Denjoy's Index and Porosity

P. S. Bullen

Section 1: Denjoy's Index

1. Introduction. This section is an exposition of Denjoy's work on a

concept closely related to porosity. Porosity has been found to play an
important role in differentiation theory and it is of some interest to see
that over sixty years ago Denjoy had introduced é similar idea for the study
of the second order symmetric derivative.

Denjoy's work appeared in three papers, [1-3, see also 14], published
in 1920-21, but a more complete account appears in his book, [11, vol.II],
published in 1941. All the results of this section can be found in these
references, but they seem little known, even to workers in the field. Later
sections will discuss how Denjoy applied his concepts, in particular to the

second order symmetric derivative.

2. Some Notation. Everything in this note occurs on a bounded closed

interval [a,b], and will usually be related to a non-empty perfect subset of

This paper is based on a talk given to the Fifth Summer Symposium in Real
Analysis, University of Missouri-Kansas City, June 1982. It was written
while the author was a visiting professor at the National University of
Singapore, 1982/83; it is a modification of research reports written there,

Bullen [1,2].
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[a,b], P, with a, b g P. It will easily seen that this is not essential but

it makes for ease of exposition.

If Q Jc, d [ P# ¢ then Q is called a portion of P. The closed

[inf Q, sup Q] is the containing segment of Q.

interval X

Remark (1) 1In Denjoy's work a portion means ]:;_:;ﬁ;s(i $), what we will call
a closed portion; it is a non-empty perfect subset of P.

If neither c, nor 4, lies in P then the perfect set QO is called an
isolated portion, and K an isolated segment, of P; of course, it is also a
closed portion of P. In this case Q is flanked, on both sides, by contiguous
intervals of P, called the isolating intervals of Q, or K.

Example (1) If £ = {e ,e,,...} = {e }, where 0 <& <1, n > 1, then

2

C = Cc([la,b]; g) is the symmetric perfect set constructed as follows.
Let Kb = [a,b], ]KOI =P, = (b-a); remove from Ko the central open
interval of length e1po. This leaves two symmetrically situated closed

intervals, K__, K, _, say, each of length 01, where, 2p1 = po(1-e1). Now

11 12

remove the central open intervals of K11, and K12, of length 52p1.

Proceeding in this way we arrive at the nth stage of the construction with 2n

symmetrically situated closed intervals, K.’ 1 <1 5_2“, each of length P

where
n
2 =p NI (1-g,) (1)
0 k=1 K
2" ©
Ifc = ﬁg& K ;r» then C = ﬁj} C i clearly, from (1),
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lc| = P, T (1-e )

Certain conditions on € are of interest.

(a) en+1 < Zen, n > 1; this ensures that at each stage the proportion

removed gets smaller.

8

(B)

=~

€l < @ implies that |C| > 0; (in which case C is thick-in-

k=1
itself).

(6) €+ S_en, n > 1; (note that this implies (a)).
(g) lim e = 0.

n>o

1 .
(p) > < € S.€n+1" (note that this implies (a)).
(v) lim e, = 1.

n>o

Remarks (2) c([0,1]; %v %y...}) is the Cantor ternary set.

2
0 sin 8
(3) 1£0<0 <x, e = nznz, n > 1, then |c| = (b-a)==g—

So that if 0 < p < b-a, there is a C with |c| = p.

3. The Index of a Paint

Definition 1. Let ho > 0, x, x+h° € P then we define

a+(P;x,h°) a+(x,h°)

1nf{a;3hn, 0<h ,<h <ah

1 £h < n+1’ lim hn =0,

x+hneP,nZO};

then the right index of P at x is
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a (P,x) =a (x) =a = inf a (x,h ) = lim «a (x,h ).
* * h_>0 oo h >0 oo

Remarks (4) Clearly 1 < « < ®, and the larger a (x), the rarer P is on the

+

right of x.

(5) If x = b, or is the left end point of .a contiguous interval of P,

a+(x) = », In general, a+(x) © means that\f% + hn € P, hn >0, n> 1,

. ' . n+1
lim x+hn = x, we have lim sup h

n->o n>o n

= o,

In a similar way we can consider the left index, defining a_(x,ho),
a_(x), and also the (bilateral) index of x by allowing the hn to be both
positive and negative:

h
n

a(P,x) = a(x) = a = inf{a; 3 h,h #0, 1< | | < a, x+th € P, n> 1, and

hn+1

lim x + h = x}.
n>o n :

In fact a(P,x) is equal to either a+(x) or a_(x), for the set obtained by

symmetrizing P around x. Clearly,

@ <@ =min(a,, ). (2)
Lemma 1. If the contiquous intervals of P, in [a,b], are ]an, bn[' n> 1,

and we write, (using the above notation)
b -x
n

a -x'
n

Y+(P;x'ho) = Y+(xlh°) = SuP{Y: ]an’bl"l[ c] XIX+ho[}
then]hn, 0 < hn _<_y+(x,ho)hn+1, ‘lim hn =0, x-fhn € P, n>0
n>o .
and a+(x,ho) = Y+(x,ho); in particular,
a+(x) = Y+(x) = lim y+(x,ho).
n>w

Proof. See [11, pp. 109-111].
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Remark (6) This means that a+(x,h°) > 1 and is in fact an attained value of

the a in Definition 1; equivalently the inf could be replaced by min there

Corollary 1. If P has unit right density at x then a+(x) = 1; in particular,
a(x) = 1 a.e. on P.

Example (2). It is possible for (2) to be strict. 1In fact a(x) can be

finite with E(x) infinite as the following example shows; (but see Remark

(20)). Let a set on [-1,1] consist of {0} together with the closed

intervals:

—
B
-
|..s
—
-
—
g P
[o)]
-
| =
'Y
—
-
Do |

1 1 1 1 1 1 1
512" m],...[-h- '2-], [" G E], [- ea’ m],... .

Then a+(0) = a_(0) = =; but on symmetrizing about 0 the set contains

[- %y %J, so a(0) = 1.

Lemma 1 shows the connection between Denjoy's index and porosity.

Definition 2. With the above notation put

b -a
n n
p+(P;x,h°) = p+(x,ho) = sup{p; p = ho ,] an,bn[C] x,x+ho[};

then the right porosity of P at x is

P+(P,X) = p+(x) =p, = lim p+(x,ho).
hd*o

Remark (7). Clearly, O §'p+ < 1,; if p+(x) = 1, then P is said to be right
porous at x.
In a similar way we can define left porosity, p_(x,ho), p_(x). Then
the porosity of P at x is
p(P,x) = B(x) = inf{p (x), p_(x)},

and if B(x) = 1 then P is said to be porous at x.
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1 ~ 1
Corollary 2. (a) a, = T-p. ; (b) a = — -
- + 1-p

Remark (8). It follows from Corollary 2(b), (2) and Example (2) that a set

with infinite index at x is rarer than a set that is porous at x.

Theorem 1. If P is nowhere dense and A= {x;ai(x) =w}, A= A,NA_, then
all these sets are residual subsets of P.

Proof. See [11, pp.195-196].

4. The Coefficient of Isolation.

Definition 3. (a) Let Q be an isolated portion of P, with K its containing
segment, I, J its isolating intervals, then the coefficient
of isolation of Q, or X, in P, is A(Q,P) = A(Q) = A(X,P) =
A(K) = min {%‘- %},

(b) With the usual notation write
K(P;x,ho) = K(x,ho) = sup{A;A=A(K), x € K, K&] x—ho, x+h°[}
then the coefficient of isolation of x in P is

AMx,P) = A(x) =X =1im A(x,h ).
o
h +»0
o
Remark (9). In the definitions of K(x,ho), and a(x,ho), we only require that

either x+ho or x-ho be in P.

(10) Clearly 0 < A < @, and the larger A, the rarer P is near to X.

Zen n
< i < .
1-¢ '1_1_2

n

Example (3). In C([a,b]); €), R(Kni) =

The following result gives the fundamental relation between a and A.
Theorem 2. Max{ 1, A(x,ho)} 5_a(x,ho) <1+ Zk(x,ho),
and the inequality on the right is strict if K(x,ho) is not an

attained value; in particular max(1,A) < a < 1+2A.
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Proof. See (11, pp. 113-115].

Remark (11) Although a(x) = 1 means that P is thick near to x, it is possible
to have |P| =0, but @ = 1 on P.

Example (4). Take the P of Definition 3 to be c, = c(la,b); €) with &
satisfying (a), (B) and (e); let X, I, and J be as in Definition 3, and

assume IJI §_|I|. For some n > 1, |J| =€ P-q J being the central removed

n-1

open interval of some Kn-1 i Hence, from (a),
’

€p €p 2¢
J| _ n-1 n-1 _ n _
A(K) = = x| < o = 1_en X(Kni). (4)

From (4), and (€), \/x € P, AM(x) = 0, and so, by (3), a(x) = 1. Finally,
from (B), |P| = 0.
Two simple facts concerning isolated segments are useful.
Lemma 2. (a) Let K be an isolated segment of P, ¢, d € P, K g'[c,d],
A(X) > A; then (d-c) > (1+M)]k].

52,

(b) Yo Ix] < (pra)(1 + :

A (K)OA
Proof. See [11, pp.116-118].

Remark (12). Since A(K) = «» only when K = [a,b], (b) is equivalent to

+
y k| < (b-a) 2x21 )
AL (K) <= A
Lemma 3. If K;, K, are isolated segments with K(K1) > 1, X(Kz) > 1, then

either I(1 (o Kz, or K2C K

Proof. See [4, p.118].

17 or K1f\ Kz + g
Definition 4. An isolated segment K is called A-maximal provided
(a) K # [a,b], (b) A(K) > A\, (c) K is not contained in another
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isolated segment satisfying (a) and (b); the portion of which K
is the containing segment is also called A-maximal.
Example (5). By (4) for the Cantor ternary set C we see that for all

(o, l]l K =

2
12 3 1] are 1-

isolated segments K, of C, A(K) < 1; so K11 =

maximal.
Remarks (13). If K is an isolated segment, A < A(K) < =, and if K is not A-
maximal then 3 isolated segment K1? K, A )\(K1) < ®», Hence, by Lemma

2(a), |k | > (1 + M) |K|; This implies that after a finite number of such

1

inclusions, K.g K < ... C;Kh, Kn must be A-maximal.

[ =
175§ 7
(14). If A > 1, then by Lemma 3, all A-maximal segments are disjoint.

Lemma 4. If A > 1 let {Kx} be the set of A-maximal segments, then
2(b-a)
M | < S (5)

Proof. By Remark (14), {KX} is a disjoint family ; let {Ik} be collection of
intervals between the elements of this family.
Clearly (,/I)\ v UK)\C [a,b], and since all of these sets are disjoint,

YII)\I + }:IKAI X b-a.

1
However IKXI < X'lIXI' where I, is either of the isolating intervals

of&;Mme2HH|lkHﬁ

These two inequalities give the result.
Remark (15). Example (5) shows that (5) cannot be improved.

We now define some subsets of P that are crucial for Denjoy's
applications of the index of a set.
Definition 5. For each A, 0 < A < @, we define

{x;3 K, x &K and A(K) > A};

(a) J(p,\) = J(N)

(b) I(P,\) I(N) P - J(\);
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(c) 0(p) =06 =MNJ(\);
A
(@ @ =e=p-06=Y10).

N
Remarks (16). If x € J(A) then x is in a A-maximal portion of P. So J(A) is

the union of all such portions, that are, when A > 1, disjoint, (Remark
(14)). In particular J(P,\) is open in P, and I(P,A) is a closed set.

(17). If x is a point of accumulation of A-maximal portions,
x J(N) or

(18). Remarks (16), (17) allow us to give a simple description of
J(A), A > 1. J(N) lies in the contiguous intervals of I(A), and on each such
contiguous interval consists of a countable number of disjoint A-maximal
portions of P; if these are infinite in number they can only accumulate at
the end points of the contiguous interval

(19). Obviously if A < A' then J(A) D J(A').

