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ITERATES FOR A RESIDUAL CLASS OF FUNCTIONS

The talk was a report of joint work with A. M. Bruckner.

A considerable amount of recent research has been devoted to studying
the iterative behavior of continuous functions mapping an interval into
itself. Much of this work focuses on well-behaved functions; that is
functions that satisfy certain differentiability conditions, are piecewise
monotonic, and possess other properties that ‘help in classifying iterative
behavior.

These well-behaved functions have commonly been used as models for
varijous physical, social and bioTogica] phenomena. In [P] (pg. 100,
Theorem 5.2) one finds that all functions in a certain class that is
sufficiently large to contain.many of the'funétions that appear in
practice, are of one of three types: i) a single periodic orbit attracts
the orbits of most points; ii) a Cantor set attracts the orbits of most
points; iii) there is'sensitive dependence oninitial conditions, i.e.
for each x in the interval there exists e > 0 such that for each
§ > 0, there exists a-natural number n such that |fk(x-6,x+6)] > €
for all k > n. (|J]| denotes the length of the interval J.) Possibility
(1i7) implies very'littie attraction of orbits, but does allow certain
chaotic behavior such as the existence of points whose orbits are dense.
One also finds in the recent literature constructions of continuous
functions that exhibit various sorts of chaotic behavior. See, for

example; [BH], [K], [S].
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Now, in the sense of Baire category, "typical" continuous functions
do not satisfy any of the properties often assumed for well-behaved
functions. (A property of a continuous function is considered typical
if the property is shared by all continuous functions in a residual subset
of the Banach space of continuous functions on a compact interval, with
the sup norm.) It is natural to ask what errors might result if a
well-behaved function were used to model a phenomenon when the true
function describing the phenqmenon is more typical. One is then led to
study the dynamical structure of the iterates of a typical continuous
function.

Our results use the following notation and terminology: Cé denotes
the Banach space of continuous functions which map the interval [0,1]
into itself (with the sup norm). For a given f ¢ CB, the orbit of a
point x € [0,1], denoted O0(x), is the sequence x, f(x), fo f(x), ...

‘We say that the orbit of x is attracted to a set H if H .is
the cluster set of 0(x).

We were able to obtain the following:

Theorem: There exists a residual subset of Cé each of whose members f
has the following properties:

i) To each x in'some residual subset of [0,1] corresponds a

Cantor set H such that the orbit of x is attracted to H.
ii) There are c pairwise disjoint such Cantor sets.
jii) If H s such a Cantor set, then f maps H homeomorphically
onto itself and each x in H has a dense orbit in H.
iv) For each such attracting Cantor set H, the set H* =
{x : the cluster set of the orbit of x 1is contained in H}

is nowhere dense.
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As consequences of this theorem (and its proof) we were able to show:
1) The typical continuous function has no stable periodic point

(a periodic point with an interval of points around it, all of

whose orbits are attracted to the same period). However we were

able to show that periodic points for typical functions do exhibit

a type of stability: in any neighborhood of a periodic point of

period n, there is an interval which is mapped into itself after

n iterates.

2) The typical continuous function has no points whose orbits are dense.
These results contrast with the situation for the well-behaved

functions, which can have stable periodic points or points with dense

orbits.

65



[8]

[86]

(8H]

(o]

[K]

[Lyl

(M]

(P]

(s]

References

A. M. Bruckner, Differentiation of Real Functions, Lecture
Notes in Mathematics 659, Springer, 1978.

and K. Garg, The level structure of a residual set
of continuous functions, Trans. Amer. Math. Soc. 232 (1977),
307-321.

and Thakyin Hu, On scrambled sets for chaotic
functions, Trans. Amer. Math. Soc. (to appear).

Robert Devaney, An Introduction to Chaotic Dynamical Systems,
Benjamin, 1986.

I. Kan, A chaotic function possessing a scrambled set with
positive Lebesgue measure, Proc. Amer. Math. Soc. 92 (1984),
45-49. '

Tien-Yein Li and James Yorke, Period three implies chaos,
Amer. Math. Monthly 82 (1975), 985-932.

Robert May, Simple mathematical models with very complicated
dynamics, Nature 261 (1976), 459-467.

Chris Preston, Iterates of maps on an interval, Lecture Notes
in Mathematics 999, Springer, 1983.

J. Smital, A chaotic function with a scrambled set of positive
Lebesgue measure, Proc. Amer. Math. Soc. 92 (1984), 50-54.

