1y € Ex N [(x *34ps X +an_1)U(x Ta.q

X = én+l)]} is a lower semi continuous function.

F(t,)-F(x,)
Proof: Let X5 € [0,1], and _F_Q(XO) = -T;-:T- . Then there are

two possibilities for toz

1) to € Ex n [(xo + a

0 e U(xgmapy, xg T apy)]

n+l’ xo

2) to € {xo * 31 %o * 810 X0 T -1 X T anfl}'

If Fn(xo) = 0 et G(x) = F(x) + cx where ¢ # 0, then Fn(xo) =

n

Thus without loss of generality we can assume that Fn(x

G (xo) + ¢ implying Eﬂ(xo) # 0.

o) # 0.

Case 1:

Suppose to € Exo nA[(xo A Xt an_.l)U(xo -3, s X

Let 0< ¢ <'%|F(t6) - Flx ).

o ™ )l

Since F(x) is a continuous function defined on [0,1], for e >0
there is a positive y so that lF(xo)-F(y)l < € when Iy-xo[ <y.

a ' :
Let vy = % min {e,y, _gil, ’to-xo-an+l" ’to-xo-an_l’,lt°~xo+an+l!,

. . ] . ) .
7%, an_ll}. Since E:x»E, is a continuous function,
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there is positive § less than Yy SO that

dH(Exo’Ey) <Yy when |y-x°‘ < &. For all y so that |y-x0 | < 6

there is a s € Ey so that lsy-tol < Yp. Therefore ,F(sy)-F(to)I <

e, and 'F(y)-F(xo) |< €. We have the following inequalities:

(1) Flxg) = e < Fly) < F(x,) + ¢
(2) F(t)) - e« F(sy) <F(ty) + ¢

(3) Xo7Yp < xo-é <y <x ¢ 6 < Xg * Yq

(4) to M < sy < to *¥y-

From (1) and (2) follows

(5) F(ty) = Flxy) = 28 < F(s)) = F(y) < F(ty) = F(x,) + 2.
From (3) and (4) follows

(6) (tyx)) = 2y <5, =y < (tx) + 2y,

From the inequalities (5) and (6) it follows that
if s -y > 0, then
y Y s

F(s,)"F(y)  F(t )-F(x )-2¢

> =
sy -y (to xo) + 2)1

(7)
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if sy T Y <0, and F(to) - F(xo) > 0, then

F(s)-F(y)  F(L)=F(x) + 2t

>
Sy -y (t°° XO) * 271

, and

(8)
if sy-y < 0, and F(to)-F(xo) < 0, then

F(s,)-F(y) S F(t )=F(x,) + 2¢
=Yy (to' XO) - ZYl

s
Y

Hence in all three cases, since

F(t)-F
Faly)=sup {—L;%;-ixz: tEE, N Llyra g, yra, ) U0maqymap) ]

F(to)-F(xo) t 2t

we have F_(y) > - Therefore
N : (to xo) :527
F(t )=F(x,)
1im inf Fn(y) 2 T = Fn(xo).
yx, = 0 0 —_

. - - A .
Case 2: Suppose td € {xo+an+],xo+an_1,x0 3 410%, a1/ In this case
o ’.G
there is a sequence {tm’m=1’ t 3 Exo n [(x°+an+l,x°+an_l)u
(xo-an-l, X -an*l)J’ so that lim tm =t

0 o
>

|F(t)-F(x,)|
. .

Let 0 < g <

Since F(x) is a continuous function defined on [0,1], for € > 0

there is a positive y so that |F(xo)-F(y)[ < £ when
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Iy-xol < y. Choose té € {tm};=1 so that |t$-to ,< y/2, and let Y;
=% min {e, an+l/4"|tc').xo-an+ll’ ,té-xo-an-ll”té-xo+an+1”
,té-x°+an*1,}. Since E:x - E  is a continuous function,

there is a posifive § less than min(y1,y) so that

dH(Exo’Ey) <'yy when ,y-XO] < 8.

For all y so that ]y*xol < & there is a
sy €& B N llyrap,yrang) Uymapquy=a )] n(temyg, toeyq),
so

]F(sy)-F(té)l < e.Since [ti-t | < v/2, we have |F(t!)-F(t) |< e.
Therefore | F(s )-F(t)) | < 2, |s "t | < 2y, and | F(y)-F(x)) [ < e.

