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Another Note on o-Porous Sets

§0 Introduction

The notion of porosity has recently played an active role in
describing sets which are exceptional in one semse or another,
However, the set theoretic properties of porous and o-porous sets
remain largely nn;xplored, and perhaps rightly so as they seemingly
play no 1mportant role in the investigations to date. There have
been a few inroads made though ([Z], [FH]) and these have proven t§
be both interesting and digturbing.

On the positive side we know that every porous set is contained
in a Ggy o—porous set and that every porous set is the countable
union of uniformly porous sets. A set E is uniformly porous if
there is an & > 0 such that if xsE, then the porosity of E at
x, devoted p(E,x), exceeds e. On the disturbing side, for example,
jt is shown in [FH] that there are porous sets which are contained
in no Fy; o-porous set (indeed in no Fy measure zero set). This
fact taken with the aforementioned uniform porosity result shows that
there is a uniformly porous set which is contained in no Fg4
o-porous set. Disturbing. .

The discussion to follow was motivated by an investigation of
covering properties of porous sets and the results of this note will
be used elsewhere to help characterize certain cluster set and

derivate behaviour, First a bit of notation, If I is an interval
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and r > 0, we denote by r*I that interval which is concentric with
I and whose length is r times the length of I, Now suppose that
E is a bounded set with inf(E) = a and sup(E) = b. Then,
(-
(a,b) - o1(E) = \JI, [cl = closure]
n=1
where the ({I,} are pairwise disjoint open intervals. Now, let
EP(N) denote the set of endpoints of the intervals I1,12,000,IN-1.
Then, if there is an r ) 0 such that
[--]
E-EP(N) © L)::‘I,1
n=N
for each N then E is unifomly porous and indeed countable unions
of snéh sets characterize o—porous sets, Jf there is an r > 0 such

that for each N there is an N* such that

N*
E-EP(N)C o+,

n=N
then E is called r—globally porous, or globally porous with index r.
A set is called globally porous if it is r—globally porous for some
index r., The notion of o-globally porous is defirned in the obvious
manner. The purpose of this note is to investigate this notion of
‘ global porosity and relate it to the parental notions of porosity and
uniform porosity. In the first sectiom we prove two elementary but
subsequently important propositions concerning globally porous sets.

In the last soction we comstruct a perfect porous set which is not

c-globally porous. Disturbing again, perhaps.
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§1 Some Positive Results

One might on first glance guess that every subset of a globally
porous set is itself globally porous and although such is not the

case, it almost is, as the following result details,

PROPOSITION 1. Let E be r-globally porous, let [a,b] be any

closed interval, and let & > 0. Then if ({Iy} is the set of

components of (a—e,b+s) — c1(E), then for each K there is an

K*
E* > K such that E-EP(X) N [a,b1 C \J 1y,
k=K

Proof. Let A = inf(E), B = sup(E), and let {J,} be the
components of (A,B) - cl(E). For each componment Iy of
(A,B) N(a—g,b+e) - o1(E) there is a wnigue n(k) such that
I3CJn(x). Further, if this Jn(x) contains neither a-s mnor b+e,
then Iy = Jy(x). Let Ni = max{n(k)):k ¢ K}. If a~s £ E
(b+e £ E) let Ny (N3) be that index such that a-s e JN,
(b+e & Jy,). therwise, let Ny (N3) = 0. There is an N4 such
that if n > Ny then J, < e/r, so that if n 2 Ng and
JoMN(a~-¢,b+2) = #, then r*T;MN[a,b] = @. Finally, let
N5 = max{Nj:i=1,2,3,4}. As E is globally porous, there is an Ng**
such that
N_##
EEP(Ns) € ) 7.
n=N
However, if n 2 N5, and Jnc:(a-e,b+e)c then

*7,N[a,b] = @. Hence if we let

K* = max{k : N5 { n(k) ( Ns**},



then

44
E-EP(K) N [2,b] C |J =r*I4,
k=KX

because
K* K*
U ¥ Ta(x) N [a,b] C U ;.
k=K k=K

We now are in a position to comsider a property of closed

globally porous sets which is quite useful. Specifically:

PROPOSITION 2. JIf E is globally porous, them cl(E) is

globally porous.