2(b-a)

Lemma 5 (a) If A > 1 then |J(M\)]| < YT

(b) |e(p)| = o.

() If x € I(B,A), xth_ € p3 xth € P, lim xth = x, such that
n>o

|hn+1l < Ihnl < (1 + 2x)|hn+1|, n > 0; in particular
a(x) < 1+2\.
Proof. (a) Immediate from (5).
(b) Immediate from (a).
(c) If xe I(A) and x € K, K an isolated segment, then A(K) < A.
The result follows from Theorem 2 and Remark (6).
Corollary. O(P) = {x; a(x) = «}; Q(P) = {x;a(x) < =}.
Proof. If x € Q then, Lemma 5(c), a(x) < =,
On the other hand if x € 0 thenvx, x € J(A), and so A(x) = », which,
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by Theorem 2, means that a(x) = «.

5. Denjoy's Classification of Perfect Sets.
Definition 6. If P is a non-empty perfect set then;
(a) P is of type one, P & D1, if3 )\o such that if A > )\o then
J(P,\) = 6.
(b) P is of type two, P& Dz, if Q(P) = ¢;
(c) P is of type three, P& D3, if A(P) and Q(P) are bhoth
everywhere dense in P;
(d) P is of type four, Pg D,, if P f D, v D, UDy;
(e) if Pe D1u D2 UDB' P is said to be of definite type.
Lemma 6. If Pe D1, then a is bounded on P, but not conversely.
Proof. If P ¢ D1 then P = 1(P,A), for A > )\o’ with )\o defined by Definition
6(a). Hence if x & P, a(x) < 1+2)\°, by Lemma 5(c). That the converse is
false can be seen by the following example. Let In' n > 1, denote the

contiguous intervals of Co, (in [a,b])); on each In place a copy of co on the

1|

central closed interval of length pyey

®
, P_say. Now let P =C_y U »;

sincere Co’ a(x) = 1, it follows that for all x& P, a(x) = 1. However

AP ) > n and so u P ¢ J(P,A); in other wordsv‘)\, J(P,A\) # ¢ so P fD .
no- e U 1

Let us give some examples of sets of the various types.

Example (6) Let C1 = C ([a,b]; €) where € satisfies (§). Then, by (4), if K

Zen 251 251
is an isolated segment of C,, A(K) < — < —— ; taking A = —— , we see
1 — 1-e — 1-¢ o) 1-¢
n 1 1
. . 4 +
that C1 eD1 Further, from Lemma 2, or Lemma 5(c) Vx, x+hoé. C1}x hne C1
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(1+3e1)

s - . . 1o s .
n >0, lim x+hn x with ‘hn+1| < Ihnl < e lhn+1" in particular
n>o 1
1+3¢
a(x) < e ° In particular the Cantor ternary set is of type one.

1

Remark (19). If E’e;Dz then since 9(P) P, |P| = 0, (Lemma 5(b)).

Example (7). Let C2 = C([a,b]; €) with € satisfying (pu) and (v). Now given
281
any A let n be the smallest integer for which e > A. Then, by (4), the
n
. n . _ .
Kni' 1 <i<2mare A-maximal and so J(P,A) = C2, hence C2 é-Dz.

Remark(20). If P& D, thenV)\, J(P,\) is everywhere dense in P, while I(P,\)
is nowhere dense in P.
Example (8). Let C = C([a,b]; g), with € satisfying (y) and (§), and let the

contiguous intervals of C on [a,b] be In' n > 1. On each In place a central

closed interval Jn of length o(|In|), as n + @ and put P1 =Cvy V) Jn.

Replace, in P each Jrl by a copy of P1, to obtain a set P2, P2 cP1. The

1'

set P_ consists, as did P

2 , of a nowhere dense, thick-in-itself, perfect set,

1

together with a set of central closed intervals on certain of its contiguous

intervals. Replace, in P each of these central closed intervals by a copy

2[
@
of P, to obtain P,, P, C P,. Repeating this define C, = N P_. Then
n=1
C3€g D3 and is thick-in-itself, see (11, pp.123-125].

(9) on [a,b] place the points a with a <« a < a < b, n€3z, and

n+1

lim a =a, lima =Db. If n
n n

i(mod 3), place on [an, an+1] a copy of Ci'
n> —o n>o

< i ;o =
1<i< 3, P say; if then C, {a} U {(B}u U P,C,&D,.

n=-c

Denjoy proves two theorems that elucidate the structure of certain
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perfect sets.
Theorem 3. If P = Q(P) and x & P define

a'(x) = max{a’, Vho,x+hO ¢ P 3' x+hne. P, i::\, x+hn = x and

bl <In | <at o, [}

n+1 l
then either a' is bounded on P or'a a closed nowhere dense subset
of P, H, such that if Q is closed portion of P, Q mH = ¢, then
a' is bounded on Q.

Corollary 1. If P = Q(P) and P¢ D1 then 3 a closed nowhere dense set H such

that if Q is an isolated portion of P, Q A H = ¢, then Q € D1.

Proof. See [11, pp.148-149].

Corollary 2. If a is a finite on P then at some point of P both a, and a_

are finite.

Proof. From Corollary 1 it is sufficient to prove this for sets P& D,.

Let us suppose then that for some A\, P = I(P,\) and further assume

that VX & P either a+(x) or a_(x) is infinite.

Choose x ¢ P isolated on the left, by an interval I say, and assume
that arbitrarily near to x, on the right, all points of P of the second type,

y say, have a+(y) = o, Choose one x+h, say, so that lll >A. If K is an

2h

isolated segment [x,x'] in [x,x+2h], with J its right isolating segment then

Consider a sequence of contiguous intervals of P in [x+h, x+2h]

A > A(K)

converging to x+h; since a+(x+h) = o there is one, J = [x+h1, x+ho] say, with
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h

Eg > A + 1; but then if we take K = [x,x+h1] we have that A > A(K) = +%+ =
1

ho- h1
> A\, a contradiction.

"

If all the points of second type near to x on the right have
a+(y) £ = they must have a_(y) = «. Then we can choose an x', isolated on
the right, with all points y arbitrarily near to it, of the second type
having a_(y) = @, and we can proceed as above.
Remark (20). In particular this shows that while a point can be a point of
porosity and have a finite index, this cannot happen at all points of a set.

Theorem 4. If P € D4 and

H = {x; x is not in a closed portion of definite type}

then H is a closed nowhere dense subset of P.
Proof. Suppose P contains a portion Q, no closed sub-portion of which is of
definite type. Then clearly Q is nowhere dense since intervals are of type

6ne. If then 5 is an isolated portion of Q and if \fx e'ﬁ a(P,x) is finite,

~

then a(Q,x) is finite, and so by Theorem 3 either 5 € D, or Q contains an

1

isolated portion of type one.

If v& € 5, a(P,x) = «» then 5 € D,. So finally, if Q contains no portions of

2

definite type then Q(P) and ©(P) meet every portion of Q and so Q € D3.

Remark (21). If then P is nowhere dense, P € D, and x f H then x belongs to

4
an isolated portion of definite type. However if Q is an isolated portion of
P, QN H = ¢ it need not be of definite type; but it is the finite union of
disjoint isolated portions of definite type.

(22). A contiguous interval of H can contain infinitely many isolated

portions of definite type; any two are either neighbours of different type,

or one separated by at least one portion of different type.
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Section 2: Applications of Denjoy's Index - I.
1. Introduction. In this section a survey is given of Denjoy's use of his
index to obtain deep properties of the second symmetric derivative. While
some of the results have been proved, and extended, by other methods, (see
the papers of Marcinkiewicz and Zygmund, Bullen and Mukhopadhyay), Denjoy's
techniques are more elementary, very closely connected to interesting
properties of the real line, and give some very precise results not obtained
by the other methods. His arguments being based on his concept of index
should be of interest to workers in differentiation, and deserve to be more
widely known. Denjoy himself considered this work to be second only to his
fundamental research oﬁ primitives, (see the article by Cartan in Denjoy
(13]), but his papers are too short, and his book, (Denjoy (11)), contains
such a wealth of detail, and is so general that the main line of reasoning is

sometimes obscured.

2. Preliminaries. If F : [a,b] + R is continuous and such that DzF = f

exists, (finite), at all points of )a,b[, where

2
2 ASF(x,h)
DSF(x) = lim -———1;——- R
h+0 h

AiF(x,h) = F(x+h) + F(x-h) - 2F(x),

2 2
then we will say f is Ns-integrable, fe Ns' with F, unique up to an affine

2
function, an Nz-primitive of £, F = Ns - ff. The unique such primitive that

is zero at a and at b is
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F(x) = F(x) = F(a) + 2= (F(b) - F(a)); (1)
and we will write
2 * ~
NS - [ £ =-T(x) = (x-a)(b-x)V_(F;a,x,b), (2)
s 2
(a,b)
where
_ F(a) _ F(x) F(b)
Vy(Fia,x,b) = oy bmay ~ bex) (x=a) T (b-a) (b-x) ' (3)
. 1 (ED)-Fx) | E(x)-F(a)y
b-a b-x x-a 1e
is the second divided difference of F at a, x, b.
If also £ € L then an Nz-primitive is
X u
F(x) = [ [ £(t)atdu
aa
and
2 X 1 X b
N -] £ =37 (b=x) [ (t-a)f(t)at + (x-a) [ (b-t)E(t)dt . (4)
(a,b) a a x

(Integral signs not prefixed will always denote Lebesgue integrals, unless
the context makes another meaning obvious.)
Remark (1). D:F(x) is called the second symmetric derivative of F at x; the
upper and lower second symmetric derivatives of F at x are easily defined,
and are written SzF(x), Q:F(x) respectively.

The object of this paper is obtain differential properties of Nz-
primitives, or more generally of F : [a,b] + R that are continuous and
satisfy

- ¢ DF <DF < o, (5)
-Ss
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. 2
If then £ is a function such at QzF(x) < f£(x) 5.52 F(x) let us say f is Ns g

’

2 c e
integrable, and that F is a NS g—prlmltlve.
’

2 - A .
Remarks (2). If F is a Ns -primitive it is smooth. If we require F to be a

’

smooth then we need only require (5) to hold n.e.

(3). Denjoy obtains the results in such a precise form that given a

X
f é.Nz g it is possible to calculate Nz- f f. This topic will be taken up
’
(a,b)

in section 3.

By familiar arguments, see for instance Saks, pp. 238-240, [a,b] can be

expressed as a countable union of closed sets E E(A) = E(A,e), A > O,

€ > 0, for which

Vxe E, 0 <h<eEg, IAZF(x,h)| < an?. (R)

So we first consider what can be deduced about an F defined on [a,b] that
satisfies (A) on a set E that consists of one, two, three, four, any finite

number of points, is an interval, is perfect.

3. The Process of Successive Symmetries [11, III, pp.231-244]
If in (A), A =0 andG{'e E then P1(61,F(91)) is a centre for the graph
of F; that is if (u,v) lies on the graph so does (s,t) where @1 = %1u+s),

1
F(@1) = E(VH:)' If also (-)26 E then P, and Pz((-)z, F(G)2)) are both centres

1

and the graph of F is periodic about the line through P P2' with period

1
2|P1P2 , oscillating equally on both sides of this line; (if further 63‘6 E

then P_,P

1

and P3(G3,F(O3)) are collinear). Suppose u # 91,92 then from

2

M(u,F(u)) we can construct a doubly infinite sequence of points on the graph
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by taking images alternatively through P1 and P2, starting with either P1, or

P_. Thus M, is the image of M through P1, M2 the image of M1 through P

2 1 2’

etc; while M_, is the image of M through P, M__ the image of M_1 through P1

1 2 2

etc. We will call this the process of successive symmetries (SS). Let us

write (-)2 =(.-)‘| + k, and assume k > 0, u = uo = (-)1 + h; if, for m & 2, um is
the first coordinate of Mm then:
u2m = u + 2mk,
Yommt = 205 T Upn = 20, - u - 2mk;
or (ss)
a = - = +
UomPq T Oy T Uy TR 2mK,

u m-OZ = =(u

-0 = - - - .
5 m 2) h (2m-1)k

2
(In (11, p.232) there is a diagram that illustrates (SS).)

