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CONTINUOUS FUNCTIONS NEED NOT HAVE o-POROUS GRAPHS

Porosity and o-porosity are concepts which were
first introduced in [1]. The purpose of this paper is
to answer a question posed by Paul Humke; namely, do
continous real functions have o-porous graphs? The

following definitions will be needed:

1) A set E has porosity s at x if Iim r'/r = s where
r' is the radius of the largest circle whose
interior misses E and lies inside the circle of
radius r centered at x.

2) A set E is porous if each x ¢ E has porosity
greater than zero.

3) A set E is og-porous if E is the countable union of
porous sets.

Another way to consider porosity is as follows:

If B is a circle, let m*B denote the circle with the

same center as B and radius m times that of B. A point

x € E has porosity greater than s if and only if there

are arbitrarily small circles B whose interior misses E

such that x is in the interior of m*B where s < 1/(m + 1).

194



This known equivalence can be seen by noting that if B
is a ball of radius r' and x is in the interior of m*B,
then if r = mr' + r', B is contained in the circle of

radius r centered at x. Thus fors< 1  r',
m+1 T

the porosity of E at x is greater than s. For similar
reasons, the converse also holds. The porosity of a

point can be no more than 1/2. Nonetheless, the following
result holds for the graphs of continuous functions and,
as pointed out by the referee, for all nowhere dense subsets
E of RN; namely;the set of points of porosity 1/2 of E

is residual in E. To see this, consider E' = N E.
m’

where Em,k‘= { x € E: there is Z ¢ RN with dist (Z, x)
< (1 + 1/k) dist (z,E) < 1/m }. The ball of radius
(1 + 1/k) - 2 dist (z, E) centered at x contains the ball
of radius dist (z, E) centered at Z and the second ball has
no points of E in its interior. Thus, each point of E'
vis a point of parosity 1/2 of E and, since each E, 1is
open and dense in E, E' is residual in E.

The example below is that of a function whose graph
is non-o?porous. The graph has Hausdorff dimension 2. It
is not known whether a lower dimension number is possible or,

for that matter, whether a function of bounded variation
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could have a non-o-porous graph. The function F(X) =
x3/4cos(x'l/2) with F(0) = 0 has (0,0) as a point of non-
porosity of its graph and is absolutely continuous. It is
not difficult to have the set of points of non-porosity be
dense in the graph of a function of bounded variation. It
is not clear whether this set could be uncountable.

The following lemmas will be needed in the
construction of a continuous f whose graph is non-o-porous:

Lemma 1. Let ¢y = 1/3 and ¢4y = ¢/ (2n+1). Suppose

that E is a subset of the plane, x € E and forn > N

the circle of radius c,,; centered at x contains no

circle of radius c,z which misses E. _Then x is a point

of non-porosity of E.

Proof. Suppose E has porosity greater than 1/m at x.
Choose n so that m « 2n + 5. Given ¢ > 0 with ¢ <
Ch+2» there is a circle of radius r with r < e centered
at x and a circle of radius r' which misses E and is

contained in the circle of radius r and r'/r > 1/m.

Choose p so that Cp+2 < T = Cpar Then

l <1 < 1 <_C_E+3='1 < 1
m T Cp+2 Cp+2 2p+5 m

which is a contradiction and thus the lemma is proved.
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In what follows denote the graph of f on the set X
by B(£;X).

Lemma 2. ‘Suppose F ig defined and continuous o a

perfect set F = Fl,l of [0,1]. Suppose that for every

pair of natural numbers (k,n) withn > k there are

perfect sets Fy n'satisfying the following: Given any
b

natural numbers k > 1, N1, Moy --v My q with 1 <m

< I'lz < oo < nk"]., lit Fj = Fl,nl n Fz,nz n P N F.

Suppose that for alln > mny_q and for all such choices

of n;
i)  each point of R(f; Fg_1 N Fy p) is a point of non-

porosity Qf.B(f3Fk-1)
ii) F_ 1 N ngk Fk,n is dense in Fi_1.

Then B(f;F) is a non-o-porous subset of the plane.

Proof. (The proof is analogous but by no means
identical to that found in [2] p. 356.) Suppose not.

Then B(f;F) = U A, where each A, is a porous subset of
n=1

the plane. Let Ay =f, F; = Fl,l n I1 where I1 = [0,1]
and suppose that perfect sets Fi> F,> ...> F 4 have
been chosen where Fj = %(Fi’ni n Ii) j=1,2,... k-1 and

i=1 .
that Ai n Fj =P foralli < jand all j =k - 1.
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There are two possibilities for A, ;, (1) Ay _q is dense

in F_; or (2) there is a closed interval Ik < I

withAy 1 N B N T = p and F; N Iy perfect. In
case (1), Ak-l is contained in the set of points of

porosity of B(f;Fk;l). Then Ak-l n B(f;Fk n) = fp for all

n > m_ ;. Select any m;yp > m_; and any Ik © I,

with Fk,nk N Iy perfect and let Fy = Fk,nk N Ix. In

case (2), with Iy determined, using ii) select mj > ny_q
such that F _; N Fk,nk N I, is perfect and let Fy =

Fr.1 0 ?k»nk n Ik‘ Proceeding in this fashion yields

a decreasing sequence Fy of perfect sets contained in F

withA; N B(f;F) = P foralli = kand all k. Then
n B(f;F,) 1is not empty but contains no point of

k=1

U Ak’ a contradiction.
k=1

Example. There is a continuous real function defined

on [0,1] whose graph is a non-o-porous subset of the plane.

