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Symmetrically Differentiable Functions

are Differentiable Almost Everywhere

In this note we show that any function £ defined on the
real line R and symmetrically semicontinuous at almost every
point of a ﬁeasurable set EcR 1is differentiable at almost
every point of E at which it possesses a symmetric derivative,
possibly infinite. Since the existence of the symmetric deriva-
tive at a point implies symmetric semicontinuity at that point,
we get as a corollary that a function possessing a symmetric
derivative almost everywhere is measurable. This solves a
well-known problem, which was, according to [1], posed by

. L 1)
W. Sierpinski in 1928.

Recall that the upper symmetric derivative of a function

f (x+h) - f(x-h)

>h and that the

f at xeR is P (x) = limsup
~ h40

lower symmetric derivative is

fé(x) = liminf f (x+h) ;hf(x—h)
h40
=8 s o s .
If £ (x) = £ (x), the common value, finite or infinite, is

called the symmetric derivative of f at x. A function f

defined on R 1is said to be upper (lower) symmetrically

1) Editorial Note: The paper referred to is, W. Sierpiﬁski,

Sur une hypothese de M. Mazurkiewicz, Fund. Math., 11(1928),
148-150. The question asked there is a weaker form of the

measurability question which has been answered by Szpilrajn
and Preiss.
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semicontinuous at x, 1Lf

lgtggllp f(x+h) - f£(x-h) =<0

(1iminf £ (x+h) - f(x-h) =2 0) ,
h-0
+

and it is said to be symmetrically semicontinuous at x, 1if
it is upper or lower symmetrically semicontinuous at x. We shall
also use the usual notations Df(x), Df (x), D'e (x), D £(x), _l_)_+f'(x) ’
and 'Q'f (x) for ordinary, one-sided, upper, and lower deriva-
tives. If M is a subset of.the real line, we denote by |M|

its outer Lebesgue measure,

DM) = {xeR ; lim IMOGx-b,xth) | _ 4}

2h '
h-'0+
1 L oqs IMO(x,x+h) | _
D, (M) —txeR,gﬂ - A-1} ' and
+
_ . IMN(x-h,x) |
D_(M) = {X €ER t]-;,];rg_!.'_g_ﬁ—- I = 1}

We remark that even if M 1is not measurable, D(M), D+ (M) and
D_ (M) are measurable.
The results mentioned in the beginning will be easy con-

sequences of the following lemma.

Lemma. - Assume that £ 1is a real-valued function defined on the
reai line, E 1is a measurable subset of the real line and K eR
such that (i) EcD(E) .,

(ii) EcD{z eR _’_f_s (z) >K}, and

(iii) f 1is symmetrically semicontinuous at each

point of E.
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Then Df(z) 2K at almost every point z ¢E.
Proof. Let
F=({z¢eR ; _gs(z) >K}

and

f(z+h) - f(z-h)
2h

Fn={zeF7}h|<-3;;-=a >k} .

clearly F=0F and |D(F) - O p(F )| =o0.
n=1 n=1

The main part of the proof of the lemma will be accomplished by
showing that _]ff(z) 2K whenever 2z eD(F ) NE for some natural
number n. To prove this assertion, we assume 2z = 0 and we
choose A ¢ (O,;ll-) such that for every ace (0, A)

(-a, a)N F
2a

n|

l

- 1
> (1-p ana M2 20BN, o

First we prove that

3
(*) whenever x€ (0, A), one may find a measurable set BC(ZX, x)

with |B\>T%x and with £(y) - £(0)2Ky for each y €B.

Proof of (*). Let xe (0, &) . We put

3 3 X 5
A= (F, + 2% NEN(Zx, x) and note that Ia] > 7 - 7355x.

Let

E = (z¢E

-

f is lower symmetrically semicontinuous at z],

= {z€eE ; £ is upper symmetrically semicontinuous at z},

~e

(z ¢ANE'; 0<h<E=f(zth) - £(z-h) > - £}, and

£+
x
i

>
]

(zeANE; 0<h<E=£(z-h) - £(z+h) > - % ).
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Let

Ds

ac= AT U @k ) Ubas )],

k=1 m=1

We put
_ 2, XiAris 4+ 3 3,
B = a*N[5D(F ) + FIN[ZE + zx] N (Gx, %)
Since A* 1is a measurable subset of (%x, x) with
5

X
fax] = 1al > 7 - 5% -

since

t@or) + HNEGx 0] > -5,
and since

lGE+ 30 NGx, 0] > - g

X 1
lB]}Z-—l—éx.

To prove the last part of the statement (*¥) let y eB.

Then

(1) 2(y - %X) + %x - %— = %(y - -’25) €eD(F ), since Bc%D(Fn) + -’23
and

(2) 2(y - %x) €eE , since B<:%E + %x .

Let

ct = (Fy - 3x + P NEN©, X
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Then

(3) 2(y - %x) eD(Cl) according to (1) and (2)
Let €c¢ (0, -l—é-x) be an arbitrary positive number. Let

1+ 1~

¢ o= ClﬂE+ and C = ClﬁE— , and choose, for each

t ecl+ (resp. t écl-), a 6+ (t) e (O, €) (resp. a8 (t) € (0O, €))
such that £(t + h) - £(t - h) > - € for each he (0, & (t))
(resp. f(tl-.h) - f(t+ h) >~ ¢ for each he (0, & (t)) .

Let

c? - Lgcl+(t-6+(t), tlu U, [t, t+67 (1)) .

t teC

Then (3) and the definition of C2 imply
3 2 2
(4) 2(y - %) €D(C") and C° is measurable.