We have the following inequalities

(10) F(t)=F(x,) = 3¢ < F(sy)~F(y) < F(t)) = F(x,) + 3¢,

(11) (tgmxg) = 3y <5,y < (t=x ) + 3y,

From the inequalities (10) and (11) similarly as in case 1 follows that:

_F(sv) - F(y) F(to) - F(xo) * 3

Fo(y) 2 - > - Hence
n sy y to X, * 3y
Vin inf F_(y) F(to) - F(xo) f ()
im in y) 3 ——— = X ).
Y"Xo n s \.o Xo n"- o

So Fn(x) is a lower semi continuous function.
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Proof of Thegorem 5:

?%(x), Fn(x) are upper, lower semi continuous functions

respectively. Since

E. N [(x*+a q.x*a _)U(x-a _q,x-a.,,)] N [(x*aan’X+an)U(x'an’

n+l’
x-an+2)]
in not empty, points lost by Fn(x) are

picked up by Fn+1(x)‘ Let

g,(x) = min (F (x), F . (x), F _10)),

h,(x)

max (F (x), F1(x), F_1(x)).

Then gn(x), hn(x) are upper, lower semi continuous functions respec-

tive]y-ind gn(x) < F (x) < hn(x). By pheorem 11 on page 155 of (10]

— n -

for each natural numbér n there is a continuous function Pn(x) so that

g, (x) < P (x) < h (x). Since ?é(x) = 1im sup F (x) = lim sup F (x),
e — o

?é(x) = lim sup h (x) = lim sup g_(x) = Tim sup P _(x).
n-=¢ ) n -+ n -

So ?é(x) is a function in Baire class 2. If F is E-differentiable,
then Fr(x) = Tim F (x) = Vim F (x) = Tim P (x). Thus Fi(x) is a func-
N> —— e > :

tion in Baire class 1.

Remark: We could have also used lemma 7 to prove theorem 5 since

?é(x) = 1im sup gn(x) = lim Sup hn(x).
N noe
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Corollary 10: The congruent derivative (if it exists every-

where) and the extreme congruent derivative of a continuous func-

tion are in Baire class one and Baire class two respectively.

Theorem 11: Let E = {Ex: x € [0,1]} be a bilateral system of paths,

{an}°°

n=1 be a positive sequence with the following properties:

(i) {an} decreases to zero;

n41

(ii) Tim =1,

M n

(iii) the sets E. N [x+an+], x+an] and E N [x-an, x-an+]] are both
nonempty for all x € [0,1].

Also suppose that F is a real function so that for each natural number n.

¢n(x,an+1,an) = sup{F(y)-F(x): y € E N [x+an+], x+an]} and

wn(x,an+1,an) = inf{F(y)-F(x): y ¢ E, N [x-an,x-an+]]} are

functions of Baire class a. Then'?é is a function of Baire class

a+2.

Proof: Define ¢(x,a,b) = sup {fif%ifiil ty €E.N [x+a,x+b]}.

Fly)=F(x) > v (x,a_,y,2,), and =a_ <y - x < =a_; when
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(M.

(11.

(11.

(1.

y € E . n[x-a ,xa ] So

FO=FG0  YnXr2ne103)  ¥n(Xi3n.y 20

y=X - y=x - -a, when U”n(x’aml’an) > 0,
and
bo(x,a 4,3 ) v (x,a_.,,a)
Fy)=F(x) . _n n+1'°n’ 'n n+1’“n
- = - when vy _(x,a__,,a_ ) < 0.
y=x - y=Xx - 341 n n+1'"n
Therefore
v (x,a a) ‘
"nt"' n+l’Tn
¢ (x, a, an+1) < 3, when ¢n(x,an+1.an) >0, and
v (x,a_,4,3)
n n+l’"n
¢ (x, sa,,” n+1) - when wn(x,an¢1,an) < 0.
n+l
On the other hand when y € Ex n [x-an,x-an¢1] we have
=F(x -
y=X o (x, 35" n+1)
So
F(y)=F(x) 2 (y=x) &(x,-a_," n+l) 2 -8, ¢(x,-a6,-an+l) when
¢(x,-an,-an+1) > 0 and
F(y)-F(x) > (y-x)-¢(x,-an,-an*l) > - n*l d(x,= n’-an+l) when
®(x,7a,,73 1) <
Therefore
v (x,a a)
n n+1'8 -
= < o(x, a " n+1) when o(x,- n’ n+l) >0,
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and

vo(x,a,5,3,)

