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 Let a, ,b- "be real numbers such that the
 *" k

 b^'s are distinct, X a^b^ k = o for k»0,l,...,r-l and

 21 a^b^r » 1* The; generalized Riemann derivative. (GRD) of

 order r af the real, function f at the point x is;

 defined by

 Ļ <v o
 Drf(x) - Um

 k-»o -J- k /-r!
 Replacing the limit by limsup and liminf , we obtain the

 bilateral upper and lower GRD 's īFf (r) and Drf(x) ,
 respectively. The unilateral GRD' s iPf (x) , erbe* are

 defined by restricting h to be positive or negative.

 Obviously, this notion of derivative depends on the

 choice of the numbers a^, b^. However, it is easy to
 see that if f has a finite ordinary . r derivative,

 th
 or, more generally, a finite; r Peano derivative at x

 then Drf(x) = independently of the choice of

 and b . • These derivatives, which contain the

 symmetric and Riemann-S chwarz derivatives as special

 cases, were investigated by M. Ash in his thesis, and
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 subsequent papers- In. [l' and [¿J Ash poaea several problems
 concerning these d er iva tire a and paints to possible

 applications in multiples trigonometrical series and.

 numerical analysis*

 In this papier we investigate the possible monotonie i ty

 and convexity theorems in terms o.f GRD' s of order 1 and 2.

 The general question for r«l ' is to decide whether the

 condition dV f > 0r for a continuous function f , implies

 the monotonie ity of • £» let f : [a.,bļ~* fi be continuoua.

 We denate by G^" the. union of all open intervals on which

 f is increasing, and put »[a.jbļ'SG^.

 Theorem 1. Let f be continuous on £a,bļ and let D^~

 be an n- term GRD o.f order 1* If Dtf (x) 0 for every

 X £ (sB.,b) then is nawhere dense and fļte) s - oo
 holds on a; residual subset of F^»

 Carabi «TT» Let f be continuoua on and let D^"

 be an n- term GRD of order 1» If D^f ^ 0 and f£
 for every x £ (a,b) then f is increasing»

 Theorem 2» Let D^" be as. three- term GRD of order 1

 with b^ < bj»
 (ai) Suppose either

 b"k ^ 0 ^ b^ ^ b^ and 0 1 ^ 0 1 0 ¡
 or

 bi< t>2<Q < b5 and 0, > 0, a^ <C 0.
 108



 Then there is at no neons tant continuous decreasing function

 f 1 [a,bļ-* IR such that D^f(x)> O for every x £ (a.,b) »

 Cb) In aJLL other cases, if f:£a,tT1-»IR is continuous
 and. D^f * Cx) > 0: for every x <£ (a,b) then f is- increasing» * fr *

 (Por escample?, the system. a^=l, a^®- 2, a^«I, b^=-l,
 b belongs to case (a) and hence there is no

 monotonicity theorem for the ' corresponding GRD D^» On the

 other hand, for the system au^l^a^s- 2, ay*1t b^»-2, b^=-lr

 b^=¡L there is a monotonicity theorem»)

 Now we turn to the convexity theorems. Let f:£a,bļ-»{R
 2

 be continuous» We denote by G J the union of &UL relatively

 O'pen internals on which f is convex and put P^ =£a,bl ' G^»

 Theo-rem ?» Suppose f: ja,bļ-> ÍR is continuous and
 *j' o>

 D is an. arbitr airy n- term GRD of order 2. If D^f (z) > 0
 o

 for every x £ (a,b) then. P^ is nowhere dense»
 2l

 Theorem 4» Let D be an n-tenn. GRD of order 2

 with (f?*l, »»»,n) . Then for every nowhere dense

 closed subset P of neither a noř b an

 isolated point of Pr there exists a continuous* function

 f : [a,bļ-*|R such that D^f (x) > 0 for every x (a,b)
 and P^ = P»

 As the previous theorem shows., the unilateral condition
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 2ì
 Pf > 0 in. general does not imply- the convexity of f.«

 In the next two theorems we investigate the consequences

 o.f this unilateral condition for- three-term derivatives.

 2
 Theorem 5. Let P be ax three-term GRD of. order 2

 with b^^O <C b^. If f : ļa,b1ļ-^ B is continuons- and
 Df (x) > 0 for every x £ (a-,b) then f is convex.
 ■""TT*

 2
 Theorem 6- let P be- a. three- term SRB of order 2

 with b^< 0 b^^L b^» Suppose that "f: [a^bļ-*iR ia
 continuo uar D - ff (x) > 0 for eve ry x £ (a,b) and f is - fr «MH

 not convex. Then there exists a point d £ (a,b) such

 that f is convex in left neighbourhood of d and

 fļ( d) = - oc .
 2

 Corollary» Let D be a three-term ŒRD of order 2

 with. bŁ"C 0 < b2 < "bj* let f : [a,bļ-* p. be continuous
 and suppose that D^f(x) > 0 ^ and 7ļ(r) > -co hold,
 for every x £ (a,b) • Then f is convex.

 Now we turn to the bilateral condition P^ f > 0

 with three-term GRB's. We show that this condition

 implies that has many isolated points, and if the

 b^'s are of the same sign., we cannot say more. On the
 other hand, if b-j_^ 0 < b^ then sometimes we have a.
 oonvexity theorem, • depending on the location of •
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 2>
 Theorem 7- Let D be a three- term GRD of order 2

 and lat f:(a,bļ~»(R be continuous. If D^f(x) > 0 for
 • 2
 earery z £ (ai,b) then. the set of isolated points of F^
 2

 is dense irr F^.
 2

 Theorem. S. Let B be an n- term. GRD of order 2 with

 b^ > 0 (i=l, • * • ,n) • Let F be; a closed subset: of [a-.*1!
 such that neither- a nor b is an isolated point of F

 and. the- set , of isolated points of F is dense in F. Then

 there exists a continuous function, f :ļa.,bļ~» (R. such that
 D^Cz) >■ 0 for every * G (a,b) and « F.

 2?
 Theorem 9» Let D be au three- term GRD of order- 2

 with 0 Suppose that either bgpO or

 _ y ļaļy>il
 b2-iL =s

 If f:[a,bļ-R is continuous and D?f (x) > 0 forero*-
 s £ (av"b) then f is convex*-

 2
 Theorem 10» Let B be a three- term GRD of order 2.

 such that b^ <. 0 < bg ^ "b^ and

 lB-lytJ ia ļybļļ
 T)2-bL

 Let F be an. nowhere dense, closed subset of M such that
 neither a nor b is an isolated point of F and the

 set o.f isolated points of F is dense in F* Then there

 exists a continuous: function f: -* jR such that

 2 ' %
 D f(r) ^ 0 for every x £ (a,b) ' and Ff = F*

 ill



 Our next result answers a question pa s ed by- Łah. in [l~ļ.

 2
 Theorem. 11» Let D "be a three- term. GRD of order 2

 with, 0 If f:£a,bļ-*iR is continuous and
 2

 D^f(x) * O far every x £ (a-,b) then f is linear.
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