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A CONCEPT OF DIFFERENTIAL BASED ON VARIATIONAL

EQUIVALENCE UNDER GENERALIZED RIEMANN INTEGRATION

For appropriate types of integral the variational equivalence S~T of
two objects of integration S,T is the relation [|S-T| = 0. Ko]mogofov [11]
introduced such a notion, aptly called "differential equivalence," for set
functions. He discussed its basic properties and even noted the differential
invariance of Lipschitz functions. Variational equivalence has been used in
the development of the generalized Riemann integral [6], [7], [8]. It is
essential for the definition of the variational integral. But we contend it
has a more important role to play. If S~T and S is integrable then so
is T and moreover [S = [T. Tﬁus the ultimate object of integration in not
S itself but the equivalence class o = [S] to which S belongs. Our con-
tention here is that these equivalence classes provide a viable mathematical
formulation for a coﬁcept of differential. Differentials defined in this way
greatly facilitate the study of the integral and afford easy access to its
applications. We gain a rigorous foundation for a calculus of differentials
that includes differentials of discontinuous functions.

In ﬁhis survey we explore the feasibility of integrational definition of
differential by applying it to the exposition of a specific type of integral.
We use a modification of Kurzweil's generalized Riemann integral [8]. Where
Kurzweil allows the tag for a cell to be any point in the cell we demand that
the tag be a vertex of the cell. The differentials induced by this integral
have many desirable properities. A suitable subclass of them conforms to the

classical formulas of differential calculus. Our differentials yield elegant
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formulations for arc length in an arbitrary norm. They offer some new con-
cepts that should prove useful for analysis.

Hopefully this survey will motijvate analysts to study differentials
induced by this and other types of integrals [9]. Such studies could yield

new perspectives on differentials in their various manifestations.

We shall define m~differentials on an n-cell K (a product of n closed
intervals) and more generally on an n-figure (a finite union of n-cg11s).

The m-differentials on K form a Riesz (lattice-ordered, linear) space on
which all 1-functions on K act a§ multipliers. If || || 1is any norm on
MM and o 1is an m~differential on K then ||o|| is a 1-differential on
K. Every m=differential o on K has a lower and upper integral with
values in [-=, «]M ¢ 1is integrable whenever these are equal and finite.
Every m=function x = (x1,...,Xy) on K has an integrable m-differential

dx = (dxy,...,dxp) with [k dx = Ax(K) where A 1is the operator product of
the partial difference operators in each coordinate across K. The differen-
tial |dx| = (]dxy|,...,|dxg]) is integrable whenever x is of bounded var-
iation, that is, whenever the 1-differential ||dx||; = |dx1| + ...+ |dxp]

is integrable on K. For x of unbounded variation [g ||dx|]1 = =. Every
integrable m-differen;ial on K'is the differential dx of some m-function x
on K. Under mild restrictions which always hold in classical applications we
get the chain rule formulas and the existence of various products of differ-
entials.

For the generalized Riemann integral [8], [12], and especially [17] are
helpful. But none of.these is essential here. An exposition of 1-differen-
tials on 1-cells along the lines developed here is given in [16]. An exten-
sive bibliography for the generalized Riemann integral can be found in [19].
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For basic facts about Riesz spaces see [5]. ANe use only standard analysis
here. A nonstandard approach to the generalized Riemann integral can be
found in [1].

1. PRELIMINARY DEFINITIONS. Let MN be the set of all positive integers, R
the set of all real numbers, and MRy the set of all t > 0 in R. An m-func-
tion is any mapping into R™. For a = (aj,...,ap) and b = (by,...sbp) in

RN define a < b (a <b) to be aj < bj (respectively aj < bj) for i =

l,...,n. Given a <b define the n-cell [a,b] to be the set of all t in
RN such that a < t < b. Since [a,b] 1is just the cartesian product of the
1-cells [aj, bj], t 1is interior to [a,b] if and only if a <t <b. A
point t in RM is a vertex of [a,b] if tj is an endpoint of [aj,bj]
for i =1,...,n. A tagged n-cell (I,t) is an n-cell I with selected
vertex t. An n-figure F is a nonvoid union of finitely many n-cells in
RN, Two n-figures overlap if their intersection contﬁins an n-cell. A
finite set of n-cells Eartitions (is a partition of ) their union F if no
two of them overlap. A division 7 of an n-figure F 1is a finite set of
tagged n-cells which partition F. A gauge on F is a function & on F
into R4. A tagged n-cell (I,t) is §-fine if I is contained in the
Euclidean ball of radius &(t) about t. A §-division is a division whose
members are §-fine. For any gauge § on an n-cell K the existence of a
§=division of K «can be proved by induction on n using a Heine-Borel argu-
ment [17]. Thus, since every n-figure F can be partitioned into n-cells,
every 6-division of an n-figure contained in F can be extended to a §-divi-
sion of F.

An m-summant S on an n-figure F is an m-function S(I,t) on the set
of all tagged n-cells (I,t) in F. For such S ‘each division & of F
yields a Riemann sum £(S,#), the sum of S(I,t) over all (I,t) in &
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S is integrable with integral [S=cinR"™ if given € 1in R4 there exists
a gauge & on F such that in the Euclidean norm ||c-2(S,5#)|| < e for
every §-division J of F. A necessary and sufficient condition for S to
be integrable is the Cauchy criterion: given e in R4+ there exists a
gauge & on F such that IIZ(S,in) - Z(S,3€z)ll < ¢ for all &-divisions
5?3 and u;z of F. The function space $p of all m-summants on F is a
Riesz space. The integrable m-summants form a linear subspace Iy of $p
on which the integral acts as a positive linear m-function. But Iy is not
a Riesz space. It fails to be a lattice because integrability of S = (Sp,
««.»5m) does not imply integrability of |S| = (|S1]|,...,|Sm|) although
it does imply (See THEOREM 4) that [|S| exists in [0,»]". S 1is absolutely
integrable if both S and |S| are integrable. Clearly S 1is integrable
if and only if all its component l1-summants Si,...,Sm are.

For S an m=-summant on F define the. Tower and upper integrals to be
the lower and upper limits in [==,«]™ of the §iemann sums of S, Explicit-
ly for each gauge & on F define £(S,8) to be the infimum in [-=,=]M,
T(S,8) the supremum, of all sums ZI(S,¥) with‘ ¥ any §-division of F.

su -
Define the lower integral [S = Gp I(S,8) and the upper integral [s = 1gf

T(S,8) where & runs through all gauges on F. For S = (S1,...,Sm) we
clearly have '£S = ([Sl,...,LSm) and'TS = (TSl}...,me). S 1is integrable if
and only if its lower and upper integrals are equal and finite. Moreover,
/S = lS = TS for S integrable. By extension we use this to define [S in
[-=,=]" whenever [S = Is .