If A > 0 the above remarks are only approximately true, but (A) can be
used to estimate the error in these approximations.

Remark (4). Throughout &, &8', &, etc. will always denote numbers, not

1

necessarily the same, between -1 and 1.

Lemma 1. (a) If (A) holds at ©, F finite, and if u + u1 = 20

then
F(u1) = - F(u) + 2F(0) + 6A(u-u1)2

(b) If (A) holds at Q1, 92 with 0, < Oz, F finite and if a

1
m &2, is defined by (SS), and D is the largest of the

distances of u and u,. from {0_,0_} then
2m 1772

Flu, ) = F(u) + 2m{F(92) - F(9,) + 5aD }, (6)

or
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F(u,_ )-F(u) F(A_)-F(O,) 2
2m - 2 1 + (6")
u, - u 92— 01 0,0

(c) If (A) holds at 61,92,93, F finite measurable, (or bounded),

Iﬁz - 91| 5_]63 - ®1|, D = diameter{01,@2,03}, then

F(0)-F(0,)  F(9,)-F(0,) 2
o, -6, 0, -0, 0.9

(7)

(d) If (A) holds 91,02,03,94, F finite measurable, (or bounded),

|62'91| 5.'93‘94|r |O4-01| = maxIGi-@jl, then

F0,)FA;)  F(0,)- FO,) - ©,- 07 o
o, 0, e, - 0, 6,0,
or
F(O,) - F(O,) , 2(0,-9,)
F(@z)-F(Q1) = (@2-91) 94 — 93 + 5A(94-91) 1 + -—W . (8')

Proof. See [11, III, pp.235-244].

Remarks (5) While (c) can be proved directly it is also a consequence of
(d), putting 93 = 01, or 03 = Gz.
(6) If 2|92—<-)1| < |e3-(-)4| the coefficient 3 in (7), and (8), can be

improved to 2.

4. Variational Properties. If now F is finite measurable, (or bounded), and

satisfies (A) at n + 1 points ui, 0 < i < n, ordered as

c=u <uge.. <un = d then from (8') and for 1 < i < n,
u,- u,

1

Fu,) - Flu, ) = (——=1{r(a) - F(c)} + 36A(a-c)2,
i i-1 d -c

which on adding gives
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n
b |F(u.) - Flu, )| < |F(Q) - F(e)| + 3na(d-c)?. (9)
121 i i-1

However, when n > 3, (9) can be improved.
Lemma 2. If F is finite measurable, (or bounded), and satisfies

< < = ce =
(A) at uk, 0 <k <n, c uo < < un d, then

n
J IF(u,) - Flu__ )] < |F(@) - F(c)| + 18a(a-c)>. (10)
k=1 i n-1

Proof. If o is the partition of [c,d] given above we will arrive at ¢ by a
finite number of intermediary subdivisions, oo,...,om = 0, by adding the
points in a particular way; we will renumber LOVEREVA N in the order in which
they are used, calling them vo,...,vn.

(i) S, is just v o= ¢& v, = d; let S, = |F(v1) - F(vo)l.

(ii) o, is formed by adding, to oo, the two consecutive points of ¢

1
c+d
2

+
that straddle 259 , or if is a point of o, by just adding this point to

0 . Thus is either v ,v_,v_,v or v ,v_,v.; in either case K = [c,d
o % o273’ o'"2'"1! t s % [c,d)

can be considered as the union of two closed intervals K11 = [vo,v2],

. . b-a
K12 = [v3,v1] and a, possibly empty, open interval 111, and |K1i"i 2
i=1,2. BApplying (9) to o, we get

]
5, = [F(v)-Fv )| + |F(v)-F(v, )| + [F(v))-F(v,)]| < [F(a)- F(c)]| + 9A(d-c)?

(iii) Now add points to K11, X in the same way as points were added

12

to Ko; this gives ¢ Then [c,d] is the union of four closed intervals,

2° KZi'
d-c

%ol €73

» 1 <1i <4, and at most three open intervals I IZi' 1 <1i< 2.

1I

Applying (9) to both K11 and K12 we get the sum over this partition, 52,

satisfies
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2 2 27 2
s, < s, + 9|k, |7+ [k, |%) < [F(@) - Fle)] + 3= A(@-0)".

Continuing in this way we find that at the qth stage, [c,d] is the

lib-—a

g’ 1 <i¢< 29, and at most 29 -
2

union of 29 closed intervals K L,
ql qi

-1
1-open intervals Ipi' 1<p<€qg, 1<q, 1<1i 5.2P . Further the sum over
this partition is Sq and

a2 2 2 1
s < |F(@)-F(c)] +9a) TP |k .|° < |F(d)-F(c)| + 18A(d-c) (1 - —) (11)
q p=0 j=1  PI T ,d

Since for some q, oq = 0 this completes the proof.
Remarks (7). If F, finite measurable, or bounded, satisfies (A) at all
points of a nowhere dense perfect set P with extremities c, d then (11) holds
for all q since we can use the contigquous intervals to perform the above

. . . . ct+
construction. Let I1 be the contigquous interval whose closure contains —/—,

c+d . . .
= ¢ it —— is a point of P of the second type : in either case we

1 2
d-
can write [c,d] as the union of two closed intervals K1i' |K1i| i-—;s,

or take I

containing P, and a, possibly empty, open interval I1; this procedure can be

repeated in definitely.

(8) Clearly from Lemma 2 if F, finite measurable, satisfies (A) at all
points of an interval ([c,d] then F & BV and its variation is bounded by the
right hand side of (10).

However more is true.

Theorem 1. If F is continuous and satisfies (A) at all points of a perfect
set P then (a) Fg B V (P), (b) if |P| = 0, F& AC(P).

Proof. It suffices to consider P a nowhere dense perfect set.
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= b, where [a, , bk]' 1<k <n,

=Db <a, <b, < ... <b <a
Let a [¢) n n+1 k -

1 1

are the first n of the closed contiguous intervals of P enumerated in any

order. Then, by (10)

? n§1
|F(b, ) - F(a,)| + ) |F(a,) - F(b, )|
k=1 k k k=1 k k-1

< |F(b) - Fla)| + 18A(b-a) .

This suffices to prove (a). Further if

n+1
VT(F,P) = lim kZ1IF(ak) - F(bk~1)|,

(Denjoy's total variation of F on P, see Denjoy [11, §45]), then
VT (F,P) S_IF(b) - F(a)| + 18A(b—a)2.

If we apply this inequality to

X=-a
F (x) = F(x) - Fla) - — {F(b) - F(a)},

we get
2
VT(F1,P) < 18A(b-a) ;
and of course for any ¢, d, a < c<d<b

[7(a) - Fe)] < |F (@) - F (e)] + %}f |F(b) - F(a)|

Hence
VI(F,P) < VI(F,,P) + p|F(b) - F(a)]
< p|F(b) - F(a)| + 18a(b-a) 2,
n+1
where p = lim | X (ak— bk-1) = average density of P on [a,b]. 1In

n»» b-a k=1

particular if !Pl =0,
2
VT(F,P) < 18A(b-a) .
Clearly this inequality can be applied with a, b, P replaced by any c,
deg P, P [c,d] respectively. Hence
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n+1
vr(F,P) = ] VIMEPANIb - ,a])

k=1
n+1 5
< 18Aa Y (bk-1- ak) ;
k=1
letting n + ® implies VT(F,P) = 0, which completes the proof of (b).

2
Corollary 1. If F is a Ns -primitive then F ACG; in particular F;p exists
’

a.e. and is D-integrable.

Proof. This is an immediate consequence of Theorem 1(b) and an important

result of Denjoy; see Lebesque, p.234.

5. Differential Properties
Remarks (9). If a(P,x) = a(x) < =, (see section 1), then

@' >a Ix+ h € P, with Ihn+1| < |hn| <a'lh »m 21, and lin h_ = 0.

n>o

n+1l
It is possible, by choosing a suitable subsequence if necessary, to assume

that Jx + h_e B, such that 2|n | < |h | < 2a'|n_ .|, n> 1, rlli: h = 0.

(10) 1f 2|k _, .| < |k | < Blk_ ..l n 20 then

-
2

K.
i
w = ) <Blk__ |, n>1.
n 1>n Iki+1| n-1
Lemma 3. Let F be continuous at x and satisfy (A) at x and at x + kn' where

2k _ | < Ik | <Blx_,,|sn>1, ana iﬂ k =0, then F'(x)

exists.

Proof. We may assume, by omitting some points if necessary, that 2|k1| < g,

F(x+k )=F(x)
n

(e in (B)); let Qn = and we first show that lim Qn exists.

k
n n>wo

Apply (7), (with Remark (6)), to 61 = x, 02 = x+kn+1, 93 = x+kn, when

o] < Ix | + Ix_,,| < 2lk |
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2

k
n
= +
One1 = O+ BOR T T

n+1

and so
n;p—1 ki
Q =Q + 8A 5, .
+ =
meon A
So, by Remark (10), lim Q exists, Q say, and with the notation of Remark
n>o n .
(10).
=Q + 8 . 12
Qn 2 Aénwn (12)
+h)~-
We now want to estimate fﬁl&%}l_giil - Q, and first assume 2|k1|< h < €.

Apply (SS) with u = x+h and 01, 02 as x, x+k1 in some order; (Q1 = x, 92 =
+k, i > i < 0). Wri = x+h_ = ;
X k1 if k1 0, the other way if k1 0) Write u, x h1 u_zm; where

. . h
+ 1.
m, > 0 is given by m, < ETE:T'i m, 1

Suppose now u, = x+h1,...,u_ have been obtained, together

= x+
1 3-1 X h._

j-1

with the positive integers m_,,...,m.

3_1; apply (SS) with uj = u, and 6_, A

1 -1 1 2

as x, x+kj in some order; write uj = x+hj U where mj > 0 is given by
3

h,

-1
mj < E%E—[-i mj+ 1. Then we can easily verify the following:
3

ho o, ke,
0 <h, < 2|k, PRI =] 520
hy < 2lkgls mg <3 kol =Py 1o 320

h= ) 2m|k.|, h_ = Vo oom |k.|, n> 1.
1 2 3>n+1 J

(13)

Now, by (6), j l 2,

_ h
F(x+h) - F(x+h)) = 2m, [k, |(Q, + 8.A Tk_1T)’

107



F(x+h, - F(x+h,) = 2m, |h |(Q. + 6.
(x+hy_)) (x+h.) mJl JI(QJ 5, A
or using (12) and (13),
03
F(x+h) - F(x+h ) = 2m_|k, |(Q + 85 Aw_ )+ &'A
1 1™ 171 J |k1|

2

K
2m|k_ | (Q + 86 Aw.+ 45'A —11)
3 i3 3 kj

2m, |k, | (Q + 46 Aw, + 48'Aw. )
j 3 j 3 j 31

F(x+h, ,) - F(x+h,)
3-1 J

2m, |k, + 85Aw,).
mJI JI(Q )

Adding these results, noting that lim F(x+hj) = F(x), we get, by (13),

Jr®
that
h3
- = L]
F(x+h) F(x) hQ + eéAhw1 + &8'A T;:T- (14)
Hence if we assume that h < B|k1| < £, by Remark (10),
F(x+h) = F(x) = hQ + 166 ABhZ; (15)

and by a similar argument (14) and (15) hold if 2|k1| < |n| < B|k1| <Ee.