(11.9) S

> < ¢(x,-an,-an+1) when ¢(x,-an,-an+l) < Q.
So by combining (11.3), (11.4), (11.8), (11.9) and the fact

that wn(x,a an) and ¢(x,-an,-an*l) have opposite signs, we have

n+1’
$_(x,a_.,,3.) ¥ (x.a .2 )
n n+1’"n Nt n+1’"n
(11.10) - < o(x,-a_,=a__q) < -
an*l n n+1l an

when ¢(x,-an,-an+l) < 0, and

(11.11) wn(f’an+l’a") < o(x,7ap,"2 ) < 4000201020
ag - n' °n - 341
when ¢(x,-an,-an*1) > 0.
v (x,a_.q,3.) 3 w (x,a_.;,3.)
Since lim sup —— L' 0 - qip sup —— - T— ARSI
o n+1 B ) n+1 °n
Y (x,a q,2)
= 1im sup.— -an+- L ,
e n
we have
W (X8 4.8,)

{(11.12)  1im sup ¢(x,-an,-an+1) = 1im sup

N> N> an

Similarly when y E.EX n [x+an+1,x+an]
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(1 .13) FzFCO a8 2n)

- when ¢ _(x,a ,a_ ) > 0 and
y=X - a1 n n+l’'"n’ -
F(y)=F(x ¢n(x’an+1’an)
(11.14) (zzx ( )_<_ = when ¢_(x,a_,;,3,) < 0. So
o,(x,a ,9,2,)
(11.15) ®(x,a q,2,) & ey when ¢ (x,a .4,3.) > 0.
and
¢_(x,a a)
nt’ n+l’"n
(11.16) ®(x,3,,1,3,) < 3, when o (x,a.,1,3,) < 0.
On the other hand
FOD=F(X) ¢ o(x,a_..,a.). Hence F(y)-F(x) < (y=x) ®(x,a_.,a ) <
o yx - “n+l'"n’” Y LV *“n+l’"n’ -
a, - ¢(x,an+l,an) when ¢(x,an+l,an) > 0, and
F(y)=F(x) < (y=x) o(x,a,5,3.) £ a .5 ®(x,a 4,3)
when ¢(x,an*l,an) < 0. So we have
¢ (x,a__q,3.)
1.7 n’ n+l' n
( ) : < ¢(x,an+l,an) when ¢(x,an+l,an) >0
and
¢ _(x,a a.)
‘Nt Tn+l'"n
(11.18) o < ¢(x,an+l,an) when ¢(x,an+1{an) < 0.
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By combining (11.15), (11.16), (11.17), (11.18) and the

fact that ¢n(x,a N+l

an) and ¢(x,a an) have the same signs we

n+1’

have

o (x,a,,7,3,) 0,(x,8,,7,28,)
a < ¢(x’an+l’an) < a
n n+1l

(11.19)

when ®(x,a ,,,a.) > 0 and

0,(x,3,,4,3,) 0. (x,a__y,3)
(11.20) D20 ¢ o(x,a_q,a ) ¢ =T
a1 n+1’"n 2,
when ¢(x,an+l,an) <0. Since
o (x,a_,5,3)) a 0. (x,a_ . 1,3.)
1im sup s 3 mtllon” 1im sup LU .n+1 L
oo n+l o n+1l °n
¢ (xsa' 1,3 )
= 1im sup n am- 0
nee n
we have
0 (x,3_,+,3.)
’ - R n*n+l’"n
(117.21)  1im sup ¢(x,an+1,an) = 1im sup 3
Moo N n

Therefore 1im sup ¢(x,an+1,an) and lim sup ¢(x,-an,-an+l) are
neo (g

functions of Baire class o+2, and

(x)