A cell summant is a summant S(I,t) = S(I) whose values are independent

of the tag t. Similarly a tag summant T(L,t) = T(t) depends only on the -
tag t.
2. DIFFERENTIALS. Hereafter F will always be an n-figure. In the Riesz
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space $p of all m-summants on F those S for which [|S| =0 forma
Riesz ideal Zp. That is, Zp 1is a linear subspace of &y which is 32119:

If Sedp TelZp and |S| < |T| then S € Zp. Thus Dp = $p/fy is a
Riesz space with the linear and lattice operations transferred homomorphical-

ly from 35 to Dp. We define an m-differential o on F to be any element of

Dp. Explicitly o is an equivalence class [S] of m-summants on F under
the equivalence S ~ T defined by [IS=T| =0. S~T if and only if

Sj ~Tj for i =1,...,m. So o = [S] has 1-differential components o; = [S;]
for S = (S1,...,Sy). We express this as ¢ = (o1,...,0p). For m-differen-
tials p = [R] and ¢ = [S] on F the homomorphism gives p+s = [R + S], co =
[s*1,

ag

[cS] for any scalar ¢, |a| = [|S|], pac = [RAS], pva = [RVS], ot

n

and ¢~ = [S7]. It is useful to transfer the differential ordering »
defined by (p - o)t = 0 to representative summants. So define R <S to
be f(R -S)*=0. Then R~S if and only if both R < Sand S < R. It is
easy to see that R < S implies [R < [S and [R<[S. So R~S implies
IR = {S and TR = fs. Thus we can effectively define the lower and upper
integrals of any differential o = [S] by {a = £S and Ta = fs. Define [o =

£° = [0 whenever the lower and upper integrals are equal. Call ¢ inte-

grable (absolutely integrable) whenever S is so, respectively. Define
n(e) = || Tlol 11 = 2121 flaiI for every m-differential o = (01,...,0y) on
F; n has all the properties of a Riesz norm (a norm such that m(p) < m(o)
whenever |p| < |o|) on Dy except that it is improper: m(c) = = for some
og. Indeed, Dp being nonarchimedean admits no proper Riesz norm. Scalar
multipliers have discontinuities.

Let Z be mapping of &y into $§¢ for which there exists ¢ in R4+ such
that || (Z(S) - Z(T)) (I,t)]|1 < ¢|[(S = T )}(I,t)||1 for al1 S, T in 8 and
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all tagged n-cells (I,t) in F. Under this Lipschitz condition Z transfers
homomorphically to a mapping of DmAinto Dk effectively defined by (o) =
(Z(S)] for o = [S]. Later it will be clear that this is effective even if ¢
is a positive 1-function on F.

Every Lipschitz k-function f on Ry induces a transferable mapping Z
defined by Z(S)(I,t) = f(S(I,t)). We can apply this to any norm f(r) =
[Ir]] onRM to get a 1-differential ||o|| = []||S||] for every m~differen-
tial o = [S]. Clearly |[|o|| =0 if and only if ¢ =0. Also |[|o|]| > O,
[lo + || < |lol] + |Iz[|, and ||ca|| = |¢| ||o|| for m=differentials o,t
on F and scalar c.

3. INTEGRABLE DIFFERENTIALS. A coordinate hyperplane H in R cuts an
n-cell K if H dintersects the interior of K (thereby partitioning K into
two. abutting n-cells). Our first theorem exploits the restriction of tags to

the vertices of cells.

THEOREM 1. Given a partition P of F there exists a gauge & on F such

that every §-division of F refines .

PF. Let Hj,...,Hx be all the coordinate hyperplanes which pass through any
vertices of n-cells belonging to #. An n-cell in F “which is not cdt by
any Hj must be contained in some member of “P. Take & on F fine enough
so that &(t) 1s less than the distance from t to each Hj that does not
contain t. Consider any é-fine (I,t) in F. Since t 1is a vertex of I
no coordinate hyperplane through t cuts I. By our choice of & no Hj
which avoids t can cut I. So no Hj cuts I:

Hereafter we shall use [fF in place of [ wherever the figure over

which we are integrating may be amibiguous.
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THEOREM 2. Let o be an m~differential on the union C of two non-over-
lapping n-figures A,B. Then LC" = LA o + .f.B cand [co=fpo+ [go
ignoring the indeterminate form = - », If o 1is integrable on both A and

B then o is integrable on C and [gc o = [p o+ [g o.

PF. Let A, partition A and“B, partition B. Then<C, =A U8B, partitions
C. By THEOREM 1 there exists a gauge & on C such that every §-division <
of C refines C,. Thus € 1is the union of §-divisions A of A and B of
B. So I(S,C) ==z(SpA) + Z(S;B) for any summant S. Since é6-fine A8 may

be chosen independently to form such ‘C we have THEOREM 2,

THEQREM 3. Let o be an integrable m-differential on F. Let S e o.
Then S is uniformly integrable on all n-figures E contained in F. Spe-
cifically if & 1is a gauge on F such that

(1) ||2(S,®) = [F a|| < € for every &-division F of F

then for every n-figure E contained in F

(2) ]]z(S,B) - [g a|| < € for every &-division & of E.

PF. Let the n-figure D be the closure of F\E. Given € in R4 take a
gauge § on F so that (1) holds. Take any G-divfsion D of D. Given s&-
divisions £1,€, of £ let F; =0 U & for 1 =1,2. Each F; is a s-
division of F. So ||Z(S, &1) - (S, &) = ||2(5,F1) - £(S,F2) || < 2¢
by (1). The Cauchy criterion for integrability of S on E is thus §at1’s-
fied. So ¢ is integrable on E. For g - glvand ya}ol THEOREM 2 and
(1) imply ||2(S, &) = [g of| = ||2(S,&) - £(S,&) + [p o - [F o]]| <
[12(5,) = [r o|| + ||fpo - (S, D)]|| <€+ [|fpo-z(S,D)]]|. Tdking &

fine enough we can force the last norm towards 0 giving (2).
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Call a summant S on F additive if S is a cell summant such that
S(K) = £(S,?) for every n-cell K in F and partition < of K. It suffices
for this to hold for all two-member partitions since every partition has a

refinement formed by finitely many cuts with coordinate hyperplanes.

THEOREM 4. Let o be an integrable m-differential on F. Define the
additive summant S on F by

(3) S(1) = [1 ¢ for every n-cell I contained in F.