If we now assume that 2|kq| < Ihl 5_2|kq_1l we can also prove that

3
h
F(x+h) - F = hQ + 168Ah + &'A ; 14~
(x+h) (x) Q wq T;;T ( q)

and if in addition 2 < IE—I < B then (15) again holds.
q

This proves that F'(x) exists, with value Q.
Remark (11). Let P be a perfect set, P ¢ E(AR), and suppose} a such thath,
P R
x k1 &P JIx kne P with kn + 0 and IanI < Iknl < alkn+1|' then, by Remark
(9) we can apply (15) to any two points of P with B = 2a. Hence if x,

x+h @ P
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F(x+h) - F(x) = hF'(x) + 325Axh>,

hF'(x+h) + 326'Aah2;

which gives that |F'(x+h) - F'(x)]| < 64Aa|h : or F' is continuous on P.

(12). The above remarks applies in particular to any P € D and to

1'
I(A) = I(E,A), when a = 2\ + 1, (Lemma 5(c) of Section 1). 1In the latter
case, if D is the diameter of I(A), then Vx € I(A), |n| < (2x + 1)D

F(x+h) = F(x) = hF'(x) + 3286A(2\ + 1)h2; (15-\)

and if x, y are on I(A)

F(y) - F(x) = (y=x)F'(x) + 326A(2\ + 1) (y=x) 2,
= (y=x)F'(y) + 326'A(2\ + 1) (y=x)2, (16)
and so
F'(y) - F'(x) = 645A(2\ + 1)(y=x). (17)

Corollary 2. Let P be a perfect subset of E(A) for which 0 (P) is nowhere
dense. Then, except at the points of nowhere dense subset of
P, F' exists and is continuous relative to P.

Proof. By theorem 2 of section 1 this is an immediate consequence of Remark

(11).

Corollary 3. On I(A), F' is continuous and satisfies a Lipschitz condition;
further (F')i()\) exists a.e.

Proof. The first part is an immediate consequence of Remarks (11) and (12).

Let ¢, 4, ¢ < 4, be the extremities of I(A) and define & to be F' on
I(A), linear on the contiguous intervals, and continuous. Then & satisfies

the same Lipschitz condition as F' and so ®' exists a.e. on [c,d]. Clearly

at all non-isolated points of I(A) where ®'(x) exists we have
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&' (x) = lim SOTELK) o py,

v = x - (g

y+X
yeI(\)
Remark (13). In particular (F');P exists a.e. on I(A), and so, by Lemma 5(b)

of section 1, a.e. on E(A).

(14). Let us write

¢ (x) (F')! (x), whenever this exists, (18)

I(N)
= 0, elsewhere on [c,d]

Further denote by ]cn'dn[' n > 1, the contiguous intervals of I(A), on [c,d];

and for n > 1,

F(dn) - F(cn)
s_ = — -5 {F'(c ) + F'(a )}
n dn cn 2 n n (19)
t =F'(d) -F (c ).
n n p n
From (16),
|s_| < 32a(2A+1)(d_-c_);
n n n
from (17) : (20)
|tn| < 64A(2A+1)(d_-c ).
Corollary 4. Let
H={x; xe I(\), (F')i(x)(x) exists, and a_(x) = a_(x) = 1},

then if x € H, F( (x) exists; precisely

2)
2

$(x), F(xt+h) - F(x) = hF'(x) + %— b(x) + o(hz)o

o)™

Proof. We introduce two auxiliary functions; G, being the simplest function

agreeing with F on I(A) and having the same derivatives as F at cn, dn'

n> 1 and M = F - G. Simple calculations show that if cn < x < dn' then

x-c_ (x-cn)(dn—x)
3 —c (F'(dn)- F'(cn)) + By a - < ;
n n n n

G'(x) = F'(c_ ) +
n
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(x-c )2
n

G(x) = F(cn)+(x-cn)F'(cn) + 5?5—:;—71F'(dn)-F'(cn))
n n

(x-c_ )12(a_-x)  (x-c_)>
n n n

ML 2(a_=c ) * 6(d_-c )

};

where

F'(dn)-F'(cn) dn-x
2(d =c ) * un 2(d -c )
n n n n

2
M(x) = F(x)-F(cn)-(x-cn)-(x-cn)F'(cn)-(x-cn) {

x-c_
* un 6(dn-cn)}'

From (20), we have |un| < 192A(2A+1), and so from the above definitions, and

G'(x)-F'(c )

(17), if c_ < x < d_, | D_| ¢ 256A(2A+1), and similarly with c
n n x"cn n

replaced by dn. Further from (20), and (16), if cn < x ﬁ_dn

2
[M(x)| < 160A(2X+1)(x-cn) , and similarly with c replaced by dn'

Suppose now O € H and consider

M(x)-M(Q) _ M(x)
O - x 0-x '

c <x<d
n n

0, otherwise.
x-cn dn-x
From hypothesis, o, (x) = 1, it follows that both =0 and - tend to zero

as x + O, (see section 1). Hence M'(x) = 0 and M(z)(x) = 0.

We now show that G"(x) = ¢(x), which will complete the proof. From the

above definitions and estimates, if x, y are any two points of ([c,d]

e (x) - G'(y)] < 256A(2A+1) |x~y]|. (21)

Suppose then O € H and x € I(\A) then

G'(0) - G'(x) _ F'(9) = F'(x)

0 -x 0 - x
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which tends to ¢(0) as x + 0. If however cn < x < dn' then

G'(Q)-G'(X)_G(X)-F(cn) .x-cn+F(cn)_F(Q) cn"'@
0 - x - X - cn 6 -x c - e A - x

From the above estimates the first term on the right hand side tends to zero
since a, (x) = 1; in the second term the limit is ¢(x), and the lemma is
proved.

Remark (14). From Corollary 3 and Corollary 1 of section 1, F(z)(x) exists

a.e. on I(A), and so a.e. on E(A).

, 2 s . .
Theorem 2. If F is a Ns -primitive, F' exists a.e., as does (F');p which

’

is, a.e., equal to F(2)'

Proof. This follows from Remarks (1), (12), (13) and (14).

6. Some Generalizations. Much of the above discussion can be carried out
with (A) replaced by

‘le E 0<h<e, IAiF(n,h)l < b(h) (¥)
where ¢ is an even function, increasing with |h|. Thus lemma 1 remains valid

2 2
if expressions such as A(u-u1) , AD  (in (6), (6'), (7)) etc. are replaced by

¢(u-u1), ¢ (D) etc.
Similarly we can prove Lemma 2, but in (11) the expressions AIKPJIZ

become ¢(|Kpj|), and so the last term on the right hand side of (9) can only

q-1 b-a
be written as 9 X 2P¢(———ﬂ.
p=0 2P
However to obtain Theorem 1, ¢ must be required to be continuous and

zero at the origin, and satisfy the important condition (B). The following
lemma gives four equivalent forms of condition (B).
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Lemma 4. The following four conditions are equivalent:
@ ¢(un)

 o;

(a) 31%“ u ﬁ_un, n > 1, lim u = 0 such that
n>eo n=1 n+1

(b) ifa>0 ) ¢(%)<ao;
n=1

(c) ifd>1,a>0 Y a" ¢ <o
n=1 n
a
(@ [y <o
0 u

Proof. See [11, II, pp.225-227].

Note that the convergence of the series in (a) does not imply the

® ¢(2u )
n . . s .
convergence of the series z - ¢ it is this extra condition that is
n=1 n+1

required to prove Lemma 3, when (15) becomes

4h
F(x+th) - F(x) = he'(x) + 46 [ ¥ ae,
0 t

2
It is trivial to remark that the function Au~ satisfies condition (B).

Section 3. Applications of Denjoy's Index - II
1. Introduction. In this section the results from section 2 are used to
2
calculate Ns-primitives. Finally some applications of Denjoy's index to

first order symmetric derivative, and certain higher order derivatives, will

be discussed.

; 2 . . 2
2. Some Elementary Properties of the Ns—lntegral. Given f € Ns, (or more
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2 2 . . s . ~ .
generally, f € Ng ), with Ns—primitlve F, indefinite integral F, (section

14

2(1)) then the Nz—integral of f will be defined by Section 2(2) whatever the
order of a, x and b, and will be zero if any two are equal. So if

2
fe Ns(a,b) and ¢, 4, e are any points of [a,b],

e e
N2 - f f = f f = (e-c)(d-e)V_(F;c,e,d), c,d,e distinct
2
(c,d) (c,d)
= 0, otherwise (1)

Remarks (1). V2(F;c,e,d), the second divided difference, is independent of

the order of ¢, d and e.

(2). In Denjoy's notation VR(F;c,e,d) = 2V2(F;c,e,d) and V(F;c,e,d)

e

= (e-c)(d-e)(d-c)Vz(F;c,e,d), and so (d-c) f f = V(F;c,e,d) =
(c,d)

F(c)(d-e) + F(e)(c-d) + F(d)(e-c).

Simple properties of V_ give the following identities; let x,y,z, u and

2

v be points of [a,b];

Y z u
(z-x) (u-x) f f + (y-x)(u-x) f f + (y-x)(z-x) f f = 0; (2)
(x,2) (x,u) (x,y)
Y u u
(v=u)(z=x) [ £ = (z=y)(v=x) [ £+ (x=z)(v-y) [ £
(x,z) (x,v) (YIV)
u (3)
+ (y=-x)(v-z) [ £.
(z,v)

e
Remark (3). If f f is known ‘Vc € C, de D, e € E then using (2) and (3)
(c,d)
z
we can evaluate f f VX,y,z € CUDWVE.
(x,y)

2 2 2
If f € Ns(a,b) and f ¢ Ns(b,c) it does not follow that f € Ns(a,c), as
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2 2
the following example shows. Define f: [- — , ;1 > H{ by,

T
f(x) = 0, - 2 <x <0
’ T — —
= x cos(x-z), 0 < x 5_%~;
2 x 2 2, 2
feN(-= 0) with [ £f=F/(x) =0, -=<x < 0; and f € N°(0,5)
s 2 1 T - - s T
(-_'O)
T
0
-1 2
with f f =F_ (x) =xcos(x ), 0<x < —,
(0, 2 2 -
"1
=0, x = 0.
2 2 2 X 2 2
If then f € NS(- o Eﬁ, and F(x) = {- 2 29 f, - ;'S_X 5_;-, then F would be
' n

smooth and, for some A, B, C and D,

2
F(x) = F (x) + Ax + B, = — < x <0,
2
= FZ(X) +Cx + D, 0 <x ﬁ_;';
simple calculations show that this is not possible; so £ ﬂ Ns(- fy fﬁ.

and f ¢ Nz(b,c) with
F1(b-h) + Fz(b+h)

2
Lemma 1. If f € Ns(a,b) with indefinite integral F1

indefinite integral F2, then f € i(a,c) iff lim

h>0+ h

exists, A say; and then the indefinite integral on [a,c] is F

where,

Fo(x) + A feRIx=a) oy,
1 c-a — -

F(x)

F_(x) + A iE:EliE:Ely b < x < c.
2 c-a - -

Remarks. (4) The proof is by straightforward calculations; see Skvorcov
[31.
(5) 1f F;(b), Fé(b) exist then A = Fé(b) - F;(b).
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(6) If: f:[a,b] » R is extended by periodicity to [b,c], c = 2b-a,
2
(and still called f), and if f ¢ Ns(a,b), with indefinite integral F, then

F(a+h)+F(b-h)
h

2
f e Ns(a,c) iff lim exists; see Skvorcov [2].

h>0+

2
(7) We say f: [a,b] » R is M~-integrable iff f € Ns(a,b), and the

b

limit in Remark (6) exists, A say; then M - f f ==\, (= F'(b)-F'(a), if the
a

derivatives exist); see Ma¥ik.