Fe(x) = max (11:#:up *(x,3,1,3,), 1ig¢:up ®(x,=a,,"a,,,)).50 F

I
L
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is a function of Baire class a+2.
The following lemma shows that when E is a continuous system

of paths and F € By the functions ¢ (x,a a ) and ¥, (x,a ,q,3.)

n+1l’

are in .
B,

Lemma 12: Let F be a function of Baire class one defined on
(0,1], E = {Ex: x € [0,1]} be a bilateral éontinuous system of
paths and {a };_, be the sequence of lemma 6. Then for each
natural number n the functions

¢(x,an#l,an) = sup{F(t): t € Ex N [x*an*l,x+an]}

and w(x,an,an*l) = inf{F(t): t € Ex N [x-an,x-an*l]} are func-

tions of Baire class two.

Proof: Let r € R. Then

n+l’X+an]’

x+an] ¢ {t: F{t) < r}} and

{x: ¢(x,an+1,an) ; r} = {x: for t € Ex 0 [x+a

F(t) < r} = {x: Ex N [x+an+l,

{x: w(x,an,an+1) >r}={x: fort€ EX n [x-an,x-an+l],
F(t) > r} = {x: E. N [x-an,x-an+1] c {t: F(t) > r}}.

Since F € B the sets {t: F(t) < r} and {t: F(t) > r} are

1!
-]

sets of type GG' Let {t: F(t) <r} = N 0n and {t: F(t) > r} =
n=1

[~
M Gk where for each n the sets 0n and Gn are open. We, show
k=1
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that for every open set On’ the set {x: Ex M [x+a x+an] C On}

n+l’

~

is open. Let {zk}?zl c {x: (EX n [x+an+1,x*an]) <03 . Then for

each k there is a t € Ezk N [zk+an+l,zk+anj and t £ On. Let

Tim zk = zO and 1im tk = to.

k= k=
Since E = {Ex: x € [0,1]} is a continuous system of paths and

0n is open,we have t, € Ezo N [z°+a

h_,,].’,zo*-an] and t £ 0, . Hence
z, € {x: (Ex n [x*an*l,x+an]) < On} implies that the set

{x: (Ex n [x*an+l'X+anJ)) c On} is an open set. Similarly the

set {x: (Ex n [x-an,x-an¢1]) c Gk} is an open set. So

-]
{X: Q(X,an.,.l,an) s T‘} = {X: (Ex n [X"'an*l,X'Fan]) [« n Om}
m=1
m .
= m;& {x: (Ex n [x+an¢1,x+an]) < Om} is a G‘5 set. Also
®
{x: w(x,a ,a ) 2 r} = {x: (E N [x-a ,x-a ;1) - kgl G}
-]

= N {x: (E N [x-a_,x=a_,,]) < G ] is a G, set. Therefore the
=1 X n n+l k -6

functions o(x,a an) and w(x,an,an+1) are functions of Baire

n+l’

class two.
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Corollary 13: Let E = {Ex: x € [0,1]} be a bilateral continuous

system of paths and F a function of Baire class one defined on [0,1].

ﬁ“ . . .
If {an’n=1 1s a positive sequence such that it decreases to zero,
a

. “n+l ‘
llz - = 1 and for all x,Exﬂ[x A, X ¥ an] ED,
Exn[x -a, x-a ] #0. Then ?E(x) is a function.of Baire class four.

Proof: By Lemma 12 the funct1?ns ¢n(x,an+],an) =

o(x,a an)-F(x) and mn(x,a an) = w(x,an+1,an)-F§x) are func-

n+l’ n+1’

tions of Baire class two. Thus by Theorem 11 ?é(x) is a function
of Baire class four.

Even for a continuous system of paths, the extreme path der-
jvatives. of a function in Baire class two are not necessarily
Borel functions. M. Laczkovich in [ 6] showed that there exists a
function in Baire class two and a ciosed set P having zero as a
point of accumulation so that the congruent extreme derivative of

F(x) is not a Borel measurable function.

Lemma  14: There is a Borel set A, and a perfect set P such

that {x: x + P ¢ A} is not Borel.