Then S e o. For [| || any norm on RM, [g |]o|| exists in [0,=] and
4)  [rllo]] = igp £(||S||®) over n-cell partitions * of F.
Similarly [f |o] = igp £(|S], #) in [0,=]M,

PF. Existence and additivity of S follow from THEOREM 3 and THEOREM 2.
Let S e a. Given ¢ in R4 take a gauge § on F such that (l) holds for
|| |I1. Given any 6-division > of Fand 1< i <m let &; consist of all
members of JF at which Si > g}. Let Ej be the union of the cells from
€. For each 1, T((S{ - 3%, ) = £(51 - 84, &) = £(s4, E1) - fe o1
< |lz(s, €5) - fe,ol11 < & by THEOREM 2 and THEOREM 3. Summing over i we
get ||T((s-8)*, F)||1 <-me. So ||z(|S-S|,F)||1 < 2me for every s-
division F of F. Hence §'~ S. SoSeao. Since ||§||’ is subadditive
t(]]S]]P) < 2(||§|i,‘0) for «Q a refinement of . Given a partition <
of F choose & by THEOREM 1. Then £(||§||;P) < £(||§||, F) for every
s-division F of F. This gives (4). Apply (4) to each component i of o
to prove the final statement in THEOREM 4, (The statement that Seco isa
differential formulation of Henstock's Lemma.)
Using additive summants one can easily see that the integrable m-differ-

entials on F form a complete topological group under addition and the im-
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proper norm m(o) = [¢ ||o]]|1.

Let us characterize the ordering for integrable differentials.

THEOREM 5. Let o be an integrable m-differential on F. Then ¢ > 0

0 if and only

if and only if [ o > 0 for every n-cell I in F. So o

if [{ o =0 for every n-cell I in F.

PF. Given o >0 let Seco. Then St eot=0. So [; [1 st > 0.

Q
[]

Conversely if [; o > 0 for all I then T50 by (3). Seo by THEOREM
4, S0 S =S*tec o*, Hence o =t > 0.

A regular closed set A is the closure U of an open set U, in par-

ticular the closure of the interior A" of A. The reqular closed subsets
of a regular closed set C form a boolean algebra R(C) with lattice oper-
ations AVB = AUB, AAB = (ANBJ)°, and A~ = C\A. The n-figures contained
in an n-cell K = [a,b] form a boolean subalgebra <+(K) of “R(K). Let us
review some facts [15].

Let (-=,t] consist of all s in RM with s < t. The set of all
(-=,t] with t in K forms a meet-semilattice B(K) which is a basis for
the boolean subaléebra A(K) of R(-=,b] that it generates. That is, every
m-function S(-=,t] on “B(K) has a unique extension to an additive m-func-
tion S on A(K), S(AUB) = S(A) + S(B) for nonoverlapping A,B in.A(K).
Moreover ¥(K) is contained in WA(K). For I = [q,r] an n-cell in K the

extension is prescribed by the inclusion-exclusion formula

(5) s(1) = ¢ (-nMLY)

teV

S(-“,t]

where V is the set of all 2N vertices of I and M(I,t) 1is the number

of coordinates of t for which ti = gij. Given an m-function x on K we
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can set S(-=,t] = x(t) in (5) to define an additive m-summant Ax on K

by
(6) ax(I) = ¢ (-1)MU(I,t) x(¢t).
teV

Given h in RM let h(i) be the point in MM with i-th coordinate h;
and all other coordinates 0. Define the shift operator E; by (Ejx) (t) =
x(t + h(i)). Let 4Aj = Ej - 1 where 1 is the identity operator. Since Ej,
...,Ep commute the sum in (6) is the expansion of Aj...4p = (Ep = 1)...

(Eq - l).acting on x(t) at t=q with h =r-q. (This formula ;ives an
alternate proof of the additivity of Ax.)

Define the m—differential dx on K by
(7) dx = [ax].

The operator A in (6) maps m-functions linearly into m~summants. So d.
maps m-functions linearly into m-differentials. d maps‘constant functions
into 0.

Hereafter we may revert to the notation [0 for [[; p]. We also de-
fine fab c=0 for o any differential on an n-cell containing a,b if

[a,b] 1is degenerate, a < b but a { b.

THEOREM 6. An m-differential o on F is integrable if and only if o =
dx for some m=function x on F. Aax(I) = [1 dx for every m-function x

on F and every n-cell I contained in F.

PF. Let o be integrable on F. By THEOREM 2 and THEOREM 3 we need only

consider the case where F is an n-cell [a,b]. Define x by
(8) x(t) = a3t for ac<t<b
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which exists by THEOREM 3. «x(t) = S[a,t] for a <t<b by (8), (3). So
ax =S by (5),(6). Hence dx = o by THEOREM 4. The rest of THEOREM 6 fol-
lows trivially from (7) since ax is additive.

Let x be an m=function on an n-cell K = [a,b] with |dx| integra-
ble. By THEOREM 6 there exists an m-function v on K with dv = |dx]|,
namely v(t) = [4T |dx|. Let y = (v+x)/2 and z = (v-x)/2 to get the
Jordan decomposition x = y-z with v =y+z, dy = (dx)* and dz = (dx)~.

Using THEOREM 6 and (6) it is an easy exercise to show that given an in-
teérab]e~m-differentia1 o on an n-cell K, a point ¢ in K, and an m-
function w on the set L of all t in K such that tj = ¢j for some
i, there is a unique m=function x on K such that dx = o and x(t) =
w(t) for all t in L.

Every 1-function z on F defines a multiplication operator on 385 by
(28)(I,t) = z(t)S(I,t) for each m-summant S on F. If .z is bounded this
is a Lipschitz operator, so zo = [zS] is defined for o = [S]. This defi-
nition turns out to be effective even if z 1is unbounded. Our next section
will show this.

4, MONOTONE CONVERGENCE. For THEOREM 7 we need two lemmas.

LEMMA A. Let S >0 be a 1-summant on F, Let. a,8 be gauges on F
such that a(t) < 8(t) for all t where S(I,t) > 0 for some n-cell I°

tagged by t. Then "I(S,a) < Z(S,8).

PF. Given an a-division 3 of F 1let 57; consist of all members of F
for which S =0, and Cf; those for which S > 0. Let G be the figure with
division J,. Take any B-division M of G and let F'= FUR. Then
Jf" is-a B-division of .F and I(S,%#) = £(S,F%) < £(S,F3) + £(S, ) =
£(S,*'). So £(S,%#) < T(S,8) for every a-division 7 of -F. Hence
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T(S,a) < T(S,8).

LEMMA B. Let T,T;,T2,...> 0 be 1-summants on F such that given q < 1°-

in R4+ there exists a function r on F into N for which qT(I,t) <

r(t) = <
Ix=1 Tk(I,t) for all tagged n-cells (I,t) in F. Then [T < fxen [Tk.

PF. Given q take r as hypothesized and let Sg(I,t) = Tg(I,t) for k <

r(t), 0 for k > r(t). Then qT < IkeN Sk. So for every gauge & on F
(9) q/T < TkeN L(Sk,6).

Let ¢ be given in R4. Since 0 < Sg < Ty we can choose gauges &g on F

small enough so that

(10) T(Sk,6¢) < [T + /2% for all k in N.

Let 4&(t) be the minimum of §g(t) for k = 1,...,r(t). By LEMMA A

(11) | T(Sk,8) < T(Sk,6k) for all k in N.

