“ecmasz hatkaniec, Lepertment ci mathematics, higner Scrnicol
¢ redagogy, ul. Chodkiewicza 30, &£5-u64 Bydgoszcz, Foland.

G CATEGUHY FROSECTIORS CGF CRRTESIAN PRODUCT AxA,

¥e use the terminology introduced in {1]. If f:R =K and
. .0
EC R® we say that f-projection of E is the set {c:(f+c) & # @3,

thet is the set of all c¢ for which the graph of f+c intersects

L)

. The f-category projection of E is the set {c: dome+cY“EJis

of second category}. We use the word projection where f is linear,
In [1} J.Ceder and D.K.Ganguly proved that there exists
a second category set A such that the projection of AxA onto any

line with rational slope and rational intercept does not contain
an interval. Next is submitted the following gquestion: " It is
unknown whether or not a second category set A can be found such
that the /category/ projection of A*A fails to have a non-empty
interior in each direction." -

r:ain result with respect ta this preblem is following.

THEOKEM, If Martin’s Axiom is assumed that there exists a
second category set A such that the category projection of AXA

onto each line has empty interior.

P roof, Let & denote the set of rational numbers. Let {qu<c
be a well-ordering of ail residual Gg- subsets of the line anad
{pds<c 92 i well-ordering of all real numbers such that ro= O.

*
Choose a = min{ r.: r, € G- Q}. Suppose we havechosen a ¢ G
c A 3 0 ' > o
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fer ali~<y, Notice that the set

. . -1 /. DY
Be= G- 'H!‘,_‘ap + & u{rd (ab+ u-):o'oOj) is non-empty.

R Y \\,'f}\,g
R

~- . -~ ’ - i ’ . .
Chcose a = mznir : r. € :-1.3 s PUL A =!La : «;<CS . The set A is of
o 373 r FJ

seccend category because it intersects each resiaual G, set.
Let 1, be a fix directior, We shall prove that for any ge & -{O}

« -
centinuum and /since MA holds/ B is of the first category.

tne cardinaliiiy of B =i(x,y}: vV=rorX+ q’;ﬂA XL is less than

Assume that a = r.a, + Q. Then the following three cases may

B
hzppen,
1/ 3‘0(:: . Then 3&0& and the cardinality of the set
{(ap, aj{): as_( = ro(aib + q ,J(>|b} is less than continuum.
2/ <> o Then the identity a, = r a, + g is eguivalent of the
& ‘ ; M o |
identity a\bz ru(aa‘ - q) /since TOK# 0/« Thus b&X and the
. f/ . =
cardinality of the set {\ap.,aﬁ : a&t r:-xap* Q, ;3“{’]5 is less
than continuum,
= o Ti }{ : = ct. a

3/ f P Then the set i\gﬁ,a‘,‘) a, rﬁaP + gt has at most
one element. :
Thus for any X< ( and Q€4 =-{0} the intersection line of the
formy = ., x + ¢ and A*A is of the first categorve
Let £ be 2 line of formy = rx + v, for r,» €}, B be the f-category
projection of AXA and C = -v + (&, Then C is dense in k and BNC =¢.
Thus B nas empty interior.
"4

]

K
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The following four questions are submitted in connection with the article by s. J.

Agronsky in the Proceedings of the Eighth Summer Symposium Section of this issue of

the Exchange.

174, It is known that for each f € C([0,1]), there exists g e C*([0,1]) such
that (x:f(x) = g(x)) is uncountable. Can this result be improved to g twice
differentiable or g e cP([0,1])?

175. It is known that there exists f e C([0,1]) such that (x:f(x) = g(x)} is
finite for all g anaiytic. Must such f be well-behaved, e.g. in C%®([0,1])?

176. It is known that for all f € C(0,1]), there exists g e C®([0,1]) such that
{x:f(x) = g(x)) is infinite. Can the continuity requirement of f be weakened (e.g.

to f Darboux or even arbitrary)?

177. Let Pp denote the polynomials (in one real variable) of degree < n. For
each pair (n,k) where n = 2,3, and Kk = n+ 2, n + 3, --- suppose
f € C([0,1])) and card{x:f(x) = p(x)} < k for all polynomials p € Pp. Find the
number s(n,k) such that [0,1] can be decomposed into s(n,k) subintervals on each

of which f is n + 1 concave of convex.
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