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SOME SET THEORETIC PROPERTIES OF o-POROUS SETS

Several theorems in analysis utilize the dual notioms
of measure zero and first category to describe sets which
are exceptional to some particular assertion. Indeed,
should an exceptional set prove to be both of measure
zero and of the first category, it is generally thought
of as being small. Recently, and for the purpose of
tightening the theory, E.P. Dolzenko E}] introduced the
more restrictive notion of o-porosity. Specifically,
if S 1is a set, (for purpose of exposition, we assume
our domain is the real line, R ) the porosity of S at
a point x 1is defined as

p(S,x) = litg sup &S,x,6)/6
5=

where £(S,x,5) denotes the length of the longest inter-
val in (R-S)n(x-s, x+s) . The set S 1is porous at x
if p(S,x)>0 , S itself is porous if it is porous at each
of its points, and S 1is o-porous if it is the count-

able union of porous sets. Although it is evident that
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each o-porous set is of measure zero and the first cate~
gory, the reverse implication is not true, and this was
demonstrated by L. Zajicek.[?],where a general account of
various generalizations of porosity are given. Several
of the classical theorems involving exceptional sets
have been improved using this more restrictive notion.
The purpose of this note is to examine some of the
set theoretic properties of o-porous sets, and to com-
pare these with analogous properties of measure zero,
first category sets.
The following three facts concerning measure zero,
first category sets are well known:

A. Every measure zero, first category set is

contained in GGG measure zero, first cate-

gory set.

B. Some measure zero, first category sets are

contained in no Ga. first category set.

C. Some measure zero, first category sets are

contained in no F; measure zero set.

Although A, B, and C accurately describe the Borel struc-
ture of the combined notion of measure zero first cate-
gory, in practice it is often the separate features of
the individual notions which prove most useful. That is,

an exceptional set is shown to be of the first category
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by using the fact that every first category set is con-
tained in an Fs first category set. Subsequently, this
same exceptional set is shown to be of measure zero by
using an enveloping 65 set of measure zero. It is
unfortunate, but perhaps not surprising that the Borel
structure of o-porous sets closely parallels that of

the combined notion of measure zero first category indi-
vidual Borel tools are not available. In particular we

prove that:

A'. Every o-porous set is contained in a G,
og-porous set,

B'., Some o-porous sets are contained in no
G6 first category set.

C'. Some o-porous sets are contained in no

Fo measure zero set.

Proof of A'.

It is evident that we need only show that every
porous set is contained in a Gg, 9-porous set,
Let E be a porous set and for each natural number k

define f, :R+R by fk(x) = L(E,x,1/k) . The function

k
fk is evidently continuous. Next let

gk(x) = sup {i-fi(x)/Z)}

izk

and note that = is a Baire class one function. Also,
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as the function sequence {gk} is bounded and decreas-
ing, it has a limit, say g , and g 1is a Baire class
two function. But for every x€R , g(x) = p(E,x)

(the porosity of E at x ) . Hence, ESg-l(O,w) and
this set is a G50 . Furthermore, the set

F = g-l(O,w)ﬂcl(E)[clsclosure] is Géo and is porous.
Proof of B'

The rational numbers suffice.

Proof of C'

We will actually construct a porous set which is
contained in no F; measure zero set. Let E be a
nowhere dense perfect set of positive measure whose set
of points of density, E0 , 1s dense in E and let
E* = {x€E:p(E,x)>%} . Then E* is dense in E .

For each x¢E* and each natural number n , let
52 be a number such that

X
O<52<2.n , and

n n
L(E,x,8 x)>25x/3 .

Then there is a number e:>0 such that if

n n n n
ye(x-ex , x+sx) we have that Z(E,y,ex)>26x/3 . Let
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. _.n n
Gn = xQE (x € x+ex)

and define D = ‘ GnnE . Then D 1is a 05 set and

ngl
D has porosity greater than 1/3 at each of its points.,
In addition, D 1is a residual set in the relative top-
ology of E .

Now suppose that Dgngl F, when each F, 1is closed

and measure zero. Then there is an index n, and open

interval I such that INE # § and Ian is dense
0

in INE . But, F is closed, and so INF. = I(E .
n, ng,
However, this contradicts the fact that E0 is dense

in E .

Note. While the rational numbers suffice to show that
some o-porous sets are contained in no G6 o=-porous
set, we have not been able to answer the following:

Problem. Does there exist a porous set which is

contained in no o-porous 65 set?
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