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Let a&;,b; (:Lzl,...,n) be real numbers such that the

bi’s are distinct, Zai j =0 for k=0,1,...,r-1 and

ce=1

Z. aibi = 1. The generalized Riemann derivative,L (GRD) of
(=0

order r of the real function £ at the point x is

defined by

Z a, £ 0ex €.1)

‘——'

T = i .

s W7/
Replacing the limit by limsup and liminf, we obtain the
bilateral upper and lower GRD’s D f(x) and ]_ff(x) R
respectively. The unilateral GRD’s ﬁif(x), etc. are
defined by restricting h +tao be positive or negative.
Obviously, this notion of derivative depends on the
cﬁa-ice of the numbers 2, bi. However, it is easy to
see that if £ has a finite ordinary r°2® Qderivative,

or, more generally, a finite =r'l

Peanc derivative at x
then DTE(x) = f(r) (x), independently of the choice of
a5 and bi’ These derivatives, which contain the
symmetric and Riemann-Schwarz derivatives as special

cases, were investigated by M. Ash in his thesis and
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subsequent papers. In [l.\ and [2] Ash poses several problems
concerning these derivatives and points to possible
applications in multiple: trigonometrical series and
mﬁnerical analysis.

In this paper we investigate the possible monotonicity
and convexity theorems in terms of GRD’s of order 1 and 2.
The general question for r=L is to decide whether the
condition D_'H_f _Z 0, for a conﬁ.nuous function £, implies
the monotonicity of - f. Let f:[a,b|>R be contimious.
We denote by G-i.f the union of all aopen intervals on which
f is increasing, and put Py =[a,5]\ Ge

Theorem 1. Let £ be continuous on [a.,b] and let D:L
be an n-term GRD of order l. If D f(x) 20 for every
x & (=2,b) then F]f' is nowhere dense and ;’_,’.__(3:) = = 0O

haelds on a: residual subset of F:Je".

Corcllary. Let £ Dbe continuous on [a.,b] and let Dl

be an n-term GRD of arder l. If ]_)_%f? 0 and ;;_) - oo
for every x & (a,b) then f is increasing.
Theorem 2. Let Dl be a three-term GRD of order 1
(a) Suppose either

| 'bl< 0<b2<b.5 and 2> 0, a, <0, 33> 0,

o
by & by<0 < by and 2,4 0, a,> 0, a5 < 0.
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Then there is & nonconstant continuous decreasing function

f:[a;,b]sla such that Dif(x)z 0 for every x & (a,b).

(b) In all other cases, if f:[a,b|>R is continuous
and ]_)j:f(!)z 0 for every x & (a,b) then £ is increasing.

(For example, the system a,=1, a,=-2, a.5=l, b, =-1,
b,=1, bz=4 belongs to case (a) and hence there is no
monotonicity theorem for the corresponding GRD ]f;. On the
other hand, for the system a.lsl,azs-z ’ a5=l, bls-z, b2=-l,
‘b.5=l there is a monotonicity theorem.)

Now we turm to the canvexity theorems. Let f£:[a,b|-R

be contimious. We denote by G% the uniﬁn of all relatively

o@en. intervals on which £ is coavex and put F% =):a:,b1\ G%.

Theorem 3. Suppase £f: @,bl—»lR is continuous and

. 2
is an arbitrary n-term GRD of order 2. If Df(x) 20

for every x & (a,b) then F% is nowhere dense.

e

2 be an n-term GRD of order 2

Theorem 4. Let D
with b ?__0 (£=1,ee.,n) . Then for every nowhere dense
closed subset F of [a,b] with neither & nor b an
isolated point of F, there exists a continuous function
f:[a.,b]-sm such that Qz*f(x)_)__. 0 for every x & (&,b)

2
and Ff = F.

As the previous theorem shaws, the unilateral condition
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_D_%f =>= 0 in general does not imply the convexity of £.
In the next two theorems we investigate the consequences

of this unilateral condition for three-term derivatives.

Theorem 5. Let ]:1-2 be a. three-term GRD of order 2
with by & by=0 £ by If f£: [2,b]> R 1is contimuous and
ﬁf(x)z 0O for every x &(a,b) then £ is convex.

Thearem 6. Let D° be a three-term GRD of order 2
with bl4 0 < bz< by . Suppose that "f: La,b]-»lR is
continuous, ]_D_if(x) 2 0 for every x € (a,b) and £ is
not convex. Then there exists a point 4 & (a,b) such
that f is convex in a. left neighbourhocd of & and

Corellary. Let D2 be a three-term GRD of arder 2
with ;< 0L by < bg. Let £f: [2,5]» R be continuous
and suppese that D2£(x)> O and TI(x)> -o0 hold

for every x € (z,b). Then £ is convex.

Now we turn to the bilateral comdition D°f 20
with three-term GRD’s. We show that this condition
implies that F% has many isclated points, and if the
b;’s are of the same sign, we cannot say more. On the
other hand, if b}_< Q< by then scmetimes we have a

convexity theorem, depending on the location of hz.
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Theorem 7. Let DZ be: 2 three-=term GRD of order 2
and let 2:[z,b]*R be contimious. If D%f(x) >0 for
every X & (a.;b) then the set of isolated paints of F

is dense in F%.

HN

Theorem 8. Let D2 be: an n~term GRD af order 2 with
biZ 0 (i=l,...,2)e. Let P be a clased subset of [a;,b]
such that neither a noer b is an isolated point of F
and the. set .of isolated points of F is dense in F. Then
there exists a continuous function f:[&.,ﬁ]—»la such that
-]_)_Z)f(z) 20 for every x € (a,b) and F% = F.

Theorem 9. Let D% be a. three-term GRD of arder 2
with by < 0 £b,< bs. Suppose that either b

1a[b,/v,| ,'4' h‘.b:"./bil

by=by = by

It £ [a,b]-)ﬁ is continuous and p_zf(x) > 0 for every

2:=O or

x & (a,b) then £ 1is convex.

Theorem 10. Let D2 be a three-term GRD of order 2
suck that b; L 0< b, 4 b and

1n\b,/b,| S 1n |b5/b,) )

by=dy bs=by
Let F be a nowhere dense closed subset of [_a:,b] such that
neither a nor b is an isolated point of F and the
set of isolated points of | F 1is dense in F. Then there
exists a contimious function £: [2,5]+>R such that

: 2
p%£(x) 2 0 for every x €(=,b)  and Fe = F.
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Our next result answers a question pased by Ash in [l] .

2

Theorem 11, Let D be a three-term GRD of order 2

with b < 0<bz. If £:[2,8|>R is continuous and

Dif(x) =0 for every x & (a,b) then £ is linear,
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