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TWO MORE CHARACTERIZATIONS OF BESOV-BERGMAN-LIPSCHITZ SPACES
Dedicated to Francisco Vieira de Sales on his 100th Birthday

In the early 1960's the following spaces were introduced, now known as

Besov spaces. For 0 <a<1l, 1<r, s =, let

T (If(x*-t)-f(x)llr)s 1/s

Ma,r,8) = {£:(-7,7] » R ? " (a,r,s) T M (s lt|1+as dt) < =}.

r

where 1 IIr is the Lebesgue space L'-norm. For these spaces the reader is
referred to [1], [7], [8] and [9].

Notice that A(a,»,~) {is the usual Lipschitz spaces.

The following spaces of analytic functions on the disk have been studied
- in depth by several people, for example by E. Stein, M. Taiblesom, A. L.

Shieds, and others.

1 (l,m 18 Z-1
JP = {g: D+ C, Analytic, Igl = Ig(O)l + —-fof Ig'(re )|(1—r)p d6dr<=}
3P T -7
for 1 { p < =». The dash means derivative.
In [9], M. Taibelson has shown that A(l - E,l,l) is equivalent as Banach
. p

spaces to JP for 1< p < =,

In these notes we propose to give two very simple characterizations of the
spaces A(l - 1, 1, 1) and J? for 1< p { », in terms of non-increasing
P

functions. For p =1 we also get a result,
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Consider the interval [a-h,a+h]C:'[-ﬂ,n]* where "h > 0. Let
g:(a,a+h] = R be a positive, non-increasing function, let f be the "even"
extension of g on the interval [a-h,a+h], and O elsewhere. And let h
be the "odd" extension of g on the interval [a-h,a+h] and O elsewhere.

Define the spaces IP for 1 <p <= by 1P = {£:[=m,7]> R 3

£(t) = Zfi(t) such that )

] ' 3
L . lnfiuL(p,l) < =} where fi s are of type f

above, restricted to the interval Ii = [xi - hi’ x, + hi]' (See figure 1).
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figure 1
Endow IP with the norm Ifl = Inf Z g where the infimum is
1'L(p,1)

1P 1=1
taken over all possible representations of f.
Also we define the space 6P as IP  when the fis are replaced by
his and the his are all of type h above on I1 = [xi - hi’xi + hil‘

(see figure 2).
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figure 2.
Note f € L(p,1) 1if and only if If! = i.f fx(t)t 1/p.22 < =,
L(p,1) > 0 N

where f* 1is the decreasing rearrangement of f, defined by

£*(t) = Inf{y>0, m(f,y) < t}, t > 0, m(f,y) = |{x:|f(x)| > y}', the outside
bars mean the Lebesgue measure of the indicated set. Recall L(p,l1) 1is
called Lorentz spaces.

We have the following result.

THEOREM A. The spaces Ip, Gp, J? and ACL - %, 1, 1) are the same in the

sense of Banach spaces, with equivalent norms, for 1 < p < =,

Notice the sense meant in this theorem is that f ¢ GP if and only if

fe Al - l, 1, 1); moreover, MIfl < HIfl < NIEl for some
P P ACL - 2,1,1) 1P
p
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absolute constants M and N.
In case of JP we consider the uon—tauged&iai liﬁit that s £ ¢ IP

if and only if F ¢ Jp, moreover the I? and JP are equivalent, where
1 f" e1t+z
- 1

- F f(t)de.
e

F(z) = 7
-z

In case of p = 1, we have to redefine the space Il, in order to get the

equivalence with J'. In fact 1! = {f:[-m,7] > R ; £(t) = } fi(t) such that
i1=]

™
) 'finLlog+L < =}, where f € L log*L 1f and only if I-ﬂlfl log*lfl { =,
1=1 0 1f 0<x<1

logtx =
log x 1f x> 1

We have the following.

THEOREM B. f ¢ I' {f and only if F ¢ Jl, moreover the norms are equivalent.

In case of G! we could exchange the definition of IflGl above by

* (-]
1f1.1 = Inf Yih
1=1

representations of f and f € ReH1 if £ 1is the boundary value

iIReHI’ where the infimum is taken over all possible

of an analytic function F in Hl, that F ¢ H! 1f and only if

16
IFl.1 = 1lim f: F(re ) |dr < =,
H r+l T ' l

Then for ! with this description we have,

THEOREM C. f ¢ G' 1f and only 1f F e J! with equivalent norms.
We would like to point out that in Theorem A, 1f we start off with a
function g defined by (C a constant),

C - C
glx) = — x(t)  then h(x) = [ =x(x) + x(x) ]
(2n) /P “(0,n] ~ en?  [=h,0)  (0,h]

is a special atom. They were introduced by the author in (2], [3], (4], [5]

and [6]. Thus Theorem A generalizes the main theorem in [6].

We would like to thank Professor Gary Sampson for reading this

manuscript.
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Professor Piotrowski's report will appear as a Topical

Survey in a later issve of the Real Analysis Exchange.
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