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Almost Continuity and Connectivity—-—Sometimes

It’'s As Easy to Prove a Stronger Result

This note is an attempt to interest more analysts
in almost continuous functions. One reason that an
analyst might care about almost continuity is that when
he or she wishes to prove that a real function is a
connectivity function it is often just as easy (or even
easier) to prove a stronger result——that the function
is almost continuous. 1 give two examples, one old and
one new. Also I show that some results of Brown on
negligible sets for connectivity functions and some
recent results of Cristian and Tevy on associated sets
easily extend to almost continuous fqnctions.

‘Unless otherwise noted all functions considered
here are real functions defined on the real line, R.
No distinction is made between a function and its
graph.

That a function § is connected just means that

f is a connected set. We say that f 1is a connec=
tivity function if f]C is connected whenever C is
connected. While connected functions are not neces-—
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sarily connectivity functions in general, the notions
are the same for functions from the real 1line into
itself. That ¥ is almost centinuous means that if
D is an open set such that fZ D then there exists a
continuous function g with the same domain as f
such that g < D.

It is not hard to zee that if fIR-—>R 1is almost
continuous then f 1is connected [111. The converse,
however, is not true (see [8], for example). These
classes oaof <functions share a number of properties.
They coincide, for instance, for functions of Bairg
class 1 [11. Both classes can be characterized 1in
terms of closed subsets of the plane. While it isg
possible to extend many results about connectivity
functions to results about almost continuous functions,
extensions of this type are not always possible. For
example, Brown in [1] has shown that a Darboux function
which is the pointwise limit of a sequence of functions
which are continuous on the right must be a connec-
tivity function and that such a function need not be
almost continuous.

Proposition 1

[&]1 In order that f:R-—>R be a
connectivity function it is necessary and sufficient
that whenever M 1is a continuum (compact connected
set) in the plane such that f both has a point

directly above some point of M and a point directly
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below some point of M, then fN M # .
Suppose fitR—> R. By a blocking set of f we

mean - a closed subset K of the plane such "that

fN K ¢ and such that if gi:R= R is continuous
then g/ K #;6. Obviously, ¥ 1is almost continuous if
and only if it has no blocking set. An irreducible

blocking set (IBS) K of f 1is a blocking set of ¥
such that no proper subset of K 1is a blocking set.
Proposition 2. [81 Suppose f:R—>R fails to be
almaost continuous. Then there exists an IBS K of ¢
and the x-projection of K is a non-degenerate connec-

ted set.
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In 1942 Jones [7] gave an example of a connec-
tivity function f:R—> R such that f 1is a dense
subset of the plane and f satisfies Ff(x + y) =
fix) + f(y). The fuction f 1is constructed by trans-—
finite induction. In order to make f be connected,
Jones insures that if M is a closed subset of the
plane with uncountable x~projectioq, then MN £ ¢‘¢'
In order to convince somecne that f is connected one
can discuss what sets can separate subsets of the plane
and get something akin to Proposition 1. I find it
easier to prove Proposition 2 (it’s not hard) and show

that f 1is almost continuous.
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The following lemma is an "unbounded" version of
the technique wused in [10] to produce an almost con-—
tinuous function which is a dense subset of the unit
square.

Let Py and Po denote, respectively, the pro-
jectioné of the plane onto the x-axis and the y-axis.

Lemma 1. Suppose fIR-> R has the property that
if u 1is an upper semi-continuous function with domain
a non-degenerate interval and range a subset of R then
fN cl(w # 4. Then f is almost continuous.

E[ggi; Assume the contrary and let K be an IBS
of f. Note that pz(K) = R, for otherwise K would
miss a constant function. By the Baire category
theorem, for some integer n, pl(Klﬂ pgl(tn,n + 11))
must contain & closed interval, [a,bl. For each
x € L[a,bl let (x,u(x)) be the highest point of
K N (Ca,bl X Cn,n + 11) with abscissa x. Then u is
upper semi-continuous, leading to a contradiction.

Recently Ceder [3] gave an example of a connec-
tivity function f:R—> R such that f/A is discon-
tinuous whenever A is uncountable. Using the
preceeding lemma one need only examine Ceder’s proof to
see that the his function is in fact almost continuous.

Rl1l that one need do is replace the continuum H at
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the top of page 160 of Ceder’s paper with the closure
of an upper semi-continuous function.
Note that Jones’ example does not depend on the

continuum hypothesis while Ceder’s construction does

use CH.