Let k and m be natural numbers such that < €

=

and vy eD(A+m,k) UD(A-m,k) . Choose B ¢ (0, min (%, €)) such that

(y - B, Y"'B)C('ZTXI x)

Put

o3 - [((y-B. y) ﬂA+m'k) Uy, y+8) nA‘m’k)J - %x

and

¢t = (203 ne? .

If vy e:D(A+m k) . then 2(y - %x) eD_(2CB) which, together with
(4), implies that one may find a point :fec4 nN2(y-B, vy - %x)
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Since Je 2C3, there is ue (y-8, y) ﬂA+m K such that

I=2m%m. Then

(5) £f(y) - £(2u - y) > - € according to the definition of at

m,k '’

. .+ -
since ueA m,k € > %» and 0 <y ~-u<pg< %-. In addition,

(6) u - %x an according to the definition of A, since
+
ueAm,kCA'
If yep@d~ ) -bp@t .), then 2(y - 3x) ¢D, (2¢°) which
m,k m,k’’ 4 T T4 !
together with (4), implies that one may find a point

rectn2cty, y+8) - %x). Since JF¢2C3, there is

u,e‘y, yv+B) NA m,k such that
3
f—Z(u-z}l() o

Then

5% £(y) - £(2u - y) 5 - € according to the definition of

- . - 1 1 ¢ e
A mk since ueA ok € > X and 0 <u-y<BK o In addition,
(67 u - %x €F, according to the definition of A, since
ueAm,kCA'

2 to choose t ecl such that

Finally, we use Je¢C
Telt, t+ 67(t)] or Je(t - 8 (t), t] . We also note that

(7) t + %x,- §'€Fn according to the definition of Cl.

Now we are ready to estimate

£(y) - £(0) = [£(y) - £(2u-y) ] + [£(2u-y) - £(2t -2(u - %x))] +

# [E(2t - 2(u - 3%)) - £(2(u=3x))] + [£(2(a - 3%)) - £(0) ] .
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The first term is greater than -€& according to (5) and (5°).
To estimate the second term we first note that since
teclc(o, %) and since yeBc(%x, X), y-te(%, X) .

Then since J|u-y] < B < € and since
3 3
e -2 =-20] = 1t-7] <€, J(u-y~-2t+ 2@-30) - (y-t)]
< 2lu~yl + |t - 2(u - %x)] < 3 €< % .
It follows that
0<2u -y -2t + 2(u -~ éx) < 2
y 7 n -
Therefore (7) 1implies

£(20 - y) - £(2t - 2(u - 3%)) > K (2u -y - 2t + 2(u - 3x))

The third term is not less than ~€ since t ecl and

2(u - 3x) = 7 belongs to (t - 8" (t), t] or [t, t+ 8 ().

To estimate the last term, we use (6) or (6’) to show that

u - %x an which, together with u - %x € (0, %) gives
3 3
f(2(u-z-x)) - £(0) >K2(u-zx)
Hence
£y) - £0) > Ky - 2€- |kl-]2(t = 2(u - 2x) | - |k]- ]2y ~w] >

> Ky - (2 + 4|k -e .

Since €¢ (O, I%p is arbitrary, £f(y) - £(0) = Ky, which

finishes the proof of (*).
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Next we prove that p_+f(0) > K Dby showing that

f(x) - £(0) =z Kx for each xe¢ (0, b).

LetC5=Fnﬂ(-8?-X, X)), and C = 2C° - x.

Then CC'(%X, x) and |c] = 2|C5] > %— - —l%x.

Let B be a measurable set with the properties described in (¥*).

Then |c NB{ > %— - % = % > 0, hence there is v ¢ C” such that

2v - x €B.

From (*) we see that £(2v - x) - £(0) 2 K(2v - x)

Since van and v e (—g-x, x), f(x) - £(2v - x) > K2(x =-v).
Hence £(x) ~ £(0) > Kx for xe€ (0, A) and thus D £(0) = K.

-]
Therefore Q"'f(z) 2 K for each zenL___JlD(Fn) NE, hence

_D_+f > K almost everywhere in E.

Using this statement for the function o(x) = -f(-x), we

see that _lfcp 2 K almost everywhere in -E, hence D f = K almost

everywhere in E, which finishes the proof of the lemma.

Theorem 1. Let f be a real-valued function defined on

the real line. Then f 1is differentiable at almost every

point of the set

D{x e R: To(x) < + ® or _g_s,(x) S = o) -

- D{xeR; f is not symmetrically semicontinuous at x].
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Proof.

Let E: (xeR; £7(x) >-n), E ={xe¢R T (x) <n} and

A

]

(x eR; £ is not symmetrically semicontinuous at x} .
Using the preceding lemma, we see that Df > - » at almost every

point of each of the sets D(E;) - (AUD(A)), and that Df < + @«

at almost every point of each of the sets D(E;) - (AUD(A)).

From [2], Theorem 3, p. 171, we deduce that £ is differentiable

at almost every point of

<] + -
nl=Jl[D(En) UD(E )] - (AUD(A)),

hence it is differeéntiable at almost every point of the set

p( 0 (£ UED)) - D&

Using that the existence of the symmetric derivative implies

symmetric semicontinuity, we get the following corollaries.

Corollary 1. If a function £f has the symmetric deriva-

tive at almost every point of a measurable set EcR, then f

is differentiable almost everwhere in E.

Corollary 2. If a function £ has the symmetric deriva-

tive almost everywhere in R, then f is measurable.
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