By (9),(11),(10) qTT < IgeN ka + ¢, Letting € » 0+ and then q » 1- we
get LEMMA B. |

THEOREM 7. Let S > 0 be an m-summant on F. Let v,vi,v2,...> 0 be:
1-functions on F such that v < Iy vk. Then

(12) VS € Tgen JviS.

If moreover [viS exists for all k in N and v = IygeN vk then

[vS = Zken [vkS.

PF. We may assume m=1 since this case can be applied to each coordinate.
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Apply LEMMA B with T =vS and Ty = vwS to get (12). The final statement

follows from (12) and the trivial reversed inequality for the lower integrals.

THEOREM 8. Let T be an m—summant on F such that T ~ 0. Then yT ~ 0

for every 1-function y on F.

PF. App]y’THEOREM 7 with v =|y|], vw =1, and S = |T| to conclude that
yT ~0 from (12).

For E a subset of F 1let 1lg be the ihdicator of E, lg(t) =1 if
teE, 0 if te F\E. Since indicators are bounded 1go = [1gS] 1is effec-
tively defined for any m-differential o = [S] on F. Call E g-null if

lgo = 0. A condition on the points p of F holds g-everywhere (or for

g-all p) if it holds at every point p in F\E for some o-null E. We
also use this- terminology for any summant S vrepresenting o. By THEOREM 7

a union of countably many o-null sets is o-null.

THEOREM 9. Let T be an msummant and z a 1-function on F. Then

2T ~ 0 1if and only if z = 0 T-everywhere.

PF. For k in N 1let Ay consist of all points in F at which |z| > 1/k.
Let A consist of all points where z X 0. .Then 1lp < Iyen lAk. Since

lAk< klz|, |1AkT| < k|zT|. So zT ~ 0 1implies lAkT ~ 0. Hence (12) in
THEOREM 7 with S = |T|, v = 1a, and Vg = lAk implies 1pT ~ 0. Conversely
IoAT ~ 0 implies 2z1pT ~ O by THEOREM 8, Hence zT ~ 0 since 2zlp = z.

We can now effectiveiy multiply an m-differential o = [S] on F by any

1-function y that is defined o-everywhere on F. In particular y may be
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an extended real-valued function on F that is finite og-everywhere. Define
yg = [uS] where u is any 1-function on F such that u =y g-everywhere,
To show effectiveness let T~ S and v be any 1-function on F with v =y
g-everywhere. Then v = u a-everywhere and |uS = vT| < |(u=v)S| + |v| |S-T|
~ 0 by THEOREM 8 and THEOREM 9. So uS ~ vI. We can now formulate a

monotone convergence theorem.

THEGREM 10, Let o > 0 be an m-differential on F. Let <yy> .be a
sequence of 1-functions de?iﬁéd g-everywhere on F such that 0 < yg < yx+1
o-everywhere, yyo 1is integrable, and [yxo + q in RM. Then yg +y

o-everywhere, where y 1is finite o-everywhere and [yo = q.

PF. We may assume the g-everywhere hypothesis holds everywhere on F. Let A
consist of all points in F at which y ==, Let yg =0 and vy = yg-ygx-1
for all k in N. Then yj = zki1'vk SO rlp < Lgen vk for all r in N

since the series diverges on A. By (12) in THEOREM 7 with v = rlp and

[]
o

S > 0 representing o we find that r[1pS < Ipey [vkS = q. Hence Ipo

since r can be arbitrarily large. Thus for B = F\A, lgo = 0. Let v

]
<

on B and 0 on A. Then v =y o-everywhere, 0 < v <= on F, and

v = Iy Vilg. Also [weS = [vilgS since S ~ 1gS 1implies that vgS ~ vylgS
by THEOREM 8. So THEOREM 7 gives [yo = [vS = Iyen [vk1BS = Zgen [vko = Q.

5. ABSOLUTELY INTEGRABLE DIFFERENTIALS. Given an m-differential ¢ on an n-

cell K call a subset E of K o-measurable if 1lgo is absolutely integra-

ble on K. From our foregoing results it easily follows that the o-measurable
subsets of K form a sigma4r1ng, a-sigma-algebra if o is absolutely
integrable on K. For such o the Borel sets in K are o-measurable, a

result of THEQREM 11.
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THEOREM 11. Let o be an absolutely integrable m-differential on an

n-cell K, Then every n-figure A in K 1is o-measurable and

(13) [k 1ac = limgyp [ ©

where the limit is taken on the filterbase L of all n-figures B in K

whose interiors relative to K contain A.

PF. Considering o+, o- separately we may in effect assume ¢ > 0. Then the
limit in (13) exists as an infimum. Given B in M take a gauge & ‘on K
fine enough so that for every é-fine (I,t): (i) I is disjoint from A if

t is not in A, (ii) I 1is contained in B if t is in A. Let S be the
additive summant representing o. Given any é-division K of K 1Jet D

be the union of those cells in K whose tags lie in A. So Z(lAg;K) = [p .
Also D e by (i) and DEB by (ii). Hence infgemm ch <

z(lAg;K) < [g o which gives (13).

We can now explore the connection between finite Borel measures and pos-
itive integrable 1-differentials. Each such differential induces a measure
and each measure arises in this way. But distinct differentials may induce
the same measure. This occurs because mass distributed on a coordinate hyper-
plane. H by the measure can be apportioned additively by the differential to
the two closed ha]f-spacés which share the boundary H. We shall give a sim-
ple example of this shortly.

Let o > 0 be an integrable 1-differential on K. Let L(o) be the
Riesz space of all 1-functions y on K with yo absolutely integrable. By

our foregoing results o induces a complete Daniell integral o on L(o)

defined by

(14) aly) = fx yo.
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As is well known this coincides with the Lebesgue-Stieltjes integral of vy
against the measure M defined by M(E) =‘;(lg) on the Borel sets Ev con-
tained in K. The Riesz space B of all bounded Borel functions y on K
is a subspace of L(o) in which it is dense under the pseudonorm mn(yc) =

~

[k Iylo . To see that ¢ = t does not imply o

T let K be the 1-cell
(-1,1], o = dx, and t =dv where x =1[g 1] and v = 1(g 1]. Then aly)
= T|.-'(y) = y(0) for every 1-function y on K by (14). But J'ol g=20 and
fol t=1, so o xt. Indeed oAt = 0, o attaching a unit left mass at 0, <

a unit right mass. (Of course there is a one-one correspondence between posi-
tive integrable 1-differentials on an n-cell K and finite measures on the
Stone space of the boolean algebra +(K) of n-figures in K. Each point t
in K yields 2M(t) points in the Stone space where m(t) is the number of
coordinate hyperplanes_through t that cut K.)