66



	Contents
	p. 63
	p. 64
	p. 65
	p. 66

	Issue Table of Contents
	Real Analysis Exchange, Vol. 12, No. 1 (1986-87) pp. 1-393
	Front Matter
	CONFERENCE ANNOUNCEMENTS [pp. 4-4]
	PROCEEDINGS OF THE TENTH SYMPOSIUM
	THE TENTH SUMMER REAL ANALYSIS SYMPOSIUM JULY 27 - 30, 1986, UNIVERSITY OF BRITISH COLUMBIA [pp. 5-9]
	SOME ASPECTS OF DYNAMICAL BEHAVIOR OF MAPS OF AN INTERVAL [pp. 10-33]
	Recent Developments in Fourier Analysis and Generalized Bounded Variation [pp. 34-41]
	ON THE FUNDAMENTAL THEOREM OF CALCULUS [pp. 42-42]
	EXTREME POINT MULTIFUNCTIONS AND A GENERALIZED RADON-NIKODYM THEOREM [pp. 43-54]
	INTEGRATION IN FUNCTION SPACES [pp. 55-58]
	Generalized Integrals in the Theory of Trigonometric, Haar, and Walsh Series [pp. 59-62]
	ITERATES FOR A RESIDUAL CLASS OF FUNCTIONS [pp. 63-66]
	CHARACTERISTIC FUNCTIONS THAT ARE PRODUCTS OF DERIVATIVES [pp. 67-68]
	CLASSICAL PROBLEMS IN ANALYSIS AND NEW INTEGRALS [pp. 69-84]
	CONCERNING EXTENDABLE CONNECTIVITY FUNCTIONS, A CONTINUATION [pp. 85-93]
	Limits under the integral sign [pp. 94-96]
	Chaotic Behavior and Equicontinuity of Iterates of an Interval Map [pp. 97-99]
	Generalized Riemann Complete Integrals [pp. 100-102]
	Integral inequalities for solutions of some partial differential equations [pp. 103-106]
	Generalized Riemann Derivatives [pp. 107-112]
	CONVERGENCE THEOREMS IN INTEGRATION THEORY [pp. 113-117]
	DERIVATION BASES AND THE HAUSDORFF MEASURE [pp. 118-120]
	Monotonicity and the Approximate Symmetric Derivative [pp. 121-123]
	ON CONVEXITY [pp. 124-125]
	BANACH ALGEBRAS OF FUNCTIONS HAVING GENERALIZED BOUNDED VARIATION [pp. 126-134]
	Generalizations of bounded variation for 1 ≤ p < ∞ and k ≥ 1 [pp. 135-141]
	Functional analysis and generalized integrals [pp. 142-142]

	Letter to those interested in σ-porous sets [pp. 143-143]
	TOPICAL SURVEY
	A CONCEPT OF DIFFERENTIAL BASED ON VARIATIONAL EQUIVALENCE UNDER GENERALIZED RIEMANN INTEGRATION [pp. 144-175]

	RESEARCH ARTICLES
	Perfect level sets in many directions [pp. 176-179]
	A General Approach Leading To Typical Results [pp. 180-204]
	THE SINGULARITY OF EXTREMAL MEASURES [pp. 205-215]
	Borel measurability of extreme path derivatives [pp. 216-246]
	THE LATTICE GENERATED BY DIFFERENTIABLE FUNCTIONS [pp. 247-251]
	ON A RESULT OF S. KUREPA [pp. 252-264]
	D# Derivation Basis and the Lebesgue-Stieltjes Integral [pp. 265-281]
	LENGTHS OF RECTIFIABLE CURVES IN 2-SPACE [pp. 282-293]
	SOME REMARKS ON DIFFERENTIAL EQUIVALENCE [pp. 294-312]
	POROSITY, I-DENSITY TOPOLOGY AND ABSTRACT DENSITY TOPOLOGIES [pp. 313-326]
	LEBESGUE POINTS OF FRACTIONAL INTEGRALS [pp. 327-336]
	L-POINTS OF TYPICAL FUNCTIONS IN THE ZAHORSKI CLASSES [pp. 337-348]
	Construction of a finite Borel measure with σ-porous sets as null sets [pp. 349-353]

	INROADS
	DERIVATIVES OF TYPE 1 [pp. 354-360]
	ON A THEOREM OF SHIZUO KAKUTANI [pp. 361-365]
	Generalized Differentiation and Summability [pp. 366-371]
	THE RESTRICTIONS OF A CONNECTIVITY FUNCTION ARE NICE BUT NOT THAT NICE [pp. 372-376]
	ON THE GENERAL THEORY OF POINT SETS, II [pp. 377-386]
	SOME REMARKS ON CATEGORY PROJECTIONS OF PLANAR SETS [pp. 387-392]

	QUERIES [pp. 393-393]
	Back Matter