SIS DI LSS S et S ==l o disexm Doos

Let the letter 1 denote the interval [o,11.
The following results are stated for functions from I
into itself because that is the convention in the
references. These results also heold for functions from
R into R.

Suppose f:I —» 1 is almost continuous and that
M C I. We say that M is <{f-negligible 1if every
function g:I—>1 which agrees with f on I \ M is
almost continuous. (Note that my use of the term "neg-
ligible" is different than Brown’s). The following two
theorems are simply restatements of Theorems 1 and 2 of
£21, with ‘"connectivity" replaced with "almost con-
tinuous".

Theorem 1. If ™ js a subset of I, then there
exists an almost continuous function g:lI —21I such
that M is g-negligible if and only if I \ M is c-
dense in I.

Proof. Just use Brawn’s procaof together with Lemma

i1 and the fact that an almost continuous function from
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1 into 1 1is connectivity.
Theorem 2. If g:I1 -1 1is almost continuous then

—— e e b o o

the .following statements are equivalent to each other:

(i) g 1is dense in 12.

(i1) Every nowhere dense subset of 1 is g-
negligible.

(iii) There exists a dense subset of I which is
g—negligible.

Prootf. To show that (i) implies (ii), suppose
g:I—=>1 1is almost continuous and dense, M is nowhere
dense and f:I1—> 1 agrees with g on I \ M. Assume
that f 1is not almost continuous and let @ be an IBS
of f. Since pl(Q) is an interval, int(pl(Q)) must
contain a point z of I \ cl(M). By the irreducib-
lity of @ there exist continuous functions s,t:I—>1
such that s|f0,z23/N @ = ¢ = t|rz,13N0E. Let A and
B be, respeétively, circular neighborhoods of
(z,s5(z)) and (z,t(z)) such that (AUB) N @ =.
Since g 1is dense there exist © and d such that
c < z < d, (c,gl(c)) € A, (dyg(d)) € B and
[c,dl1 €I \ M. Let P =

(eI XI) \ A U (({dy xI1) \ B) U (le([c,d])AQ).

3ince g N Pp= ¢f, there is a continuous function
I —>1 which misses P. We can now obtain a contra-
diction by constructing a continuous function from I

into I which misses Q. Do this by taking parts of
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s|lO,c1, tltd,11 and h|Le,d] and joining them with
linear functions inside A and B.

That (ii)'implies (i) and that (iii) implies (i)
follow exactly as in Brown’s proof. The proof that (i)
implies (iii) given below differs only superficially
from Brown’s.

Suppose again that giI->1 1is almost continuous

and dense. Then 9—1(1/2) is easily seen to be dense

1(1/2) = MN K, where M and K are

in I. Let g
disjoint and dense in I. We show that M is g-
negligible. To see this, suppose f:!I1 - 1 agrees with
g on I \ M. Assume that f 1is not almost con-
tinuous aﬁd let @ be a blocking set of f. Since K
is dense in I the set N = {x€ M : (x,1/2) € @ is
nowhere dense. But the function h:IF?I which agrees
with f oﬁ N and agrees with g on I \ M. misses
@ and cannot be almost continuous. Thus N is a

nowhere dense set which is not g-negligible. This

contradiction completes the proof.

TR RSN R S ee S S e mamem e —— R R R mem—m -

Theorems 3 and 4 and Corollary 1 below are re-
statements of results of éristian and Tevy [S51, with
"almost continuous" replacing "connected". Using
Theorem 2 of the present paper, the proofs. are vir-

tually identical to those in (51, with "continuum®
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being replaced by "1BS", and are omitted. Definitions
of terms used but not defined here may be found in [(S1.
. Theorem 3. Suppose +,g9:1—>1 s=such that f is

—— - =

Darboux, dense and not almoét continuous and there
exists a finite set A & (0,1) such that + i(y) =
g—l(y) for any y € I \ A. Then g 1is dense and not
almost continuous.

Qgtgllggy 1. Suppose +f,g:1 > 1 are both Darboux
and dense and there exists a finite subset A of
(0,1) such that £ Y (y) = o Yty for each y € 1\ A.
Then f and g are both almost continuous or both not
almost confinuous.

The set A in the two preceeding results cannot
in general be replaced either with a countable set or
with a nowhere denée set.

Theorem 4. The class aof almost continuous func-
tions is not characterizable by associated sets.

Problem, It is known that any function from R
to R 1is the pointwise limit of a sequence of almost
continuous functions [91. However, no intrinsic
characterization has been given either for the uniform
limit of a sequence of almost continuous or of a

sequence of connectivity functions. Bruckner and Ceder

[3] have considered the latter problem.
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