0 or 1} and

Proof:  Let F ;

1b2b3...: bi = 2 or 4}.

{0. 313,35, ..1 3,
P

{0. b

If =
X1%Yq Xo%Y s, xl,apd Xy elements of F, ¥y and y, are elements

of P, then X = leand Yy = Y,
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So there exists a Gé set G < FxP s?ch that the set
C={x:3Jy with (x,y) € G} is not a Borel set. Let
A= {x+y: x € F, y € PX\{(x+y): (x,y) € G}. The set
{x+y: x € F, y € P} is a closed set and the set {x+y: (x,y) € G} = B
is a G‘5 set since ¢(x,y) = x + y is a one-one and con-
tinuous function on FxP, hence ¢ is a homeomorphism and B = ¢(G)-

So A is an Fo set. The set

{x: x*P ¢ A} NF={x€EF: Yy EP, 'x+y€ A}

{x €F: Yy €EP, (x,y) G} =FRC

which is not a Borel set. Hence {x: x+P ¢ A} is not a Borel set.

Example 15: There is a function F € B2 énd a perfect set P with

0 € P so that the congruent extreme derivative of F with respect to

P, i.e. ?b(x) is not a Borel function.

i = Oor1l}, P= {o.b1b2b3...: bi

= 2 or 4 }, A be an.analytic subset of F which is not a Borel set, .

Proof: Let F = {O.ala2a3...: a.

{yn}:=l be a sequence in P so that lim Yn = 0, and (yn+1,yn) n P

# g for all natural number n. For each n € N choose a set

Un CF x [yn+1’yn3 which is a G6 set and
®
A= {x: (x,y) EU}. LetU= U U_. Since all
n =1 N
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the sets U are disjoint, U is a GG set. Let B = {(x+y): x € F, y-€ P
and (x,y) £ U}. Then the set B is an Fy set. So the function F(x) =
-XB(x) is a function of Baire class two. If x € F\A, then for each

h ¢ P we have (x,h) £ U. Thus x + h € B, and (x,0) £ U, so x € B and

Fp(x) = lim sup ES_":.:‘_ELEZ = 1im sup -r]:-l = 0.

h=0 0
h€P hEP
If x € A, then ‘there exists a seqguence {zn}°'_':=1 ¢ P so that

(x,zn) € U for all n € N, and lim z = 0. Therefore x + z, g B for

all n € N. In this case

F(x*zn)-F(x)

Fp(x) = Tim sup EXTITFCO) 5 4 - > i Els e
0 n-e n ) n
h€P
So Fh(x) = +
0 if x € F\A
Hence we have ?5(x) = which is not a Borel measurable
4o if x € A
function.

As we show in the following theorem the extreme path

derivatives of a Borel function with respect to a
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continuous system of paths are always a measurable function.

Theorem 16: If E = {E : x € [0,1]} is a continuous system of

X

paths and F(x) is a Borel measurable function defined on [0,1]. Then
?é(x) is a Lebesgue measurable function.

@
n=
Define Fn(x) = sup {[F(y)=F(x)1}/(y=x): y € Ex n ([x+an+1,x+an]U

Proof: Let {an} 1 be the sequence ds in Lemma 6 and r € R.

[x-a,,x-a 1)}, For simplicity let I.(x)=E 0 ([x+a q,x+a Ju

X
[x-an,x-an+1])}. The set {x: Fn(x) > r} = {x: sup {[F(y)=F(x)1/
(y=x): y € In(x)} > r} = {x: 3 Yo € In(x) so that [F(yo)-F(x)]/

(ygox) > r} = Pl(A) where

A= (o) B 5y 0 U x x 000

x€[0,1)
The set B = U ({x} x In(x)) is a closed set in RZ since if
x€[0,1]
z, = (xm,ym)'e B, and 1im . =2, = (xo,yo), Yn € In(xm) =
oo .
Exm n ([xm+an+l,xm+anJU[xm-an,xm-an+1]) and ;i: ym = Yy

lim x_ = x_. Since E = {E_: x € [0,1]} is a continuous system of
mw M 0 X

paths Yo € In(xo), z, = (xo,yo) € B. Since F is a Borel
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F(y)-F(x

VX > r} is a Borel

measurable function, the set {(x,y):

measurable set. Thus the set A is a Borel measurable set. There-
fore {x: Fﬁ(x) > r} is an analytic set, and hence is a measurable set.
Therefore Fn(x) is a measurable function and ?é(x) = 1im sup Fn(x)

N
must be a measurable function.