Givén a Daniell integral nnA on B there exists a positive integrable 1-
differential o on K such that ;(y) =m(y) for aﬁ y in B. Since m
corresponds to a finite Borel measure M on K defined by M(E) = m(lg) we
can construct ¢ from M. To this end consider any n-cell I = [p,q] con-

*

tained in K = [a,b]. I = Ijx...xI, for Ij = [pj, qj]. Let Ij be Ij if
Pi = aj, I\pj 1f pj > aj. Define 1" = IIx...xI:. Define the cell summant
S on K by S(I) =MM(I*).” Now K* =K and for ® a partition of I the

sets J* with J in # disjointly cover I*. So S 1is an additive 1-sum-
mant on K. Let o = [S]. Then S(I) = [1 o for every n-cell I in K. By
(13) of THEOREM 11 and continuity of M, [ lpo = limgyp S(J) = limgyp M(J¥) =
M(I) since J* is a neighborhood of I whenever J is. That is, ;(11) =

M(I) for every n-cell I in K. So by uniqueness of the Daniell completion

we conclude that ;(y) =m(y) for all y 1in L(o).
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6. TAG-FINITE, TAG-BOUNDED, AND TAG-NULL DIFFERENTIALS. To simplify notation
we denote the singleton [p,p] in RM™ by p. An m-differential o on F
is tag-finite on a subset A of F if m(lpo) <= for all p in A. Equi-

valently there exists an m-function w on F such that
(15) [r 1plo] < w(p) for al1 p in A.

o s tag-bounded on A if (15) holds for some constant m-function w on F.
Clearly every abso]ute1y integrable o is tag-bounded on F. o is tag-null
on A if lpo =0 for all p in A, If o s tag-null on A then o is
tag-bounded on A. o = (01,...,0n) 1is tag-finite, tag-bounded, or tag-null
on A if and only if each o has that property. We apply these terms to S
if they hold for o = [S]. The integral in (15) can be expressed in terms of
a simple limit involving S. For convenience set S(I,t) =0 if I does not
overlap F. For taéged n-cells (I,t) with I = [q,r] 1let 'Nj(t) indicate
ti = rj and define

n :
(16) N(I,t) =T =1 Nj(t) 2077,
This enumerates the vertices of I assigning them the values 0,...,20-1,
Two n-cells I,J with a common vertex t overlap if and only if N(I,t) =
N(J,t). In taking limits of §ummants the convergence .I*p refe;s to all p-
tagged\n-ce11s (I,p) filtered by the neighborhoods of p. The notation N=k
adds the restriction that N(I,p) = k. Let (J,p) be a tagged n-cell in F.
Let k = N(J,p). Since t =p for all sufficiently gauge-fine (I,t) con-

taining »p
(17) [g 1plel = Tim IN__,p [S(I,p)].
=k

So the right side of (17) is independent of the.representative S of o. By
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THEOREM 2 (17) gives

2 2n-1

N=k
recalling that S =0 off F.
THEOREM 12, An m-differential o = [S] on F is tag-null,tag-finite, or

tag-bounded on a subset A of F if and only if Tim [S(I,p)| as I—>p is

respectively 0, finite, or bounded for all p 1in A.

PF. By (18) the inequality (15) implies
(19) Tim ;—p [S(I,p)| <w(p) for all p in A.

Conversely (19) implies by (18) that (15) holds for 2Mw.

Applying THEOREM 12 with S = Ax for an m—function on F we see that x
bounded implies dx tag-bounded on F. If dx 1is tag-finite on F and «x
is bounded on each coordinate hyperp1ane in\ F then x 1is bounded on .F. If
x is continuous at p then dx 1is tag-null at p. The c&hverse holds if
the restriction of x to the coordinate hyperplanes through p 1is continuous
at p.

7. PRODUCTS WITH DIFFERENTIAL FACTORS. For S a tag-finite 1-summant on F

and t = [T] a 1-differential on F define
(20) St = [ST], a 1-differential on F.

To see that (20) is effective let T' ~T. Then |ST - ST!| = |S| |T -T'| ¢
w|T =T'| ~0 by (19) and THEOREM 8. If t is not tag-finite then S' ~ S .
need not imply S't = St. But the implication does hold under tag-finiteness.
For tag-finite-l1-differentials o, on F define the 1-differential

161



(21) ot = [ST] for o =[S] and t = [T] on F.

To verify effectiveness choose w so that (15) holds on F for ¢ and .
If S'~S and T'~T then |ST =S'T'| < |S| |T-T'] + |T"] |S - S"| <
w|T = T'| +w |S -S'| ~0. The products (20), (21) extend by iteration to
arbitrarily many factors as long as the appropriate factors are tag-finite.
Such products are associative and distributive. We can extend (21) to con-
struct multi-linear products of higher dimensional tag-finite differentials on
F  homomorphically from corresponding products of representative summants(e.g.
exterior products). For differentials defined by products the factors often
involve summants that are boosted onto higher dimensional cells from cells of
lower dimension by projection of cartesian products. Specifically consider
the projection of an n-cell JxL onto the g-cell J that takes t = (ti,...,
tqoeestp) to t' = (t1,...,tq). Each tagged n-cell (I,t) in JxL projects
onto a tagged gq-cell (I',t') in J. Each m-summant R on J thereby in-
duces an m-summant S on JxL defined by S(I,t) = R(I',t'). One must take
care not to confuse the m-differential o = [S] on JxL with the m~differen-
tial o = [R] on J. (Indeed there are cases where p = 0 but m(oc) = =,)
Typically let xj bg a bounded 1-function on a 1-cell Kj for i =1,...,n.
Define a 1-function x on K = Kix...xKp by x(t) = xj(t1)...xp(ty) for t =
(t1,...5tp). So ax(I) = Axl(Il)...Axn (In) for aﬁy n-cell I = Iix...xIp

in K where I; 1is the projection of I 1into Kj. The traditional notation
expresses this as dx = dxl...dxn.} But as a product of differentials dx =
01...0n with the 1-differential oj = [S§] on K defined by the boosted
ce]? summant Si(I) = Axi(Ij) on K. Here of 1is determined by dxi but
must not be identified with it. We should use somé such notation as o = dxj.
8. NEGLIGIBLE SETS AND DAMPABLE DIFFERENTIALS. A set “Q of tagged n-cells
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in F is og-negligible for an m=differential o on F if Qo = 0 for Q

the 1-summant on F that indicates “Q. A subset A of F is o-null if and
only if the set of all tagged n-cells in F with tags in A 1is o-negligible.
A damper is a function u on F into R4. A 1-differential o on F is
dampable if uo 1is absolutely integrable for some damper u. An m-differen-
tial is dampable if each component is dampable. An m=-differential o is sum-

mable if mn(oc) <=, ¢ is damper-summable if uoc 1is summable for some damper

u. Equivalently o is‘damper-summab]e if F is the union of countably many
sets E with lgo summable. For ¢ =dx on a l-cell K this resembles the
condition that x be VBGx [18]. But VBGx-functions may be unbounded on K
whereas x must be bounded if dx 1is damper-summable on K. Indeed every
damper-summable differential is tag-finite. There even exist bounded VBG»-
functions whose differentials are not damper-summable (e.g. the indicator of
the rationals in K). If a 1-function y on a l-cell K has finite deri-
vates dy-everywhere then dy is damper-summable. Since dampers need not be
measurable there are some open questions: Is dx dampéb]e if it is damper-
summable, or even if |dx| 1is dampable?