Proof. Let r be the index of global porosity of E and let
s > r. We will show that c1(E) is s—globally porous. Let N be

given, As E is globally porous there is an N* such that

N*
E-EP(N) C \J rex,,
n=N
N* -
However, \J r*], is an open set with only finitely many
n=N

components and as such there are at most finitely many points of
cl1(E) which are not covered by this union. As each such point is
necessarily the endpoint of ome of the intervals r*I,, it is
contained in the larger interval s*I,, It follows, then, that
N*
cl(E)-EP(N) C | s*I,

n=N

and as N was arbitrary the proposition is proved. The proof of the

next result is immediate, them from PROPOSITION 2.
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COROLLARY 3., E is o-globally porous, iff E is contained in

an F, o-globally porous set.

In light of COROLLARY 3, one can immediately make two remarks,
The first is that the example given in [FH] of a o-porous set which
is contained in no Fy; o-porous set also provides an example of a
o-porous set which is not o-globally porous. The second is that
every c-giohally porous set is contained in an F, o~po£ous set, The
converse of the latter result is also false, and in fact, there are
perfect porous sets which ere not o—globally porous., This is the

main charge of §2.

§2. An Example

It is easy to see that the notions of globally porous and
uniformly porous are distin&t notions, In particular, note that the
set S = {:1/n:n=1;2....} is uniformly porous, but not gl&bally
porous., For onf applications, however, it is not these notions, but
the notion of o—globally porous and o-uniformly porous vhich play a
critical role, and in this section we show that these too are
distinot; We should first remark that o~uniformly porous sets are
exactly the same as o—porous sets as every porous set is c—uniformly
porous. The purpose of this section, them, is to prove the following

theoren,

THEOREM 1. There is a perfect porous set which is not

o—-globally porous.

Prior to the actual proof we present two preliminary constructioms
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which will be used alternately in the inductive construction of the
desired set.
1. The sets J(G,n) and ,(G.n) .
Let n >3 be a natural number, and I be the bounded open
1ntervai (a,b). PFirst, let JO be the open interval of length
(b-a)/(n-1) centered at (a+b)/2. Then define IJi,

i= +1,%2,... inductively as follows.

i, Let J+¥l= yt1(I,n) [J-1= 771(I,n)] be the open interval
centered at the right [left] endpoint of 2%J0 with length chosen as
the maximum of all lengths such that (n—1)*J+1 [(n-1)*T"1] is
contained in I,

ii, If Ji = Ji(I,n) 1371) has been defined, let Ji*l [J—i-1j
be the interval centered at the right [left] endpoint of 2¢¥yi [2¢y~1i]

with length chosen as the maiimum of all lengths such that:
(n-1)eTitl < 1 [(a-1)83-1-1 ¢ 1],

Ve let J(I,n) denote the set of all such intervals and let
.}(I,n) be the union of these intervals. The properties of the

set J(I,n) which are important to us are

+e
1. U w*¥i=1I for 2 (m ¢ n1
j=-— :

2. If x5 8J for i=0,+1, +2,..., then

limit x; = b and 1limit x5 = a,
i-Y4e i-)-e

Now, if G 4is any bounded open set, let J(G,n) denote the
union of 811 sets J(I,n) where the union is taken over all

components I of G. Let 3(G.n) denote the union of all the
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sets }(I.n) where again the union is taken over all
components I of G. Note that J(G,n) is a collection of disjoint
open intervals, while 3(G.n) is the open set whose components

are J(G,n).
2. The sets C(H,n) and 6(B,n).
Let C(n) denote the symmetric Cantor set om [0,1] given by
C(n) = {xe[0,1]: x has only 0 or n-1 in its n-nary expansiomn]}.
If H = [a,b] .is any compact interval of R, define

C(H,n) = {a+(b~a)x : xeC(mn)}, and

0(HE,n) = H - C(H,n).

