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SECOND CATEGORY E WITH EACH PROJ(RZ\EZ) DENSE

THEOREM. The continuum hypothesis (CH) implies that there exists a
set E ¢ & such that (i) E has non-empty intersection with every uncountable
closed set and (ii) the projection of ExE on any line contains no interval.

REMARK. Property (i) implies that E is both of full outer measure and
of second category in every nondegenerate interval. Property (ii) is
equivalent to the existence of a dense set of lines in every direction,
disjoint from ExE.

PROOF OF THE THEOREM. By CH, we can list as Fa. 0 <ucx< w5 all
uncountable closed subsets of R, and as (£a,la), 0<acx< Wy all pairs
consisting of a line through the origin, not one of the axes, and a non-
degenerate interval on it. By an a-line we shall mean a perpendicular
to L. through a point of Ia.

By transfinite induction we shall define for 0 < « < wy an a-line

kOl and a point X, € Fai such that
Kaﬂ(Eaan) = %, o (1)

where K, = J{k :8<a} and Ea = {x :8<a}. Let X0 be any point of F0 and k0

~

8
any 0-line not through (io,xo); condition (1) is then satisfied for a=0.

Now suppose that ka,xa have been defined for all a<y, so as to satisfy

the above conditions. Write E; = {x.:2<yr, and choose as kY any v-line

i

[~

for which kmﬂ(E;xE:) 9: this is possible because it requires the avoidance
1 !

of only countably many lines (those through points of E;xEl, perpendicular
)

to «'). We shall then have
1
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K A(ED? = LUK AGE)?: aerd] o [k ACEED?D = 6. .. (2)

¥
Choose as x_any point of F_ such that (1), with o replaced by v,

becomes true: this is possible because in view of (2) we have
2 “ 9 .
K A = [K.Ni(x_,x )3] U [K N(ix_}<E!)JULK_M(E! x{ .
LUEDT = LK NLx ,x )3] Y (K, (le}rEY)] [k, (nytxY})J

and to make each of the three sets on the right hand side empty requires the
avoidance of only countably many points (those x's such that (x,0) or (0,x)
is in the projection on an axis of a point of intersection of a line of KY
with the line x = y or a 1line of R x E; or E;xm).

Let £ = {x : O<a<w,}. Property (i) holds because x €ENF . Since
(Ulkg:B<wy}) N (ExE) = U [K N(E *E )] = ¢

by (1), therefore ExE has the projection property (ii) (for all lines other

than the axes, and hence also for the“axes).
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