Damper-summable differentials o are a boon to analysis bécause they are
archimedean: If |p| < €|o| for all € in R+ then p = 0. Our next re=
sult exploits this property. It will be used to get differeﬁtiafs from deriv-

atives.

THEOREM 13. Let p = [R] and = = [P] be 1-differentials on F such
that (i) = 1is damper-summable, (ii) given e in R4+ the set of all tagged

n-cells (I,t) in F for which

(22) R(L,t)| > e[P(L,1)]
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is p-negligible. Then p = 0. Condition (ii) is implied by:

(iii) for p=all t in F
(23) R(I,t) = o(P(I,t)) as I—>t in F,

PF. Given ¢ in Ry let Q indicate (22). Then (1-Q)R ~ R since QR ~ O.
Also |(1-Q)R| < €|P|. So |R| < e|P|. That is, |p| < e|n|. By (i) this
implies p = 0 since ¢ 1is arbitrary. Given (iii) let A consist of all t
for which (23) holds. Given e in R4+ choose a gauge & on F such that
(23) gives |R| < €|P| on all &-fine tagged n-cells in F with tags in A,
F\A is p-null by (iii). So the set of all tagged n-cells with tags in F\A
is p-negligible. The set of all tagged n-cells which are not §-fine is ob-
viously p-negligible. Since the union of two p-negligible sets is p-negligi-
ble, (ii) follows from (iii).

Applied to derivatives (iii) is useful only for dim F = 1.
9. THE CHAIN RULE ON 1-CELLS. We shall present two formulations for the
chain rule on 1-cells. Each gives the classical formulas of differential cal-
culus. We denote the inner product in RM by a dot between the two factors.
Following [3] a 1-function f on a neighborhood of x in R™ 1is differenti-
able at x if there exists for x an m-function g on a neighborhood 'V of

0 in RM™ such that g is continuous at O and
(24) f(x+h) - f(x) = g(h)+h for all h in V.

Then g(0) gives the gradient of f at x, g(0) = grad f (x) = (3f/3xy,...,
af/axn)(x). We shall prove THEOREM 14,15 together under the hypothesis (H):
Let x be a continuous m=function on a 1-cell K with dx damper-summable,
f a 1-function on a neighborhood of the curve . x(K) in RM, and y(f) =

f(x(t)) for all t in K.
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THEOREM 14. Given (H) with f differentiable at x(t) except for
countably mny t in K, and y continuous on K, let z(t) = grad f (x(t))

wherever f is differentiable. Then dy = z-dx.

THEOREM 15, Given (H) with f differentiable at x(t) for dy-all t
in K let z(t) = grad f (x(t)) if f 1is differentiable at x(t), and

z(t) = 0 otherwise. Then y is continuous and dy = z-dx.

PF. Let D be the set of all t in K with f differentiable at x(t).
Given t in D set x = x(t) in (24). Given a 1-cell I in K with end-
point t let t+q be the other endpoint. Set h = x(t+g) - x(t) = (sgn q)
ax(I). Then f(x+h) = f(x) = y(t+q) - y(t) = (sgn qlay(I). So (24) multi-
plied through by sgn q gives Ay(I) = g(h)-ax(I). Hence, since g¢(0) =

z(t), ay(I) = z(t)-ax(I) = (g(h)=g(0))-ax(I). Since x 1is continuous h+0

as I+t. Thus, since g is continuous at 0, Ay(I) - z(t)-ax(1) = o(||ax(I)]])
as It in K for all t in D. That is, (23) holds for R = 8y - z-ax and
P =||ax|]|] at all t in D. So we need only show that the complement C of
D in K is p-null for p =dy - z:dx to get THEOREM 14,15 from THEOREM 13.

In THEOREM 14 C 1is countable, hence dx-null and dy-null since x and vy
are continuous. So C “is also z-dy-null. Thus C is p=null.

In THEOREM 15 C 1is dy-null by‘hypothesis. C is z+dx-null since 1gcz = 0
by the definition of z. So C 1is p-null. Since dy = z-dx with x con-
tinuous, y must be continuous because lpdy = z-lpdx =0 for all p in K.

For x a continuous 1-function on a 1-cell K with dx damper-summable
and y = f(x) with f a differentiable 1-function we get the classical
fundamental theorem of calculus, dy = f'(x)dx.

Let u,v be continuous 1-functions on a l-céll K with du,dv damper=-
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summable. Then the 2-function x = (u,v) has the damper-summable differen-
tial dx = (du,dv). For f(x) = uv we have z = grad f = (v,u). So the
chain rule dy = z-dx gives the product rule d(uv) = vdu + udv. If v has
no zeros on K we can apply the chain rule with f(x) = u/v to get d(u/v) =
(vdu = udv)/v2. Note that dy = z-dx concisely formulates the statement that
z-dx 1is integrable on K and aAy(I) = [{ z-dx for every 1-cell I in KX,

10. DERIVATIVES ON 1-CELLS. Let x be a 1-function and y an m=function on

dy Ay (1)
a 1-cell K. Define gy (t) = 1im zx{IT as I+t in K wherever the limit
dy 1im y(t+h)-y(t)

exists. Equivalently gx(t) = hso X[t+h)-x(t) under the restriction that

h § 0 and t+h ¢ K. Existence of this limit requires that ax(I) ¥ 0 for
all sufficiently small 1-cells I 1in K with endpoint t. It does not re-
quire that Ax(I)»0 as I+t. Indeed (dy/d})(t) may exist at some t where
x is discontinuous. Similar definitio&s hold for dy/|dx|, |dy|/dx, and |dy|
/|dx| as the respective limits of Ay/|ax|, |ay|/ax, and |Ay|/|ax|. From our
point of view these derivatives are not quotients of differentials despite the
traditional Leibnitz notation. But with mild restrictions on x there is a

connection between dy/dx = z and dy = z dx. One such restriction involves

“balance". An m-differential o on an n-cell K 1is balanced at p in K

if lpa = 0 whenever [ lpo = 0 for some n-cell I ‘in K with vertex p.
o is balanced if it is balanced at p for all p in K. THEOREM 16 will be
used to get derivatives from differentials on 1-cells. It is restricted to
1-cells because the corona property that gives the Vitéli Covering Theorem for

Borel measures in one dimension fails in higher dimensions [4].

THEOREM 16. Let o,p » 0 be 1-differentials on a 1-cell K such that o is
integrable and balanced, p is tag-finite, and po = 0. Then o 1is tag-null
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g-everywhere.