We now briefly discuss the Borel measurability (measurability)
of path derivatives. Let E = {Ex: x € [0,1]} be a system of paths,
and {an} be a positive decreasing sequence such that E N

[[x-an,x-an+1] U [x+an+1,x+an]] # P for all x. When F is a Borel

measurable function, finding a Borel measurable selection for the
family of sets {Ex n [[x-an,x-an+1] U [x+an+],x+an]]: x € [0,1]}

guarantees the Borel measurability of Fé.

The following lemma shows that we are able to find an upper

semi continuous selection when the system of paths is continuous.
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Lemma 17: Let £ = {Ex: x € [0,1]} be a continuous system of
paths and let {an}:=1 be the sequence as in lemma 6.

Then for every natural number n the family {Ex n ((X+an+l’X+an-l)U
(x-gn_l,x-an*l)), x € [0,1]} has an upper semi continuous selec-

tion.

Proof: Let Pn(x) = sup{Ex N ((x+an*l,x+an-l)U(x-an_l,x-an+l))},
we show that P _(x) is an U.S.C. function. There are two possibil-
ities:

(1) Pp(x) € E, N ({x+a, 4, x+a__)U(x-a_;,x-a_.4));

(2) P (x) € {x+a _y, x-2 4}

If case 1 happens, let 0 < g €< %min{lx+an_l-Pn(x)|, IPn(x) - x -

31l an(x) TxXT e 'Pn(x) - X +an+1|}'

Since E is a continuous system of paths, there exists a

positive y < ¢ so that dH(EZ,EX) < g, when |z=-x | < y. Since Ex is
a closed subset of the real line, Pn(x) € E, and for all z so that
fz=x | < y, there exist a t, € E (P (x)- &, P (x) + ¢) ¢

E, n ((z+a qy,zva_U(z=a 5,273 1)), So P (x) = & <t < Pn‘(z).

243



Hence for all z so that Iz-xl < y we have Pn(x) < Pn(z) + &. Then
Pn(x) < lim inf Pn(z). So Pn(x) is an upper semi continuous func-
Z+X

tion. Suppose Pn(x) € {x+an_],x-a }, we treat the case Pn(x) =

n+l

x+a . q. If Pn(x) =X+ g,

. @ .
there is a sequence {qm}m=l c Ex N (x+a x+an_l) so that lim A

n+l’
= x*a For ¢ > 0 choose ng SO large such that X*a 1~ qno <
min (¢, %(an’an+l)). Then for O<e'<min (g, %(x*-an_l-qn )), there
is a positive y < &' such that dH(Ez,Ex) < g when.l z-x | < Y.
Since q, € Ex, for all z such that |z-x |< y there exists
at, € Ez n (:;o - s',qno +e') ¢ EZ n (z+an_1,z+an+1)
so P(z) 2t >2q ~-¢&' 2 qno e x*va =P (x).

0
Hence lim inf Pn(z) > Pn(x).
Z+X

So Pn(x) is an upper semi continuous function.
Theorem 18- Let E = {Ex: x € [0,1]} be a continuous system of
paths, F bea function of Borel class o (measurable function) and suppose

Fé(x) exist everywhere. Then Fé(x) is a function of semi Borel

a+l, hence it is a function of Borel class a+2 (measurable function).

Proof: Pn(x) = sup {Ex N ((x*an+1, x+an_l)U(x-an_l,x-an+l))} is

an upper semi continuous function and Pn(x) 3 Ex for all n.

244



F)-F(x) .. F(PL(x))=F(x)

Fi(x) = lim - = 1im -
E yox y=X ow (X)X
y€Ex
Since Pn(x) - x> 3,41 OF Pn(x) T x <Ay, Pn(x) - x # 0 and
F(P(x))=F(x) |
the function 5 is a function of Borel class o+l
n(x)-x

(measurable) and therefore Fp € B _,.
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