9 X
(8) If f e Ns N L(a,b) then f f is given by (4) of section 2.
(a,Db)
3. Some Extensions of Some Elementary Formulas. Let yo,...,yp be any p+1

points at which F is defined; the definition of V2 easily gives the

following:

F(y1)-F(yo)
- -y W_(Fiy ,¥,, =F -F -y -y )—m——————
(yp y1)(yp Y IV, (Fiy .y, yp) (yp) (y) (yp yY,) v, - v,
P§1
= ) (y -y.)u,; (4)
i=t Pt

F(y )—F(yp_1)

-(yp_1-yo)(yp-yo)vz(F;yopyp_1,yp) = F(yp)-F(yo)-(yp-yo) yp = yp-1
p-1

= _Y (yo-yi)ui; (5)
i=1

where 1 < i < p-1,
Ui = g Y g IV By, go¥se¥syy)
Fly,,4)"Fly,) Fly )-Fly; )

= ~ - — . (6)
Yivr™ ¥y Yi T ¥
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Now consider a subdivision of [u,v], u = yo< ees < Y.~ ¥ < oo < ym= v,

apply (5) to Yoo oY and (4) to ' AVEERN A and add to get:

m-1 n-1
- F(y)-F 1 1 .
F(z)-F(y) _ (yz u(u) = y (w-y Ju, + — Y (viydu, +u . (7)
Y Y Y i=1 i=m+1
Remark (9). If z,, z, are two further points where F' exists then from (6)
we easily get:
p-1
~ - F' = + +
F'(z,) - F'(z,) = w, (z,) 11 u, +wy(z,), (8)
where
F(yo)-F(z1)
w1(z1)= — -F'(Z1)r
Yo 1
F(zz)-F(y )
w(z) =F'(z) - ——2
272 2 z2 Yp

For later applications it is important to extend (4), (5) and (7) to
obtain expressions where the terms on the various left hand sides are
evaluated not at points of yo,...,yp but at limit points of such a sequence.

Let u < Yi < v, Yi- < Y, ieg 2, lim y,l = u, lim yi = v; (the case where

1> - 1>

1

only one of u, v is a limit point can be considered similarly.) Choose three

other points y', y, y" with v, < y' < Yooq SY <Y <y <y, <y" <y

s+1 t t+1’

(as we want to let y' » u, y" + v, missing the terms of the sequence avoids
minor difficulties.)
Define C_(y',y) by the right hand side of (5) using y', yr+1,...,ys,y,

and C+(y,y") by the right hand side of (4) using y, y ,...,yt,y":

s+1
s-1
c_(y',y) = (y'-yr+1)u+(y') + ? (y'-yi)ui+ (y'-ys)u_(y): (9)
i=r+2
t-1
Coly,y") = (y"-y_, u (y) * ) (y"=y du+ (y"-y Ju_(y"); (10)
i=s+2
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where u+(y') is u with Y, replaced by y', u_(y) is ug with Y1 replaced

r+1

replaced by

by v, u+(y) is u with Y replaced by y, u_(y") is u with y

s+1 t+1

v". (The suffix in C indicates the left point y' occurs in the expression;
in u it indicates that in (6) the first term is altered, etc.)

From (5), and (4),

F(y)-F(ys)
c (y',y) = Fly) - (y=-y') ———/™, (11)
= Yy - Ys
F(ys+1)-F(y)
c (y,¥y") = F(y") = F(y) - (y"-y) . (12)
Y -y
s+1

Assume now that F is left continuous at v, and right continuous at u
then (11) and (12) show that the following limits exist; a fact that is not

obvious from the definitions of C_, (9) and (10);

b (uy) = lim C_(y',y),
y'>u+ (13)
u_(y,v) = 1lim C+(y,y").
y"*V-
From (11), (12) and (13)
F(y) - Flw) = (y-u) HETEE <y (u,y) (14)
F(v) - F(y) - (v-y) F(:):F; Loy (yv) (15)

Remark (10). (14) and (15) can be regarded as extensions of (4) and (5).

The left hand sides, given the definitions of ut, (13), can be found once all
the u, are known, i € Z, as well as ui(y), u <y < v, provided F is right
continuous at u, and left continuous at v.

Now define

H_(Y,V) u+(uly)

clu,y,v) = —— v~ vy - u + uly),
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where

F(ys+1)-F(y) F(y)—F(ys)

u(y) = n - - '
Yepr™ ¥ Y - ¥

then from (14) and (15)

F(v)-F(y) _ F(y)-F(u)
v -y Yy - u

= c(u,y,v). (17)

Remark (11). This is the required generalization of (7). The left hand side

of (17) is (v-u)Vz(F;u,y,v), and (17) shows how this quantity, (or

equivalently f f,) can be calculated from the knowledge of similar
(u,v)

quantities in Ju,v([, provided the limits (13) can be calculated; and for this
the continuity of F at u and v will suffice.
If we now assume the existence of Fl(u) and F'(v) then, from (17) the

following limits exist:

p(u,v) = 1lim c(u,u,v),
y>ut (18)
v(u,v) = 1lim c(u,y,v),
y>v=
and have the values,
plu,v) = w - F'(u),
v - u
V(u,V) = F'(V) - F_(_v_)-_F(u_).

v - u

Hence the quantities

s(a,v) = 2(k(u,v) = viu,v)),
_ F(v)-Flw) _ 1., ,
= s - A F'(u+FE ()},
(19)
t(u,v) = p(u,v) + v(u,v),

= F'(V) - F'(u)'
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can be calculated, as suggested in Remarks (10) and (11), from knowledge of
various quantities in Ju,v{, subject to the extra condition that F;(u), F'(v)
exist. The quantities (19) are of importance for our calculation; see
section 8 below.

Remark (12). It should be emphasized that in all cases the limits need to be
evaluated; they cannot be found by suitable substitutions into the
definitioﬁs. Thus u+(u,y) is given by (16) from (11) and not from (11) as

C_(u,y): see Denjoy [11, pp.293-305].

X
4. The First Set of Calculations. The process whereby f f can be
(c,d)

2
calculated, a < ¢ < x <4 < b, for a given f € N g is called the second
’

order symmetric totalisation of f. 1If, given f: [a,b] + R the process works

x
we will say that f € Tz(a,b), and write the total as T2- f f, or just
. (c,d)
x
f f when there is no ambiguity. We wish to give the conditions under
(c,d)

which this totalisation is possible, and then check that if f € Nz g(a,b) the
’

x . X
conditions hold and N2— f £=T7°- f f. 1If, at any stage of the
s s
(c,d) (c,d)

process, this is the case then the process will be said to be satisfactory,

at that stage.
2
Remark (13). This approach to Ts-totalisation is modelled on that for the

first order totalisations, see for instance Bullen [3]. However we will have

2
to change our approach and redefine what we mean by f € Ts(a,b); see
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paragraph 5.
Condition 0: (C.0). Let S = {x;a < x < b, £ is not L-integrable at x}, then

S, which is closed, is nowhere dense in ([a,b].

X
Operation 1: (0.1). If a < c < x <d <Dband f € L(c,d) then Tz-f f is
(c,d)

given by the right hand side of (4), section 2, (with,
of course, a,b replaced by c,d).
This operation calculates the total, by repeated Lebesque integration,
on any [c,d] with [c,dl N S = 4.
Remarks (14). (C.0) is made unnecessary by (C.3) below: see Remark (18).
(15). If f ¢ Nz g’ P # ¢, perfect, then the set of points x € P, in

Y

|a%F(x,h) |
S

the neighbourhood of which A(x) = max — is not bounded, S(P) say, is
h h

a closed nowhere dense subset of P. If then [(c,d] N S(P) = ¢, A(X) is
bounded on P N [c,d]. This shows that (C.0) is satisfied, and that at this
stage (0.1) makes the process satisfactory.

2 X
Condition 1: (C.1). If T - f f is known for all c,d,x, u < c < x < d < v,

(c,d)

then \{y, u {y <v the limit as x+ y, ¢+ ut, 4 + v- of

x
f f exists.
(c,d)
2 y
Operation 2: (0.2). Evaluate the limit in (C.1) as T - f f.
(u,v)

This operation will give the total on all closed contiguous intervals

. 2 s
of the set S of (C.0); further since NS q—prlmltlves are continuous the
’

121



process is satisfactory.

X X
2 2
Condition 2: (C.2). If F (x) = T - i .0 < x <d, Fylx) =T - / £,

(c,d) (d,e)
F,(d-h)+F,(d+h)
d < x < e, then lim = exists.
=*= h
h>0+

Operation 3: (0.3). Evaluate the limit in (C.2) as A, say, and define

d
T2_ f £ =1 (e-d)(d-c)
(e-c)
(c,e)
X
Once (0.3) has been performed then f f, c < x < e can be found from
(c,e)
d 2
For F, and f f by a use of (2). Further since N g-primitives are
(c,e) !

smooth Lemma 1 shows the process is satisfactory.

Using (0.1)-(0.3) the total can be found on all the closed contiguous
intervals of the perfect kernel of the set S éf (C.0), by a process common to
all totalisations; see Bullen [3]. This ends the first set of calculations
that can be used to solve the following problem:

Problem 1: (P.1). If the total has been calculated on the closed
subintervals of the contigquous intervals of a closed set,
find the total on the closed contiguous intervals of the
perfect kernel of that set.

Remark (16). If the process is satisfactory up to the given calculations of

(P.1), then it is so up to the final calculation in (P.1).

5. The Second Set of Calculations. Preliminaries. Totalisation consists

of finding a decreasing sequence of perfect sets Pa' 0 <a <Q, each nowhere
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dense in its predecessors, and for each of which the total is known on its

closed contiguous intervals; then after a countable number of steps the total

on [a,b] will be known; see Bullen [3]. The discussion in paragraph 4 gives
the first two perfect sets of the sequence; Po = [a,b], P1 = the perfect
kernel of the set S of (C.0), and so it is necessary to solve the following
problem:

Problem 2: (P.2). If the total is known on the closed contiguous intervals of
a perfect set, find the total on the closed sub-intervals
of the contiguous intervals of some nowhere dense closed
subset.

If we have solved (P.2) then by (P.1) we can proceed to the perfect
kernel of the closed subset in (P.2); if then the perfect set in (P.2) is P1,
we have arrived at P2, and the process can be completed.

Remark (17). Of course if the process is satisfactory up to the given

calculations of (P.2) it must remain so after (P.2) has been solved.

Suppose that (P.2) has been solved for perfect sets of definite type,

(see section 1) and let P € D If H is the set of Section 1, Theorem 4,

4
[c,d] one of its contiguous intervals, then on this interval P consists of a
countable number of isolated portions of definite type that can only
accumulate, if at all, at ¢ and, or, 4. Then (P.2) is solved for P by the
solution, assumed, for perfect sets of definite type; the closed nowhere
dense subset of (P.2) for P is H, together with the closed nowhere dense
subsets of (P.2) on each of the portions of definite type, on each [c,d]; see

Denjoy [11, p.324].

It remains then to consider (P.2) for perfect sets of definite type.
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For this it is necessary to change our definition of the class of
2 . . . C s
Ts-totallsable functions from a constructive one to a descriptive one.
. . . 2 2
We will introduce a class of functions on [a,b], Fs(a,b), and F € Ps iff F
. e . . . 2 .
satisfies (C.1)-(C.4) below; it will be seen that if F € Fs then (F');p will

exist a.e. and then if (F');p = 0 a.e. F is constant; (see Remark (28)

below).

2
Definition 1. If f : [a,b] + R then f € Ts(a,b) iff ‘3 F € Fz(a,b) and

e
(F')'! = f a.e.; and then T2- f f, a<c, d, e < Db, is
ap S (c,d) B -
’

given by the right hand side of (1).

2 2
If now f € 'I‘s the Ts-totalisation process will be possible, using

e

(0.1)-(0.3) and (0.4)-(0.9) to be defined, and will give T2- f f as
(c,d)

defined in Definition 1. It will be clear from the discussion, and from
2 2
section 2 that if f € Ns then f € Ts and the integrals will be the same.
’
To ensure that the preceeding discussion will apply in this new

2
situation we state the first two conditions for Ps’ conditions corresponding

to (C.1) and (C.2) above.