Now, if kois any union of mutually exclusive closed
intervals, let &, ) be the wnion of the sets C(H,n)
where the union is taken over the disjoint closed intervals H of
i, let 5(ﬁ,n) be the union of the open sets
O(H,n) where again the union is taken over all the disjoint closed
intervals H of ﬁ. |

Two important links between this preliminary construction and
the previous ome can be illustrated in [0,1] wusing the symmetric

Cantor set C(a). They are

(a) (0,1) = vwou.n)

i=—x

+
(8) (0,1) - c(n) = \J(\J (n-1)eTi(1,n))
I

where both unparameterized unions are taken over all compoments I
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of (0,1) - C(n). It therefore follows from (a) that if

. -

Ca)CE ad EN(U UJTi(I,n) =9
I j==

vthen E 1is porous at every point of C(n) and the porosity at such
points is at least 1/n. Further, if the Ji(I,n) can be used to
determine the porosity of E at points of C(n), then it follows
from (B) that the porosity cannot exceed 1/(n-1) at all points of
C(n).

Ve are now in a position to prove our theorem by constructing
the desired compact set E, The construction is actually a

construction of the complement of E and is inductive in nature.

Stage 1.

a. Let By = = (0,11, C; = C(H;,4), Oy = O(H;,4).
bo Let 11 = }(01.4)0

Note that J; is open and C; C [0,1] - J;. Let
fi, = 10,11 - (33U cy)

which is, of course, a set of mutuslly exclusive closed intervals.
Note that if x e C; - {0,1}, then =x & 4%J7 — 3%y while if

.
x e Hy, then x & 2%74.

Stage 2.

2. Let € = &(lly,5) and 0y = O(Hy,5),

b. Let Ty = }(0,,5).

Subsequently, we define ﬁg = [0,1] - [(J;UT2)U(C{UCy)]. The
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induction then proceeds as in Stage 2 with all indices raised by one,
(-3
The complement of E is then \JJn while E itself can be

n=1
expressed as

o ©
E= (U cUN iy,
n=1 n=1

First we show that E is porous, that is, E is porous at each
of its points, Let x ¢ E, then either x ¢ C; for some n, or
x 8 ﬁ“for every n, so we have two cases. If x & ﬁn for
all then in particular, x e ﬁz, so x £ J1\UC;. It follows
then that x & 2%J;, As x ¢ 53, it follows that
x £ (J{UT2)U(C1UC2) and as such x & 2*J3 and so onm,
Consequently, there is a seqﬁence of intervals (onme from J;, one from
J9, etc.) converging to x with the property that x is in the
double of each of these intervals, Hence E is porous at x and
the porosity of E at x is at least 1/2. If, on the other hand,
there is an n so that x & C;, then the fact that C, is the union of
symmetric Cantor sets of the form C(H,n+3) and remark (a) made at the
conclusion of the second preliminary construction indicates that E
is porous at x and the porosity of E at x is at least 1/(n+3),
Hence E is a2 porous set,

The sets C,; play an additional important role in our

calculation in the following sense., If x & C;, then

n-1
Cx e dnt({J 3p)C = int(ﬁh_l) [int = interior]
k=1

and hence these complementary intervals are not used in computing the
porosity of E at x., Also, if J, is any compoment interval of

fm (mdn) then (n+3)*J,CO0; and O,NCy; = §. Consequently,
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if one uses only the intervals from C} Jx to compute
k=n+1 ,

porosity, then the value obtained camnot exceed 1/(n+3). However,
CaC (n+3)#T, and consequently the porosity of E at points of Cp
must be computed using intervals from J,. But tken remark (B)
applies and we conclndo‘that there are points of C, whose porosity
is less than 1/(n+2). Thus, E which contains (3 C, contains
points of arbitrarily small porosity. 'The symm:t:ic nature of the
construction then alldws us to cdncludé that E bhas points of
arbitrarily small porosity in every portion., Thus, not only is E
not globally porous, but no portion of E is globally porous.

Now, suppose E is o~globally porous, Them E = \3 Ep
;here each E, is a globally porous set. As E is pe:ftct. one
‘such E; must be dense in a portion of E so that cl(E,) contains
that portion. However, PROPQSITION 2. entails that cl(E,) is
globally porous and this contradicts the fact that no portion of B

is globally porous. This completes the proof,
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