Construction. The function f will be defined on a

perfect set F and thus can clearly be extended to [0,1]
by adding to the graph monotone functions.-connecting the
endpoints of intervals contiguous to F. Let c, =
1/(3-5-7-...*(2n+1)). Then each x € [0,1] can be

written uniquely as I XxpC, where the x, are integers

with 0 = x, = 2n. The X will be referred to as the
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places in the expansion of x. The uniqueness can be obtained
by using terminating 0's whenever x has two expansions.
Certain other numbers will be used in constructions of

f, F=F qand F -

Thus, let ey, = 5 _ S5

n+4 n+5
P =1/2+ 1 =0 = 18 = N.!
n = NO s N1 18, Nj+1 50

K. = N. - N. .
J ] j -1

Note that 7 e =1, § e = 5/(k+4) and
n n

n=1 n=k
{ppy } = {5/6, 6/8, 7/10, ..., (n+4)/2(n+2), ...}.
Then p, can be thought of as proportions and Py
decreases to 1/2. Furthermore, the numbers Kn are
exactly divisible by 2(n+2) which is the p, denominator
and are divisible by all Py denominators when k = n.
To define f(x), a weight Wy will be assigned to every
place in the expansions where

e-

Wy = J hen N. i < N..
1 K. Wen J‘l < 1 J

J
Given x and its xj, let ai(x) =a; = 1 if X5 is odd, 0

if X; is even. Finally, define f(x) = i:z°1 a; (x)w; and

Ry
[}
IA
2
—

k.n x for j>n # { ila;(x)=0, Nj-l < i

i = . 1 < N.
and # { 1|ai(x) 0, NJ-]. < i =N}
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Then x ¢ Fk,n if and only if eventually (when j > n) x
has the proportion of even x; and the proportion of odd
X; at the places in its expansion less than or equal to
Pk in each block of i where Nj-l < 1 < Ni' Thus each

Fk,n does not contain any points which can be written

N

as 2 x.c.. It follows that if xm € F
i=1 ii k,n

and XM - x, then XE = x, eventually; that is,

there is M, so that xg = x, vhen n > Mh. Thus each Fk,n

is closed and since it contains no isolated points each

Fy,n is perfect. Likewise, if X - x in Fi ; then

’

f(xX™ - f£(x) because of the place wise definition of f.

"Hence f is continuous on Pl 1
bl

clear that the F satisfy ii) of Lemma 2. Lemma 1
b

and on all Fk,n' It is

will be used to show that f satisfies i) of Lemma 2 on

the Fk n and this will prove that the graph of f is

b
Non-g-porous. Let.k >1, 1= nl’ < ...< My g < M
Feag = F1 n, 0 ... N Frq Mg and let

x € F N Fk;n Suprose j >n + 1 and NB <i= Nj+1

and consider the points x - c; - mcy where 0 =m

i+3

< Zci/ci+3. Let x' be one of these points and note that at

most four places occur in x' for which the value of

aj(x') # aj(x). Moreover, these places occur in between
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Nj-l and N5~2' (This is because the possible values of

xici have numerators between 0 and 2i inclusive and thus

if x3 = 0, X; = 0, ..., X; 41 0 and X gl # 0

then x' = x - = has an even term in each place

x'i-l’ cee x'i-z-l; namely, 2i, 2(i-1), ... 2(i-£¢-1) and

x' has a change of parity from x only at X _pe1

i-¢e+1 > Nj-l because the proportions of even and

Moreover,

odd places required of Fy , are less than 1 in each block
’

h%-l < 1 < Nj. Similarly this occurs for each
Xa =

- ]
X - C, *mc,, 4. Thus each such x' € Fy ;. Let

X"=x" +c¢;

5417 then [x', x"] N Fr1 is a perfect set.

Note that
f(x) -a = fx') = f(x) + a

where a = 4ej_1 /Kj-l' Due to the increased value of
Pyx.1 to that of p;, the function f on the interval
[x', x''] takes on a larger range of values on Fk_l“than

it does on Fk n Specifically the range of f on

’

[x', X'] n Fr1 contains points as large and as small
as f(x') + b where '
> 5

b= % _(p_.-Ple; = g
i=j+2 Fk-1 FK'71 (k+2) (k+1) (j+6) (j+6)°
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Since a = 4.5 , is small in comparison
(G+3) (5+4) Kj -1

to b and it is easily seen that b - a > 4 > ¢;-
(j+6)3

On each interval [x',x'"], f(x) takes on values on Fk-l

between f(x) - (b-a) and f(x) + (b-a) in increments of

at most 1/q where q = Kj+3' For if q = Kj+3 and

oo

2 e. 1is

P < -+ . sthen f(X) +
P P _ i=j+2 1

q k-1 k-1
assumed on Fy.1 on each of these intervals. Thus the ball

P.
q

of radius c; centered at (x,f(x)) does not contain a ball
of radius c,, s which misses B(f;F, ;). Since this is true
at each x ¢ Fk,r{ when i > Nn+l it follows that i) of
Lemma 2 holds and thus f has the property that its graph is
non-o-porous.

One may further note that the graph of f on F; can be
connected by means of monotone singular functions each of
which is constant on a dense set of intervals in each interval
continguous to F;. On each of the intervals where the
singular functions are constant, a function having small
oscillation and non-o-porous graph can be constructed. If
this process is repeated, the property that its graph is

non-o-porous on every interval contained in [0,1].
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