2
Condition 1: (C.1). If F € Ps(a,b) then F is continuous on [a,b].
2
Condition 2: (C.2). If F ¢ Ps(a,b) then F is smooth on J]a,bl.
6. Problem Two for Perfect Sets of Type One. If P € D1 then for some Xo

2
P=I(P,A), A> KO; so the next character of Fs will concern behaviour
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relative to I(P,\) sets for arbitrary perfect subsets of [a,b]. The form of
(C.3) below is suggested by properties discussed in section 2.5.
Condition 3: (C.3). If F ¢ Fz, P #+ ¢, perfect then 3 closed nowhere dense
subset S = S(P) such thatVQ # ¢, a closed portion of P,
oNnNs =6, A\ > 1, F' exists and is AC on I(Q,\).
As in Section 2 Theorem 2 (C.3) implies that (F');p exists a.e. in
[a,b] and that F € ACG. Further while the quantities S tn of section 2
(9) do not necessarily satisfy section 2 (20), nevertheless both Xlsnl and
Xlt | converge.
n
Remarks (18). By applying (C.3) with P = [a,b] we see that (C.3) implies
(c.0).
(19). 1f f ¢ Nz.g then the set S(P) of (C.3) is taken to be the set
of Remark (15), and the discussion in section 2 shows (C.3) holds.
We will now introduce two operations which will solve the following
problem:
Problem 3: (P.3). Let I(Q,\A) be as in (C.3) and suppose the total is known on
all of its closed contiguous intervals. To find the total
on its containing interval: (f € Tz, of course).

Let [c,d] be the containing interval, [cn,dn] a closed contiguous

b4
interval in [c,d], F (x) = f f, c <x<da.
n n— — n
(c_,d )
n" n
x

Remark (20). It is sufficient for (P.3) to obtain f f,u,v,x € 1(Q,\),
(u,v)

since an application of (2) will then evaluate the total for any three points

in [c,d].
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Operation 4: (0.4). With the above notation evaluate the limits

F (x) F (x)

= lim = v = lim —

M c-x ' 'n x-d '
x->cn n x->dn n

1
= — - = + .
and calculate s, Z(pn vn), tn Byt vy n 21
2 2
Since f € Ts each Fn differs from F € Ps by an affine function and so,

by (C.3), “n and vn exist being just:

F(dn)~F(c )
ba T Ta m e TPl
n n
F(d )-F(cn)
v =F'(4) - ——,
n n d -c¢
n n
and then,
F(dn)-F(cn)
s, 3 - o - E{F'(cn) + F'(dn)},
n n
t = F'(d )-F'(c );
n n n

see section 2 (9), and (19).

The final operation to solve (P.3) is justified by the following
calculations, bésed on the properties of F given by (C.3), see Denjoy [11;
pp.268-269].

If u,v € I(Q,\) then,

v
F(v) - F(u) = {1 F'l o) * (@ y v){F(d )-F(c )};

and if $, ¢ are as in section 2 after Corollary 3 and (18).
v

[ 61
a I(Q,\)

F'(v) = F'(u) + (u X v)tn

v
u
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v
J {F'(£)-F' (W)}
u

F(v)=-F(u)=(v-u)F'(u) (t)dt

1(Q,\)

+ @) v [(dn-cn){%(F'(cn)"'F'(dn))-F'(u)"’sn}]

v s
| | =x(t)atas;
u u

where

X(t) = ¢(t), t € 1(Q,\)

t s
n n 1
+ — + - < < > 1. 20
e 3 {2(cn d) t}, c <t<d,n2 (20)
n n (dn~ cn)

So, as in (4) of section 2, if u,v,x € I(Q,\),

X v
(x—u)(v-x)Vz(F;u,x,v) = ?G%;T {f (t=u)X(t)dat + f (v-t)X(t)dt}.
u x

(21)
Since, see section 2, a.e. on I(Q,\),d = (F')a'lp we can, and will,
replace in the definition of X, ¢ by f and then the following operation,

given Remark (20), completes the solution of (P.3).

Operation 5: (0.5). With the above notation if u,v,x € I(Q,\) define

X

2

Ts-f f by the right hand side of (21).
(u,v)

Remarks (21). It is not difficult to see, from (20) and (21), that (0.5)
consists of Lebesgue integration of tf(t) and f£(t) on a nowhere dense perfect
set, together with the summing of an absolutely convergent series; Denjoy
(11,p.283].

(22) The constructive approach of paragraph 4 could have been
continued to this point by replacing (C.3) by the following: (a)

f e L.(I(Q,N)), (b) the limit in (0.4) exists, (c) Xlsnl and Xltnl converge.

127



However the discussion is better motivated from the constructive point of
view, and the change introduced is essential for the next section.

Clearly if P ¢ D1 then the solution of (P.3) is the solution of (P.2)
since I(P,\) = P, A > KO.
Remark (23). When f ¢ Nz the set S(P), see Remark (19), is not determined by
our knowledge of P and f = DzF on P; see Denjoy [11,pp.319-323]. So the

solution of (P.2) must proceed a little differently. Decompose P into an

infinity of closed isolated portions Qn' limIQn| = 0, each point of P being
ne>o

in an infinity of the Qn; attempt the above calculations with Q1,Q2,... .
While these calculations may fail for some Qn' (if Qn(\ S(P) # ¢), they must
succeed on many as S(P), although unknown, is nowhere dense. In this way we
find simutaneously both S(P) and the totals on the closed sub-intervals of

its contiguous intervals. This remark applies to other stages but will not

be repeated.

7. Problem Two for Sets of Type 2. If P € D2 then b’x, P = J(P,A); and so

the next condition is related to J(P,A) for any perfect subset of [a,b].

Condition 4: (C.4). If F € rz, P # ¢, perfect 3 closed nowhere dense subset
C = C(P) such that VC?* ¢, a closed portion of P,
eNc=¢, if K =v[u,v] is a A-maximal segment of Q,

A > 1 and if

AzF(u, | x| )+A§F(v,|l<| )
w)\(K) = TKl ’
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2
ASF(u,|K|)
g = max l‘——"—’_— |,
N K
then

(a) ) w, (K) <=,
A

(b) 1lim max |x 2 y mx(K)| o0,

Aro x,y K

(c) 3 M such that V)\, o)\ < M.

2
Remark (24). This completes the definition of Fs and it is easily see that
. 2 2
if F, G € FS then aF + bG € Ps.

(25). If f ¢ Ni we take C(P) to be the set S(P) of Remark (15);

’

AzF(xlh)
then since -5 is bounded on Q (C.4) is easily seen to be satisfied.
h
X
To solve (P.2) for P € 02 it suffices to calculate f f for xo, x1
(xo,x1)

is one contiguous interval of Q, x is another since then by use of (2), (3)
and (0.2), QO being nowhere dense, the total can be found on the containing

interval of Q. So for simplicity let us consider a P € D_, the total being

2

known on its closed contigquous intervals, P € [c,d], with [c',d'] its

containing interval, ¢ < c¢' < 4' < 4, Kn = [un,vn] its disjoint A-maximal

segments, 1 < n < m. We will assume that c' = u1 < v1 < oo € vm = d4' and

that A is large enough that each Kn is so isolated from its neighbour that

|k

Vn * IKn| < Yn n+1|'

- - ] )
+1 1<n<<m1. Ifc ﬁ_xo < x1 <c', d' < x <4 we

can also assume, by taking A large enough that x1 < u1 - |K1|, vm + |K | <
m
X

Now define xk, 0 <k < 4m+2 as follows: xo, X, as above, x = x, and

1 4m+2
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i < <m, X = - IK X = u X = v X =v + |K |.
f1<nsm 4an-2  “n | nl' 4n-1 n’ “4n n’ “4n+1 n l nI

Then, from above, if A is large enough, c S_XO < X, < eee < X gm+2 < d. If

then f € Ti and F € Fi is given by Definition 1, we have from (4) and (6)

that
4m+1
(x-xo)(x—x1)V2(F;xo,x1,x) = I (x—xk)uk, (22)
k=1
uk = (xk+1-xk-1)V2(F;xk_1,xk,xk_1), k = 2,1 (mod 4) (23)
2
ATF(u ,|x_|)
S N SR S W
= ’ = ’
& [
2
AF(v |k )
IKnl 3 k = 4n (24)

(P.2) will be solved if we can calculate the left hand side of (22)

from the known totals on the closed contiguous intervals of P, [xk,xk+3],

k = 0(mod 4), 1 < k < 4m-~1, [c,x3] and [x d]. Since each of these totals

4m’
differ from F by an affine function they have the same second divided

differences as F, and so the terms on the right hand side arising from u
given by (23) can be determined; call their sum X1. The remaining terms,

those with u given by (24), cannot be calculated as the points at which the

second divided differences are calculated lie in two different closed

contiguous intervals of P; call this sum Xz.
4?+1

= ) (x=x )u
k=1 kok

k=0,-1(mod 4)

s

130



4m+1

= k£1 Loemx duy + o du )
k==1(mod 4)
m
= T {lxex dwy (fa v 1) = K u, )
n=1
3'-c!
|
< (xmchmax [(a § viw (lu_,v 1) + S50, (25)
u,v
so by (C.4) 1lim Xz = 0. Equivalently, by (C.4)
A
(x-xo(x-x1)Vz(F;xo,x1,x2) = 1lim §1
>
5 X
Operation 6: (0.6). With the above notation evaluate TS- f f as
(x ,x.)
o 1

y 4?+1

lim = 1lim {(x-x )u, + (x-x ya,  L}.

rre 1 A0 k=1 k' k+1' k1
k=1, (mod 4)

Remark (26). If F el"i then F & C N RGC and F' exists a.e. Hence F can be
found from F' by a simple totalisation. In the present case of (P.2),

P e Dz, |P| = 0 and so knowing the total on all the closed contiguous
intervals of P, F' is known a.e. However our information does not give
F'(y) - F'(x), if x,y lie in different closed contiguous intervals of P; for
the known totals each differ from F by an affine function. An argument
similar to the above, but using (8) rather than (4), can be used to obtain
F'(y) - F'(x), if we introduce a suitable variant of (0.6). Then the
totalisation can be completed in the way suggested; see Denjoy [11;
pp.286-287].

Remark (27). It is the need to know that lim Xz = 0, and not just that it
A>e

exists, that caused us to introduce the class Pi.
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8. Problem Two for Perfect Sets of Type Three. If P & D3 we will assume

for simplicity that (C.3) and (C.4) hold on P; that is, P is identified with

the closed portion on which both (C.3) and (C.4) hold. Since Q(P) is dense

x
in P, see section 1’it is sufficient by (0.2) to calculate f f for u,v,x
(u,v)

in @(P). However if u,v,x € Q(P) then for all large enough A,

u,v,x € I(P,\), and so it suffices to approximate the total for

u,v,x & I(P,\), provided the error in this approximation tends to zero as
A > o,

Let P = I(P,\) y J(P,\), [c,d] a closed contiguous interval of I(P,\).

X

The discussion of paragraph 6 shows that an approximation to f £,
(u,v)

u,v,x & I(P,A) can be found if suitable approximations to the s, and t of
(0.4) can be obtained. Of course if [c,d](\ J(P,A) = ¢ then s and t can be
found exactly, by (0.4).