PF. Let o =[S], p = [R] with S>0,R>0. Given n in N let C be
the set of all p 1in K at which Tim R(I,p) >1/n as I+p in K. We need
only shbw that C is o-null to conclude that R(I,p)*0 o-everywhere as I+p.
Since po =0, lppa =0 so IRS~0 for all p in K. Hence (SR)(I,p)+0
as I»p in K. So for all p in C, lim S(I,p) =0 as I+p in K. Since
g » 0 1is balanced and integrable this imp]ies. o is tag-null on C. Given

e in R4 the inteérabi]ity of o >0 implies the existence of a finite

(possibly empty) subset D of K such that lpo > 0 for all p in D and

(25) Zpek\D [k lpo < .

Since ¢ is tag-null on C but nowhere on D, CND =.8. Take a gauge §

on K small enough so that for every é-division K of K

(26) |Z2(SK) - [g o] <«
and
(27) Z(RS, X) < €.

Let € be the set of all 1-cells I in K disjoint from D with an end-

point. p such that
(28) pecC, (I,p) is é-fine, and R(I,p) > 1/n.

The following version of Vita]f Covering Theorem [4] is now applicable: Let
C be a subset of a 1-cell K. Let « be a set of 1-cells in K such that
given p in C and a neighborhood G of p, p belongs to some member of <
contained in G. Then given an integrable 1-differential o > 0 on K there
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exists a (countable) subset D of € whose members are disjoint and cover

o-all of C. We thus get a o-null set E with 1¢c < lg + Z1¢p l1. Therefore

[k 1co < [k(Z1ep 11 )o = Z1ep [k 119 < Zrep [1 o + Zpex\ [k 1po < Zrep fr o+
¢ by THEOREM 7, (13) in THEOREM 11, and (25). That is,

(29) TK lco < ZLigp [1o+e.

To each member I of D assign a tag p satisfying (28) to get a set € of
tagged 1-cells. By (26) and THEOREM 3 applied to the corresponding partial

sums over D and £

(30) Llep f1 0 € Z(S;E) + ¢ .

By (28) nR>1 on €. So I(S,*€) < nZ(RS,-€) < ne by (27). That is,

(31) £(S, €) < ne.

From (29), (30), (31) we conclude TK lco < (n+¥2)e for all € in Ry4. Hence

lco = 0 since e is arbitrary.

THEQREM 17. Let x be a 1-function on a 1-cell K with |dx| dampable
and balanced. Let y,z be m-functions on K. Let (c) denote the condition
that every dx-null set in K is dy-null. Then (aj) 1is equivalent to (bj)

for i =1,2,3,4:

(a1) dy = z dx, (b1) -dy/dx = z dx-everywhere and (c) holds,

(ap) dy = z|dx]|, (b2) dy/|dx| = z dx-everywhere and (c) holds,
(a3) |dy| = z dx, (b3) |dy|/dx = z dx-everywhere and (c) holds,
(ag) |dy| = z|dx]|, (bg) |dy|/|dx]| = z dx-everywhere and (c) holds.

PF. Given (aj) choose a damper u with u|dx| integrable. Let S = u|ax|
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and o = [S] = u|dx|. Given e in R4y 1let R be the summant that indicates
||ay = zax||; » €S. Then O < €RS < ||ay = zax||1. For o = [R] this is
just 0 < epo < ||dy = zdx|]|] =0 by (aj). So po = 0. By THEOREM 16
R(I,p) =0 ultimately as I+p in K for o-all p. dx has the same null
sets as o. So by the definition of R, IIAy(f) - z(p)ax(I) ||y < eu(p)|ax(I)]
ultimately as I+p for dx-all p. This inequality is just ||(ay/ax)(I) -
z(p)||1 < eu(p). So dy/dx = z dx-everywhere, For A dx-null 1lp dy =

z1p dx = 0 by (ay) giving (c). So (ay) implies (bj). Conversely 1et‘
(Bl)hold. Apply THEOREM 13 with R = ||ay - zax||1 and é = |ax|. Then

p = ||dy - zdx||1 and = = |dx|. The condition (dy/dx)(t) = z(t) implies
(23). So (23) holds dx-everywhere by (bj), hence zdx-everywhere. By (c)
(23) holds dy-everywhere. So (23) hoids (dy=-zdx)-everywhere, hence p-every-
where. That is, (iii) holds in THEOREM 13 which implies p = 0. "So (b1) im-
plies (ay). Similar proofs hold for i = 2,3,4 if we replace Ax by | ax|
(dx by |dx|) and/or ay by |ay|(dy by |dy]).

Since |dx| 1is dampable the condition that it be balanced means just
that at every interior point p of K x is left continuous at p if and
only if x is right continuous at p. Our next result is similar to THEOREM
15 but requires neither continuity of x nor explicit funtional dependence of

y on x.

THEOREM 18. Let x be a 1-function on a 1-cell K with dx damper-
summable. Let y be an m=function on K such that dy/dx exists dy-every-
where. Define z(t) = (dy/dx)(t) wherever the derivative exists, and

z(t) = 0 elsewhere. Then dy = z dx.

PF. Apply THEOREM 13 with R = ||Ay - zAx||; and P =4ax. So p =
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||dy = zdx||i and = = dx. (23) holds at all t where (dy/dx)(t) exists,

hence dy-everywhere. Since z = 0 where the derivative does not exist, dy/dx
exists zdx-everywhere. So (23) holds zdx-everywhere, hence p-everywhere.
Thus THEOREM 13 gives dy = zdx.

As in THEOREM 17 there are variants of THEOREM 18 with dx replaced by
|dx| and/or dy by |dy]|.
11. RADON-NIKODYM DIFFERENTIAL COEFFICIENTS. Let o be an integrable m-dif-
ferential on an n-cell K. For each n-figure .F in K define the projection
OF to be the integrable m-differential [Sg] where Sg is the additive m-
summant defined by Sf(I) = [1nfF ¢ for each n-cell I in K. The integral
over degenerate figures is zero. Application of Bochner's Step Function Den-
sity Theorem [2] to additive summants yields the differential formulation
THEOREM 19. (See THEOREM 9 in [13] with p=1 and THEOREM 1 and section 9 in
[14] which give THEOREM 19 for o > 0. This special case easily extends to

the case of absolutely integrable a.)

THEQREM 19. Let o be an absolutely integrable 1-differential on an n-
cell K. Let V¥V consist of all integrable 1-differentials t on K such

that on n-figures' F in K
(32) [F >0 as [f |a|+0.

Then each t in V is absolutely integrable, V is an (L)-space (a Banach
lattice with norm additive on the positive'cone (10]) under the norm n(t) =
[k |t]. The linear subspace of V generated by the projections oy of o

for all n-cells J in K 1is dense in V wunder the norm topology.

We use this result to prove a Radon-Nikodym theorem for 1-differentials on n-
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THEOREM 20. Let t,0 be dampable 1-differentials on an n-cell K such
that (i) every coordinate hyperplane that cuts K 1is o-null, and (ii) every

o-null subset of K dis t-null. Then =t = zag for some 1-function z on K.

