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 Riemann-Stielt jes Integrals of Functions

 of Generalized Bounded Variation

 This work appears in [3].

 We define a new notion of generalized bounded variation as

 follows: We shall say that a sequence of convex functions $ =

 is a ^-sequence 3 if (i) (}> (0) = 0 and (1) (x) > 0 for x > 0, n=l,2,...,

 (ii) <t . (x) < (p (x) for x > 0, n=l,2,..., and (iii) Zeļ) (x) = 00
 n+1 . - n - n n

 for x > 0. A real- valued function f is said to be of ^-bounded

 variation on the interval [a,b] if I(ļ) ( ļ f (I ) ļ ) < 00 for any

 collection nonoverlapping subintervals of [a,b], where

 f([x,y]) = f(y) - f (x) . The space $BV is the collection of all

 functions f such that cf is of ^-bounded variation for some

 c > 0. Finally = {f£$BV : f(a)=0}. This definition of

 bounded variation is equivalent to requiring that the sums be uni-

 formly bounded or that the sums obtained from finite collections of

 subintervals be uniformly bounded. This being the case, we may define

 the total ^-variation of f over [a,b] by V^(f;a,b) = V^(f) =
 sup ^ 0 suPremem kei-n9 taken over all nonoverlapping

 collections (i }. In turn we define the ^-variation function of
 n -

 f, for a £ x £ b, v^(x;f) = v^ix) = V^(f;a,x) .

 By varying this construction, we obtain many of the spaces of

 functions of generalized bounded previously studied. For example,

 by choosing ~ x f°r n' we obtain ordinary bounded varia-

 tion. If <J>(x) is a convex function of the type described above,
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 and if we let <J> (x) = <f>(x), n=l,2,..., we have ÕBV = <f»BV, as
 n

 studied by Young [6]- If A = {X } is a A-sequence in the sense
 n

 of Waterman [4], and we let (x) = x/X , we have $BV = ABY, and
 n n

 if <ļ> and A are as above and (1) (x) = <j)(x)/X , we have $BV = òAbV
 n n

 (see [2]) .

 We have generalized many of the known results regarding the

 behavior of functions in these classes and the associated variation

 functions. For example, for a < c < b, we have V^(f;a,b)

 V^(f;a,c) + V^(f;c,b) + <J> (ose (f ) ) . Since has all of the variations
 alluded to above as special cases, it is clear that no more can be

 said without specific knowledge of the sequence However the

 variation function v^ shares the continuity properties of f, as

 was known for ordinary bounded variation and A-bounded variation,

 that is, v^ is (right- or left-) continuous at xe[a,b] if and
 only if f is (right- or left-) continuous there.

 It is not difficult to see that $BV is a linear space, and that

 a function of ^-bounded variation can have only simple discontinuities.

 Further, can roade a Banach space with an appropriate norm,

 and the following version of the Helly Selection Theorem holds:
 00

 If {f } n C $BV such that there exist c > 0 and M < 00 n n=l n -

 with Icf (x) I < M for all n and xe[a,b] and V. (cf ) < M 'n' <ř n

 for all n, then there is a subsequence {f } C {f } and a
 n. - n

 k

 function fe$BV so that f (x) -»• f (x) for all xe[a,b]
 nk

 and (cf ) _< M.
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 We also obtain the following analogue of a theorem of Waterman:

 Recall [5] that if f is of harmonic bounded variation, then the

 Fourier series of f converges for all x, and the convergence is

 uniform on closed intervals of points of continuity, and that if

 Abv is strictly larger than HBV, there is a continuous function

 in ABV whose Fourier series diverges at a point. We have shown that

 this last statement remains true if "Abv" is replaced with BV" .

 Our main theorem is the following generalization of a theorem

 of Lesniewicz and Orlicz [l]s

 Let $ = {<})} and V = {'ļ; } be ^-sequences such that
 n n

 £(ļ)~ (1A)^~ (1A) < 00 • If f e$BVQ H C and ge^BV, then

 the Riemann-Stielt jes integral / f dg exists.
 a

 As a corollary to the proof we obtain the following Holder-like

 inequality:

 Let A = an<3 r = be A-sequences such that
 2

 £ 'YkA < 00 • For f£ABVQ A C and gefBV , the following
 holds:

 I/* f d,| < 2 Hf |IA Ng ||rg XkVk2.

 REFERENCES

 [l] R. Lesniewicz and W. Orlicz, On generalized variations (II) ,
 Studia Math. 45 (1973), 71-109.

 [2] M. Schramm, Fourier series of functions of generalized bounded
 variation, Real Analysis Exchange 7 (1981) , 58-60.

 [3]

 Stielt jes integration, submitted.

 [4] D. Waterman, On A-bounded variation, Studia Math. 57 (1976), 33-45.

 C5]
 Exchange J (iy/8) , 61-85.

 27



 [g] L. C. Young, Sur une generalization de la notion de variation
 de puissance bornee au sens de M. Wiener, et sur la convergence
 des séries de Fourier, Comptes Rendus 204 (1937), 470-472.

 28


	Contents
	p. 25
	p. 26
	p. 27
	p. 28

	Issue Table of Contents
	Real Analysis Exchange, Vol. 8, No. 1 (1982-83) pp. 1-272
	Front Matter
	FIFTH SUMMER SYMPOSIUM ON REAL ANALYSIS [pp. 7-9]
	INTERNATIONAL SYMPOSIUM ON REAL ANALYSIS, 1982 [pp. 10-12]
	DIFFERENTIABLE RESTRICTIONS OF CONTINUOUS FUNCTIONS [pp. 13-15]
	A Generalization of Density Topology [pp. 16-20]
	Strong Porosity Features of Typical Continuous Functions [pp. 21-23]
	Analytic Capacity and Differeatiability Properties of Finely Harmonic Functions: Summary [pp. 24-24]
	Riemann-Stieltjes Integrals of Functions of Generalized Bounded Variation [pp. 25-28]
	La mesurabilité des fonctions de plusieurs variables [pp. 29-32]
	Some Remarks on σ-Porous Sets and Unilateral Derivates [pp. 33-34]
	Intersections of Sets in n-space [pp. 35-37]
	On a Problem Concerning LP Moduli of Smoothness [pp. 38-38]
	APPROCHE ALGEBRIQUE DE L' ANALYSE NON STANDARD [pp. 39-57]
	SOME PROPERTIES OF GENERALIZED DERIVATIVES [pp. 58-59]
	On Differentiability of Peano Type Functions [pp. 60-61]
	An Extension of the Darboux Property and Some Typical Properties of Baire-1 Functions [pp. 62-64]
	A LARGE SET NOT CONTAINING IMAGES OF A GIVEN SEQUENCE [pp. 65-66]
	TOPICAL SURVEY
	DERIVATION BASES ON THE REAL LINE (I) [pp. 67-207]

	RESEARCH ARTICLES
	Algebra generated by derivatives [pp. 208-216]
	Two connected topologies on the real line [pp. 217-222]
	A Differentiable Function for which Localization for Double Fourier Series Fails [pp. 223-227]
	On Absolute Peano Derivatives [pp. 228-243]
	Almost Continuity and Connectivity—Sometimes It's As Easy to Prove a Stronger Result [pp. 244-252]
	Symmetrically Differentiable Functions are Differentiable Almost Everywhere [pp. 253-261]
	Another Note on σ-Porous Sets [pp. 262-271]

	QUERIES
	QUERIES FROM THE TEXT [pp. 272-272]