Suppose [c,d]r\JTP,X) consists of a finite number of A-maximal
portions, (in a containing interval [c',d'], c < c' < d' < d), then we
attempt to calculate F'(d)-F'(c), and so t, as in paragraph 7, using (8) as
suggested in Remark (26). However we cannot, as in (0.6), let A » @, since
obviously ¢ and d depend on A. Instead we write t = t1+ t2, where t1 is

known, arising from terms in (8) calculated from the same contiguous

interval, t2 unknown, but by (C.4) we can show that t2 satisfies an

inequality similar to (25). In a similar way we can write s = Sy + S,r S,
known, S, unknown but bounded, as t2, by an inequality similar to (25); see
Denjoy [11;pp.293-295].
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It remains to consider the case [c,d] N J(P,\) containing an infinity

of A-maximal segments Kn = [un,vn], n € Z, with vn <u , N e Z,

n+1

lim v = ¢, lim u_ = 4; the case where only one of ¢, or 4, is a point of
n>—-o n n>o n

accurmulation can be treated similarly. As in paragraph 7 we define a

= - = = = +
sequence xk by x4n_2 un |Kn|, x4n_1 un, x4n vn, x4n+1 vn IKnl,
n e 2; if A > 2 this is an increasing sequence, and lim xk = ¢, lim xk = 4.
k> - k>

Now let x' < x < x" be three points not lying in any Kn, and distinct from

all the x ; precisely we assume x < x'" < x < x" <

X 4p+1 ap+2’ Tag+1 *ar+2’

With obvious changes in notation we can apply (9) and (10) to this
sequence, and, as above the quantities C(x',x), C+(x,x") can be written as

C, =¢C + C , where the C+

+ + 9 T can be calculated from known information,
- - =

.1

and C+

, can be estimated by inequalities similar to (25).
bt 4

Since f € Ti we have that F € Pi and of course c, 4 € I(P,A) so that
conditions of paragraph 3 apply, see Remarks (10), (11); hence the various
limits of that paragraph exist; u+(c,x), u_(x,d), c(x,x,d), p(c,d), v(c,d),
s(c,d), t(c,d), see (13), (16), (18) and (19). Estimates of a simple nature

show that the similar limits By ot cz, uz, V., s,, t, also exist; see Denjoy
-1

2 2 2
[11,p.307-311]. This justifies the following two operations.

Operation 7: (0.7). With the above notations evaluate

B, ,(c,x) = 1lim C_ _(x'x),
+,1 craer 01
= : "
u_'1(x,d) lim C+,1(x,x ),

x"_)d_

and calculate c1(c,x,d).
Operation 8: (0.8). With the above notations evaluate

p1(c,d) = lim c1(c,d,x),
pade
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v,(c,d) = lim c, (e,x,d),
1 1
x+d

and calculate 51(c,d), t1(c,d).

In addition calculations similar to those giving (25) give

Is,(c,ar]|, It (c,a)] < m “‘;—C), (26)

for some constant M; see Denjoy [11,p.314].
Carrying out these calculations for each such closed contiguous

interval of I(P,\) enables us to define X1 as in (20) but with Sn' tn

replaced by sn 17 tn 17 (and ¢ by f of course). Calculate the right hand
’ ’

x
and call this Tz 1-f f, where u, v, x & I(P,\).

side of (21) using X
1 ’
(u,v)

i 20 ith s s )
NDefine X2 by (20) witl S v tn replaced by sn,z' tn,2 and ¢ replaced by

0; use the right hand side of (21) with X_ to calculate a quantity that by

2
K(b-a)3

estimate (26) can be shown to be bounded by i Denjoy [(11,p.316].

Operation 9: (0.9). If u,v,x are any three points of Q(P)

X
1—f £.
(u,v)

2 2
Calculate T -f f as lim T
J s,

(u,v) A»>o

This by previous remarks complete the discussion of (P.2) for sets of

2
type 3 and so of Ts-totalisation.
2
Remarks (28). Using the various techniques of Ts-totalisation it is possible

. 2 . .
to prove that if F @ I's, (F') = 0 a.e. then F is a constant; see Denjoy

)
ap
[11;pp.478-480].

(29). A special subclass of Ni consists of the sums of everywhere

. . . . . . 2 . .
convergent trigonometric series. Even in this special case Ts-totallsatlon,

which calculates the coefficients of the series from the sum, cannot be
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shortened. Precisely, Va, a <Q, 3 such an £ for which the process has order
type «a, amdb@, B < a, all nine operations are used beyond the B stage; see

Denjoy [11,pp.483-495].

9. The First Order Symmetric Derivative. If F: [a,b] + R is continuous

and DSF = f at all points of ]a,b[, where

F(x+h)-F(x~h)
m

D F(X) = 1i ’
s >0 2h
b
then we say F € Ns’ Ns-f f = F(b)-F(a). In this section we will discuss a
a

totalisation process that will calculate F(x)-F(a), from a given f € Ns' or

even more generally f € NS meaning -» < ESF <f 5_DSF < », F continuous.

’

As in section 2, if F Ns g(a,b) then [a,b] is the union of a countable
’

collection of closed sets of the type E = E(A), where
VxeE, 0<h <e, |F(x+h) - F(x-h)| < 2Ah. (a)
Proceeding as in, Section 2 Lemma 1, (see Denjoy 12-II, and 11,
pp.235-237), if 91, 92 = G1+ k are two points of E(A), u = uo =0 + h, any

other point, and if, for m ¢ Z, u is defined by (SS), see section 2, and if

In] > 2|x|, |n+2mk| < 2|k|, n(h+2mk) > 0, then

2|m| -1
Fu, ) = F(u) + 288 ]  (|n] - r|x])
m
r=0
n’ 2
= F(u) + 46A Pl (67 < 1).
If now x, x+k  E(A), 2|kn+1| < |kn| < Blkn+1|, ii: k =0,

|h| < 4|k1|, then as in lemma 3 of section 2

F(x+h) = F(x) + 6CcafBh,
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where |6| < 1, and C does not depend on x,h,B or A.
Lemma 2. v)te E(A) of finite index, a say, F(x+h) = F(x) + 26Cah and
|2¢F(x)| < 2ca.

Corollary. If f € Ns with Ns-primitive F then F' exists a.e.

9

Conditions 1, 2 and 3 below will define a linear class of functions PS
and if F ¢ Ps, F' exists a.e., and further if F' = 0 a.e. F is a constant.

Definition 2. If £ [a,b] > R then £ € T_(a,b) iff Ire I and F' = £ a.e.;

X
then Ts-ff=p(x), - F(a), a < x < b.
a

Condition 1: (C.1). If F € Ps(a,b) then F is continuous in [a,b].

Condition 2: (C.2). If F € Ps' P # ¢, perfect, 3 closed nowhere dense subset
S = S(P) such that VQ # ¢, a closed portion of P, QNS = ¢,
AN > 1, F is AC* on I(Q,\).

Condition 3: If F € Ps’ P # ¢, perfect, closed nowhere dense subset
C = C(P), such that Q@ +# ¢, a closed portion of P, Q c =+,
A > 1, if L is a A-maximal portion of Q, X = [u,v] the
associated A-maximal segment, define for x € L, |K| < h < 2|k]|,

w, (K) = max |F(x+h)=-F(x-h)|, then (a) ) w, (K) < =,
A A
X,h K
(b) lim {max (x?y)wx(K)} = 0.
Areo X,y

If f € N then f € Ts; (C.1) is trivial and for (C.2), and (C.3), we

’

take the sets S(P), and C(P), to be the closed nowhere dense subset of P

+ - -
where F(xth)-F(x-h) is not bounded. Then in (C.2) we note that on I(Q,\) the

2h
index is bounded and so by Lemma 2, f € L(I(Q,\)); also.by Lemma 2, if [c,d]

is any contiguous interval of I(Q,\), w(F,[c,d]) < M(d-c); hence F € AC* on
I(Q,A). In the case of (C.3) note that if x € Q then |F(x+h)-F(x-h)| < 2ha,
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8A
and so, X wx(K) < 4a X || ATy (b~a), by (5) of section 2.
K

The first four operations of Ts-totalisation are just those of the
classical T*-totalisation; see Bullen [3]. (C.2) allows us to start the
process with (0.1), Lebesgque integration on closed intervals not meeting
s([a,b]), (C.1) permits (0.2), evaluating certain limits, and (0.3), finite
additivity, requires the use of no conditions. These three operations solve
(P.1), see paragraph 4.

From the discussion in paragraph 5; it suffices to consider (P.2) for
perfect sets of definite type.

If the total is known on the closed contiguous intervals of an I(Q,A)

(=Q if P @ D1 and A is large enough), then by (C.2) if x,y € I(Q,\),

y d
F(y)-F(x) is given by (0.4), F(y)-F(x) = [ £ e t & Tyt - N,

X (o]
n

where [cn'dn]' n > 1 denote the closed contiguous intervals of I(Q,\). This

solves (F.2) when P &D,.

< < < o0 £ < i
If Pe 02 let ¢ < X X, Xam2 < d be as in paragraph 7 except
i ned . ing:
that x4n~2, x4n+1 are defined as satisfying
X +x
4n-2 4n+1
> EP N Ix, %] =P K, 2|Kn| £ Xy 1% anan < 4|Knl'

if A > 8 a sequence defined this way is increasing as required. Using the

suffixes 1 and 2 as in paragraph 7.

F(Q)-F(c) = ) {Flx, )-F(x )} + J {F(x_ )=F(x,)};

by (C.2) lim Sz = 0 and this justifies the following as (0.5) of
>

Ts-totalisation:
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F(d)-F(c) = ii: 21{F(xk+1)-p(xk)}.

Then by (C.1), and (0.3), suffices to solve (P.2) in this case.

Suppose now that P & 03 then, as in paragraph 8, it suffices to
calculate F(y)-F(x), y,x & Q(P), and to obtain an approximation for y,
x & I(P,\) provided the error tends to zero as A > ». Let P =
I(p,\)\J J(P,\) and let [c,d] be a closed contiquous interval of I(P,\) in
which the A-maximal portions of J(P,A) accumulate at both ¢ and 4, (it
suffices to consider this case, see paragraph 8.) If c < x < x' < 4, x,
x' € J(P,\), then proceeding as we did above in the case of P e»Dz, (see also
paragraph 8), we can obtain:

F(x")=F(x) = (x ), x") {FOx, )=F(x )} + (x §, x"){Flx , )-F(x)};

by (C.2) lim 52 exists and is just (c Yz {F(x, )-F(x,)}, and by (C.4)
X>C
x'>d

this last expression tends to zero or A + ». Then if x,y & Q(P) we obtain

F(y)-F(x) by the following, that is (0.6) of this process:

y
iim tfe et Ty lim YL
> X X *C

n,
X ">
n

’

where of course 51 is the X1 for the closed contiquous interval [cn'dn]' of

4

I(P,A\), n > 1. This completes the discussion of Ts-totalisation.

10. Peano Derivatives Relative to a Set. The results in this section can

be found in Denjoy [10].

Definition 3. (The notation is that of section 1 paragraph 3). The index of
a set P is said to be uniformly bounded by A iff 3W1> 0 such
that VX éP}x + hoé P, |ho| > h, and a(P,x,ho) < A.
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Remark (30). If at all points of P the index is finite then the set of
points of P at which the index is not uniformly bounded is nowhere dense in
P; [10,p.293].

Definition 4. Let F: H+> R, x ¢ HI'\ H', if}a1,...,an, not depending on h,

such that if x + h& H

o hk n
F(x+h) = F(x) + ) a,_ ~— + o(h"), (as h > 0),
k k!
k=1
then ak is called the kth-Peano derivative of F relative to
. H . H .

H, at x, written F(k)(x), 1<k <n, if F(k)(x) exists,
1 < k £ n-1, define Yn(F,x,h,H) by,

n n-1 k
h _ H ht

-y (F,x,h,H) = Flx+h)=F(x) kL Foey X S

(x @ Hym H', xthg& H), then the upper (lower), nth-Peano
derivative of F relative to H, at x is

lim sup y_(F,x,h,H)(lim inf y_(F,x,h,H)) written
b n n
h>0 h+>0
“H H

Fny) ) E )

Theorem 1. Let an) exist at all points of a perfect set P of uniformly

bounded index; let Q # ¢, be a perfect subset of P such thatz} o,

(x)).

n for which if |h| < m, then |h yn+1(F,x,h,P)| < @, then;

P
Py

(b) 3 B such that VXQ 0O the oscillation of Fl:n)

(a) is bounded on Q:
on Q, at x,
is less than pa.