PF. We first treat the case where Tt,0 are absolutely integrable. So weak
absolute continuity (ii) implies strong absolute continuity on Borel sets E

in K,
(33) [k 1glt]*0 as [x lg|o|+0.

Given an n-figure F 1in K 1let E be the interior of F relative to K.

By (i), 1g = 1 o-everywhere. So [F |o| = [fF 1fla| = [F lglo| = [k lg]|o].

A similar result holds for <t by (i),(ii). So (33) gives (32). For every
n-cell I in K, [1 lpo.=[1 1go = [1AF 1o = [1AF 1Fo = [1AF o = SF(I) =
[1 oF. So 1lpo = of by THEOREM 5. In particular oj = ljo. So og belongs
to the closed subspace of V¥V consisting of all absolutely integrable yo
with y a 1-function on K. Thus THEOREM 19 gives THEOREM 20 for o,t abso-
lutely integrable. For the more general case let u,v be dampers with ug,vr
absolutely integrable. Apply the previous case to uo,vr. Since a damper is
nowhere zero o and uc have the same null sets. Similarly so do t and
vt. Thus the hypothesis (i), (ii) for o,t holds as well for wuo,vr yield-

ing the conclusion that vt = zuo for some 2z. So Tt =yo for y = zu/v.

THEOREM 21. Let x be a continuous m-function on an n-cell K with |dx|

dampable. Then every coordinate hyperplane H is dx-null.

PF. We may assume m =1 since this case can be applied to each component of
Xx. Let u be a damper with u|dx| dintegrable. Define v on K =[a,b] by
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t
v(t) = 3 u|dx|. (See (8) and THEOREM 6.) Then dv = uldx| so dv and dx
have the same null sets. Let H consist of all t in K with tj =-c. We
contend H is dv-null. Since x 1is continuous so is v. Given e in R,

take h in Ry so that the uniform continuity of v on K gives

(34) [v(t) = v(s)| <e/2" for all s,t in K such that

|t = s||1 < 2h.

Let the n-cell J consist of all t in K with c-h < tj < c+th. Then
Av(Jd) < 2n-1l(e/2n) < ¢ by (6),(34). Since H is interior to J relative to
K, [k lgdv < [y dv = Av(J) < e. Thus since e is arbitrary we conclude that

14dv = 0,

THEOREM 22. Let x,y be continuous 1-functions on an n-cell K such that
dx,dy are dampable and every dx-null set is dy-null. Then dy =z dx for

some 1-function z on K.

PF. Apply THEOREM 21 and THEOREM 20.
The Radon-Nikodym Theorem is related to the Hahn Decomposition Theorem,

The connection here comes from THEOREM 23.

THEOREM 23. Let p,m > 0 be m-differentials on an n-cell K. Let

X,y > 0 be 1-functions on K. Then (xp) A (ym) < (x Vy)(p A 7).

PF. Let ¢ = (xp) A(yn). Then 0< ¢ < xp. So x >0 ¢-everywhere and

. 1 :
(1/x)¢ < p. Similarly (1/y)¢ < 7. So (WN = (%’\%)4: = (% ¢)A(% $) < pAT,

Multiply through by x vy to get THEOREM 23.
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THEOREM 24. Let o be a dampable 1-differential on an n-cell K in which

every coordinate hyperplane is o-null. Then there are complementary subsets

A,B of K such that 1po~ = lgo* = 0.

PF. Apply THEOREM 20 with t = ot to get ot = zo for some 1-function z
on K. This implies (z2-z)o* = z20=. Apply THEOREM 23 with p=o*, m=0~,
x=|22-z|, y=z2 to conclude from o*o~ = 0 that (z2-z)o* = 220~ = 0. Thus
z = 0,1 o*-everywhere and z=0 o~-everywhere. Let A = z~1(1) and B = K\A.

Apply THEOREM 9 to get THEOREM 24,

THEOREM 25. Let x be a continuous 1-function on an n-cell K with dx
dampable. Then there are complementary subsets A,B of K such that

1p(dx)™ = 1g(dx)* = 0.

PF. Apply THEOREM 21 and THEOREM 24.
12. PRESERVING DAMPABILITY. Given an absolutely integrable m-differential

on an n-cell K call an m=function z on K w-measurable if z-1(B) is a

r-measurable subset of K for every Borel set B in RM, Borel measurable

implies w-measurable.

THEOREM 26. Let o be a damper-summable m-differential on an n-cell K.
Let z be a 1-function on K such that zo 1is integrable. Then zo is
damper-summable. If moreover o 1is dampable by a damper u for which z is

uo-measurable then zo 1is dampable.

PF. Given a damper u with m(uoc) < = define the damper v on K by v =
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u/|z| if z%0, v=1 if z=0. Then v|za| < u|o|. So m(vzo) < m(ug)
< », Thus zo is damper-summable with damper v. Let uoc be absolutely in-
tegrable and z be uoc-measurable. Then (vzo)* = (sgn z)*uoet + (sgn z)~uc~™
and (vzo)™ = (sgn z)~uc* + (sgn z)*uo™ are integrable since each of the four

right-hand terms is integrable. So vzo 1is absolutely integrable.

THEQREM 27. Let x,Y,z be 1-functions on a 1-cell K such that dy =
z dx, |dx| is dampable with damper u, and |dx| is balanced. Then 2z is
u|dx|-measurable. So |dy| 1is dampable and balanced. If moreover dx is

dampable then so is dy.

PF. Since dy = z dx we have 1lp|dy| = |z(p)|lpldx|. So |dy| is balanced
because |dx| 1is balanced. Since |dx| is dampable x can have only count-
ably many points of discontinuity. This conclusion holds also for y since
lpdy = 0 wherever 1lpdx = 0. Let Ip = [t,t + 1/nlJAK for t in K, n in
N. Define zp on K =[a,b] by zp(t) = (ay/ax)(In) if ax(Ip) % 0, zp(t)=
z(b) if ax(Ip) = 0. The 1-functions Ax(In) and ay(Ip) of t have only
countably many discontinuities. So 1z, 1is Borel measurable, hence u|dx|-
measurable. By THEOREM 17 there exist comptementary subsets A,B of K such
that zp,*z on A, and B .is dx-nu11. Since dx and u|dx| have the same |
null sets, B and A are uldxl-measurable.. So 1az and 1lgz are u|dx]|-
measurable. Hence so is z. So |dy| is dampable by THEOREM 26. Given that
u dx 1is absolutely integrable then dy is dampable by THEQOREM 26.

THEOREM 28. Let y be a 1-function on a 1-cell K such that dy/dx
exists and is finite dy-everywhere for some continuous l-function x on KX

whose differential dx is dampable. Then dy 1is dampable.

PF. Apply THEOREM 18 and THEOREM 27.
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