(c) is continuous relative to Q, on ¢ and has finite

P
Fln=1)

Dini-derivates relative to Q, at each point of Q, that
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differ by less than 2ua;

(4d) if 1 < k < n-2, then ka) is continuous relative to Q, on

P )Q
(k) (n-=k-1)
(x}), 1 £m < n-k=-1.

(x) exists, and further

Q, and VXe Q,(F
P 0 _ P
F ey m) = Feam)

Remark (31). This remarkable result depends on the very elementary but

fundamental Theorem 1 of Denjoy [10].
(32). The above result is certainly false if P has an infinite index

xn+1 1 xn+1
at each point. Let kn'l 0, k1 = 1, Km =0, N <‘§ , lim N = 0, Let P
n n>e n

be the perfect set, having infinite index at each point, defined by

@™
P={x:x= ) (-1)kl. , for some 1., 0 < i < i_ ...}.
i k - o—"1
k=0 k
A3
® i
Define F : P + R by F(x) = X (-1)n —327 then F is continuous on P,
n=1
P P P P P P P P P
= = = 1; # d # g .
F(” F(Z) 0, F(3) soF(a) (F'(”)(z) an F(3) (P(z))n)

. . P X .
(33). If F: P+ R is continuous then F is Baire-1 on P; Denjoy

(n)
[10; Theorem IV].
Definition 5. Let F: H+ R, P # ¢, a perfect subset of H, if x € P then F is

reqular relative to P (of order n) at x iff:

P . i -p P . .
(a) V x &€ P, F(n_”(x) exists with F(n)(x), _F_‘_(x)(x) finite;

. P P - P
(b) if 1 <k <n 1-theane P, (F(k))(m)(x) F(k+m)(X)’
P P P P
1 <m < n-k-1, and (F(k))(n—k)(x) an (F(k))(n-k)(X)' are

finite.
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. c . . . —H
Theorem 2. TLet H be a set with index finite at each point, and with F (x),

(n)

H (x) finite, x € H, thenVP # ¢, perfect subset of H, the set

E(n)

of points of P where F is not regular relative to P is nowhere

dense in P.

1. Some Problems.

x
(1) 1f £ € Ni g(a,b) then f is James Pz-integrable and Pz-f f =
! (a,b)

X .
2
Nz —f f, a < x < s. What is the relationship between the P -integral and
(a,b)

the Tz-total ? (See James [1]).

(2) 1f f & Ns,g then f is James symmetric P1-integrable and the
integral are equal. What is the relationship between the symmetric
P1-integra1 and Ts-totalization ? (See James (2], Mukhopadhyay).

(3) Denjoy has generalized his Tz—totalization by allowing certain
approximate notions into (C.1)-(C.5); thus (C.1) is replaced by approximate
continuity, (C.2) by approximate smoothness; see Denjoy [11;pp.465-481].
Skvorcov, [1], has shown that this generalization does not integrate all
finite second order symmetric approximate derivatives of approximately |
continuous functions. How can Denjoy's totalization be changed so as to
integrate all such derivatives ? Skvorcov (1], has modified the James
Pz-integral to obtain is Perron integral that integrates these derivatives.
How is it related to the Denjoy modification ?

(4) Bhattacharrya has defined a Perron integral that inﬁegrates all

finite approximate symmetric derivatives of approximately continuous
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functions. Modify the Ts-totalisation so as to obtain a process that will
integrate such derivatives and relate it to this Perrun integral, and to the
. L

James symmetric P -integral.

(5) Can the results of saection 10 be extended to the hidher order
symmetric derivatives of de la Vallée Poussin ?

(6) 1In [10] Denjoy defined an nth-order total. Define an equivalent
Perron integral; (such an integral will be given in a forthcoming paper of

the present author.)

2
(7) 1Is it possible to make the TS and Ts~tota1izations completely

constructive ?

Bibliography

Bhattacharrya, P., On modified Perron integral, Indian J. Math., 15(197),

103-117; M/R., 51, #824.

Bullen, P.S. 1. Nenjoy and porosity, Research Report No. 40, Natiohal
University of Singapore, 1982.
2. Applications of Denjoy's Index - T, II Researh Report No.43,
62 National University of Singapore, 1982,
3. Lectures on Approximately Continuons Integrals - I, Lecture

Notes No.11, National University of Singapore, 1982.

Bullen, P.S. and S.N. Mukhopadhyay, Relations between some general nth-order

derivatives, Fund. Math., 85(1974), 257-276.

Denjoy, A., 1. Sur les ensembles clairsem&s, Wederl, Akad, %etensch.
Proc., 22(1920), 882-8990.
2. Sur une class de fonctions admettant une derivee secconde

142



James,

R.

D.,

50

10.

1.

12.

13.

14.

1.

généralisée, Nederl. Akad. Wetensch. Proc., 23(1921),

50-61.

Sur une propriété des séries trigonométriques, Nederl. Akad.

Wetensch. Proc., 23(1921), 220-232.

Sur un calcul de totalisation a deux degré% C. R. Acad. Sci.

Paris, 172(1921), 653-655.

Sur la détermination des functions presentant certain

caracteres de résolubilité, C.R. Acad. Sci. Paris,

172(1921), 833-835.

Caracteres de certaines functions intégrables et opérations

correspondants, C.R. Acad. Sci. Paris, 172(1921), 903-906.

Calcul des coefficients d'une serie trigonométrique

convérgente quelconque dont la somme est donnée, C. R.

Acad. Sci. Paris, 172(1921), 1218-1221.

Sur une mode d'intégration progressif et les caracteres

d'intégrabilité correspondants, C. R. Acad. Sci. Paris,

173(1921), 127-129.

Sur le calcul de coefficients des séries trigonométriques,

C. R. Acad. Sci. Paris, 196(1933), 237-239: Abl. 6. 302.

Sur l'intégration des coéfficients differentiels d'ordre

supérieur, Fund. Math., 25 (1935), 273-326; 2Zbl. 12, 346.

Legons sur le Calcul de Coefficients d'une Série

Trigonometrique I-IV, Paris, 1941-1949: M. R., 8, 260; II,

91.

Totalisation des derivées premieres generalisée, I, II, C.

R. Acad. Sci. Paris, 241 (1955), 617-620, 829-832;

Evocation 4 L'Homme et de L'Oeuvre, Astérisque 28-29, Soc.

Math. France, 1975.

Une Demi-Siécle (1907-1956) de Notes Communiquées aux
Académies, II, Le Champ Réel, Paris, 1957; (this
collection contains papers above).

A generalized integral 11, Canad. J. Math., 2 (1950),

297-306; M. R., 12, 94.

143



2. Generalized nth primitives, Trans. Amer. Math. Soc., 76
(1954), 149-176; M. R., 15, 611,
lebesgue, H., Tecons sur l'IntBgration et la Recherche des Fonctions
Frimitives, 2nd Ed., Paris, 1926.
Marcinkiewicz, J. and A. Zygmund, On the differentiability of functions and
the suamability of series, Fund. Math., 26(1936), 1-43: M. R.,
1, 8.
Magzk, J., Generalized integrals and trigonometric series, unpublished
notes.
Mukhopnadhyay, S. N., On the regularity of the Pn-integral and its application
to summable trigonpmetric éeries, Pacific J. Math., 55
(1974), 233-247; M. R., 51, #10546.
Saks, S., Theory of the Integral 2nd Ed.krevised, New York, 1937.
Skvorcov, V. A., 1. Ob integrirovanii tocnoi asimgtoticeskoi proizvodnoi
‘ ‘ Schwarza, Mat. Sb., 63 (1964), 329-349; M. R., 28,
#4073,
2. Vzaimosvyaz mezdu AP-intergralom Taylora, P2~integralom
Jamesa, Mat. Sb., 70 (1966), 380~393; M. R., 34, #305.
3. Po povodu opredelenu Pz—i SCP-integralov, Vestnik
Moskov. Univ. Ser. I Mat. Meh., 21 (1966), 12-14; M. R.,
34, #7765.

144



	Contents
	p. 85
	p. 86
	p. 87
	p. 88
	p. 89
	p. 90
	p. 91
	p. 92
	p. 93
	p. 94
	p. 95
	p. 96
	p. 97
	p. 98
	p. 99
	p. 100
	p. 101
	p. 102
	p. 103
	p. 104
	p. 105
	p. 106
	p. 107
	p. 108
	p. 109
	p. 110
	p. 111
	p. 112
	p. 113
	p. 114
	p. 115
	p. 116
	p. 117
	p. 118
	p. 119
	p. 120
	p. 121
	p. 122
	p. 123
	p. 124
	p. 125
	p. 126
	p. 127
	p. 128
	p. 129
	p. 130
	p. 131
	p. 132
	p. 133
	p. 134
	p. 135
	p. 136
	p. 137
	p. 138
	p. 139
	p. 140
	p. 141
	p. 142
	p. 143
	p. 144

	Issue Table of Contents
	Real Analysis Exchange, Vol. 10, No. 1 (1984-85) pp. 1-235
	Front Matter
	THE NINTH SUMMER REAL ANALYSIS SYMPOSIUM June 12-15, 1985 The University of Louisville, Louisville, Kentucky [pp. 5-9]
	Geometric properties of fractals [pp. 10-16]
	The Second Peano Derivative as a Composite Derivative [pp. 17-20]
	α-variation and transformation into Cn functions [pp. 21-24]
	Intersections of Continuous Functions with Families of Smooth Functions [pp. 25-30]
	Products of Blackwell spaces and regular conditional probabilities [pp. 31-41]
	APPROXIMATE SMOOTHNESS OF CONTINUOUS FUNCTIONS [pp. 42-44]
	NON-AVERAGING SETS, DIMENSION AND POROSITY [pp. 45-45]
	ON THE BOUNDARY VALUE OF BESOV-BERGMAN SPACES [pp. 46-49]
	Uncountable-order sets for radial-limit functions [pp. 50-53]
	DERIVATIVES OF VARIATION FUNCTIONS AND OF MUTUTLLY SINGULAR AND RELATIVELY ABSOLUTELY CONTINUOUS FUNCTIONS [pp. 54-57]
	The packing measure of rectifiable sets [pp. 58-67]
	Measures for Which σ-Porous Sets are Null [pp. 68-70]
	A SPACE OF REGULATED FUNCTIONS WHOSE FOURIER SERIES ARE EVERYWHERE CONVERGENT [pp. 71-77]
	SINGULAR SETS AND BAIRE ORDER [pp. 78-84]
	Denjoy's Index and Porosity [pp. 85-144]
	RESEARCH ARTICLES
	Solution of a Problem Concerning Functions of Harmonic Bounded Variation [pp. 145-148]
	An Extension of the Ordinary Variation [pp. 149-154]
	On Typical Bounded Functions in the Zahorski Classes II [pp. 155-162]
	BLACKWELL SPACES AND GENERALISED LUSIN SETS [pp. 163-179]
	Topologically Equivalent Measures in the Cantor Space II [pp. 180-187]
	ON THE STRUCTURE OF SOME FUNCTION SPACE [pp. 188-193]
	A STUDY OF FORAN'S CONDITIONS A(N) AND B(N) AND HIS CLASS F [pp. 194-211]

	INROADS
	A NEW PROOF OF FLEISSNER'S THEOREM ON PRODUCTS OF DERIVATIVES [pp. 212-213]
	Measurability of Real Functions Having Symmetric Derivatives Everywhere [pp. 214-219]
	Variational equivalence and generalized absolute continuity [pp. 220-229]

	QUERIES
	Editor's Comments [pp. 230-230]
	SECOND CATEGORY E WITH EACH PROJ(RR²\E²) DENSE [pp. 231-232]
	ON CATEGORY PROJECTIONS OF CARTESIAN PRODUCT A×A [pp. 233-235]




